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1 Introduction

These are the notes for the three lectures I have given in the CIM/CIME Euro-Summer
School on evolving interfaces held in the Portugal island of Maderia, in July 2000. In these
lectures, I surveyed several results on the Ginzburg-Landau functional

Te € € € 1
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where U is an open, bounded subset of IR™ with smooth boundary, and € > 0 is a small
parameter.

This functional is a simpler version of the Ginzburg-Landau functional for superconduc-
tivity. The model for superconductivity has two fields; the complex valued order parameter
u and the vector valued magnetic potential A. The functional I€ is obtained by setting A
to zero and by appropriate scaling. In superconductivity, the length of the order parameter
|u| is proportional to the density of superconducting electrons. Hence the zeroes of u, called
vortices, are the places where superconductivity is lost. The parameter € corresponds to
the inverse of the Ginzburg-Landau parameter x and a number of type II superconducting
materials have large x justifying the asymptotic regime considered in the notes. The lecture
notes of Rubinstein [23] provides a good introduction.

The starting point of these lectures is the seminal work of Bethuel, Brezis and Helein
[6] which gives a detailed asymptotic description of the minimizers u¢ of I¢ as € tends to
zero when U C IR?. To briefly describe this result, let u¢ be the minimizer of I among all
functions u satisfying a given boundary data u = g. Since as € tends to zero the second term
in B¢ forces the solution to have length one, it is natural to assume that g takes values in
the unit circle S'. In the complex notation, g admits the representation g = e*® for some
possibly multi-valued function ¢. Then, the boundary condition is

(1.1) u(z) = g(z) = @,z e dU.

The degree of g around the origin (or the winding number) is an important parameter. Using
the local representation g = €*® and the fact that U C IR?, the degree can be computed by
the following formula

1 -
(1.2) deg(g; 0U) = — Vo -t dH! (),
27 oU

where # is the unit tangent and J. aU " -dH?" is the line integral around OU.

If the boundary data g has zero degree, then ¢ is single valued. It is then relatively
straightforward to show that u¢ converges strongly to the smooth function u = e*¥ where
@ is unique harmonic function in U satisfying the boundary condition ¢ = ¢. Hence, the
interesting the case is

d = deg(g; 0U) # 0.



Then, by topological considerations, any function satisfying the boundary and in particular
the minimizer u° must have d zeroes. This fact makes the problem interesting as each zero
carries an energy of at least mln(1/e). To see this consider the problem with U = Bp :=
{|z| < R}, and g(z) = €'V’ where 6(z) is the angle between x and the z-axis and N is an
integer. Consider a test function

vi(2) = f(lzl/e) e,

with some smooth, positive function f satisfying f(0) = 0, f(r) = 1 for all » > 1. By
calculus,

I¢(v) = N2mIn(1/€) + O(1).

The N? term indicates that it is better to have N distinct zeroes of degree one, instead
of less zeroes with higher degree. Hence the minimizer u® is expected to have d distinct
zeroes a¢ = (af,...,a5), again called vortices, each having degree one. The minimum
energy 1¢(u€) behaves like drln(1/€) and the asymptotic behavior of u¢ is determined by
the location of the zeroes a®. Bethuel, Brezis and Helein, obtained the location of the zeroes
by calculating the next term in the minimum energy, which they call the renormalized
energy. The renormalized energy W(a®) is a function of the location of the zeroes, and it
has a representation in terms of the solution of the Laplace equation with point sources at
a®, or equivalently the canoniacl hramonic as defined in [6]. Then, the minimum energy has
the form

(1.3) I°(u) = d m In(1/€) + W(a®) + o(1).

In view of this expansion of the minimum energy, it is clear that a° converges to a minimum
of the renormalized energy W. Once the location of the zeroes is determined it is possible
to calculate the limit of u¢. We refer to [6] for more information.

The chief difference between the problem considered here and the model for superconduc-
tivity is the boundary condition. In superconductivity, Neumann condition is given and the
vortices are formed by an exogenous forcing term which is the applied magnetic field. While
in the above problem vortices created by the Dirichlet data. For this reason, local results
which do not refer to a particular boundary condition are more useful for our understanding
of the model for superconductivity (we refer to the recent paper of Sandier and Serfaty
[27], and the references therein for infromation on mathematical results on the model for
superconductivity.) The Gamma limit is such a result. For the scalar valued functions, the
Gamma limit of the Ginzburg-Landau functional, with a different rescaling, is proved by
Modica and Mortola [21, 21], and by Modica [20]. A brief definition of the Gamma limit is
given in §4.

In view of the above calculations, we consider the Gamma limit of the rescaled Ginzburg-
Landau functional

€ . fe(,u) _ 1 €
F =079 = maje /U E(u) de.

In §4 below we will show that the Gamma limit of 7€ is equal to
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where Ju is the Jacobian of u and weakly it is given by (see §2.1)

1
Ju : =3 V x j(u), j(u) : =ux Du = det(u; Du),

S is the unit circle, and B2V is the set of all functions whose weak Jacobian is a Radon
measure. The weak definition of the Jacobian in higher dimensions is discussed in §5, and
BnV with a general n is defined properly in §4.1. This class of functions and its properties
are studied in the two papers of the author with Jerrard [14, 15]. The set BnV, called
functions of bounded n variations is related to the classical BV space and to the Cartesian
currents of Giaquinta, Modica and Soucek [10, 11].

It is shown in [14] and also in §4.1 below that for u € B2V (U;S'), the Jacobian has a
special structure:

Ju=m Z ki 0a,;,

for some points {a;} C U and integers k;. Here §,, is the Dirac measure located at a;.
This is interpreted as encoding the location and the topological singularities (or zeroes) of
u. Moreover, for u € B2V (U; S1),

[Tul(©) =D kil

Hence, the Gamma limit I(u) counts the zeroes of u with multiplicity.

This Gamma limit is proved in several steps. The first step is a “local” energy lower
bound of the form

/ E¢(u) dx > 7 In(1/e) deg(u; 0U) — C,
U

for some constant C. There are problems with this estimate as it is stated. The difficulty
comes from the possible zeroes of u near or on QU. We will prove two such results, Theorem
2.1, and Theorem 2.6. They are local in nature, especially the second one. The proof
technique is an elegant covering argument of Jerrard [12]. To explain this method clearly,
we first prove it under slightly restrictive set of assumptions first to prove Theorem 2.1. We
then modify this technique to obtain the sharper lower bound Theorem 2.6.

A corollary of this lower bound is a compactness result for the Jacobian. This estimate
bounds the Jacobian by the Ginzburg-Landau energy, and yields a compactness result for
the Jacobian. Indeed for any sequence u¢ satisfying



sup I¢(uf) < oo,
€

the Jacobians Ju¢ are compact in dual (C%®)* norm for every a > 0. Hence, on a sub-
sequence Ju® converge to a distribution J not in a norm slightly weaker than the weak*®
topology of Radon measures. Although this convergence is not in the space of measures,
we will show that the resulting distribution J is indeed a measure of a special form. For
B2V (U; IR?) with U C IR™ with m = 2, this is proved in §3.2, and for m > 3 it is stated in
85.

Then the Gamma limit is proved in §4 as a result of the lower bound and the compactness
of the Jacobian.

The compactness of the Jacobian is also a useful tool in the analysis of the dynamic
problems. To motivate the study of the evolution problems in this context, let us con-
sider an experiment in superconductivity. In this experiment the vortices are formed by
an external magnetic field. Then the magnetic field is turned off and the material turns
back to superconducting state. To understand these transition from the vortex state to the
superconducting state, both the parabolic

u

(1.4) w = Au= = [1— |ul?], t>0, v € R",
and the Schrodinger
(1.5) iut—Au:G% 1—|uf, t>0, z€R"

equations are proposed. The question then is to obtain evolution of the vortices that are
forced into the system via the initial data. Mathematically this is achieved by studying
the small e asymptotics of the above equations for an initial data u§ which contains several
vortices with degree +1. Asymptotic expansion techniques used by Neu, Rubinstein and E
to derive these equations; see the lecture notes of Rubinstein [23]. Since (1.4) is the gradient
flow for I¢, in view of the expansion (1.3), as € tends to zero, the vortices should satisfy
the gradient flow for the potential W. Indeed, let a(t) = (a1(t),...,an(t)) be the limit of
vortices a®(t In(1/¢€)). Then,

(L6) (t) = —VW(a(t)),

dt”
in the case of (1.4). Note that we need to speed up the dynamics by a factor of In(1/e).
For the Schroedinger equation, in the original time scale, we get the Hamiltonian dynamics.
These results are rigorously proved in several papers. For the parabolic flow, in [18] Lin
proved that the speed of vortices is 1/In(1/e) when the vortices all have same sign. The
mixed vortex case, which is the relevant one in the experiment outline above, was proved in

[16] by Jerrard and the author. First rigorous derivation of the vortex equation is also given
in [16]. For U = IR?, an explicit form of (1.6) is avaliable:



J Y (ar(t) — a;(t))
Eak(f) = 2; djd M’

where dj, is the degree of u¢ around ay, for small €, and by hypothesis dj, is equal to £1. Note
that the solutions of the above equation behaves like charged particles with a logarithmic
potential; vortices with same degree expel each other while ones with opposite degree attract
with a force proportional to the inverse of the distance between the vortices.

In IR™, the set of zeroes of u€ is a codimension two set, as € tends to zero we obtain
geometric equations for these sets; called vortex lines in IR3. As expected from results on
scalar version of (1.4), the limiting vortex line moves by mean curvature flow. We refer to
[23, 24] and the references therein for the formal derivation of these equations. First rigorous
results for the vector Ginzburg-Landau equation are [17] and [4].

In §6 we prove the convergence when there exists a smooth solution {I't};co, 1) of the
codimension two mean curvature flow. The main idea set forward in [17] is to consider the
limiting measures

pe s = weak” limit of ug,

where

us(Vy: = HTll/d/‘/ E¢(uf(t,x)) dx.

In Theorem 6.1, under appropriate assumptions on the initial data, we will show that

support i = T't,

et >7 HH_Q\&a

where H"‘Q\& is the Hausdorff measure restricted to I'y, i.e., it is the surface area measure
on the surface I';. Moreover, the limit J; of the Jacobians Ju®(t, ) satisfy

(1.7) |Ji| =7 HY Ty

To prove the inclusion support (u:) C I't, we use the energy identities and a Pohazaev
type inequality as in [17]. The idea is to estimate the time derivative of

a): = [ n(t.o) pulda),

when the test function 7 is the square distance function of I';. Since {T't}+c[o,7] solves the
mean curvature flow, the square distance function 7 satisfies

Vn: = VA, on I%.



We use this and the other properties of the square distance function to prove that a(t) =0
for t € [0,T]. This proves the inclusion support () C T'y.

The opposite inclusion is proved by studying the Jacobian. In view of the energy estimate

T
E‘(u(T,z)) do +/ / lug (t, z) | da dt = E(uf(0,2)) dz,
R 0 n R"

our compactness result implies that Jf := Ju(u(t,-)) is compact. Let J; be a limit of Jf.
Then, by the previous inclusion we know that the support of J; is in I';. Moreover, by the
weak formulation of the Jacobian (see §2.1), the Jacobian is divergence free. Since T'; is
smooth manifold with no boundary, this implies that the density of the Jacobian on I’ is
constant. We then show that this constant is equal to 7 for all ¢ € [0,7T], proving (1.7).
Also, in view of the compactness result, Theorem 5.2, the energy measure dominates the
Jacobian measure. Hence, the support of u; is equal to I';.

Acknowledgments. I would like to thank the organizers Professors Colli and Rodrigues, of
the CIM/CIME, Euro-Summer School for giving me the oppurtunity to put together several
results obtained in different papers into these lecture notes, and also for a very productive
Summer School.



2 Energy Lower Bounds

In this section we prove an energy lower bound in terms of the topological degree. This
bound is local in nature and is a key step in the proof of the Gamma limit as well as the
dynamical properties of the vortices. Local energy lower bounds were proved by covering
arguments by Jerrard [12] and Sandier [25]. Here, we follow the technique developed by
Jerrard to prove these estimates. In the next subsection, we give a brief and a formal
discussion of this technique. Then we will give the precise statement and the proof of the
lower bound.

Let U is a bounded open subset of IR?, and v € H'(U; IR?) is a function that we have
assumed (without loss of generality) to be smooth. The goal is to find an energy estimate
of the form

/ E¢(u) dx > 7 In(1/e) deg(u; 0U) — C,
U

for some constant C, independent of € and u. We want this to hold for all u € H(U; IR?)
and € € (0,1]. However, there are problems with this estimate as it is stated. The function
u may have a zero on the boundary of U. Then, the degree of u around QU is not even be
defined. Also, when u has a zero very close to the boundary, most of the energy could be
outside the domain U. These possibilities indicate that we have make either an assumption
about the boundary behavior of u, or to modify the statement of the lower bound. The latter
is better suited for the later use of these estimate as it makes the lower bound a “local” one.
However the statement of this local lower bound is rather technical. To explain the main
idea we first outline the proof under assumptions on the boundary behavior. Remarkably,
the proof technique of this “easier” lower bound carried over the more technical one with
very little change.

We start with a brief discussion of the degree.

2.1 Degree and Jacobian
In our arguments, we will use the degree and the Jacobian repeatedly. For that reason we
recall their definition.

Let V C U C IR? and |u| # 0 on V. Then, u admits a local representation u = |u|e® on
0V, and the degree of u around dV is given by

1 .
deg(u; OV) = o ), Vo -t dH'(z),
14

where as in the Introduction,  is the unit tangent and J. oV dH?* is the line integral around
0V. For future reference, we note that

deg(u; OV) = deg(u/|ul; OV).



The Jacobian Ju of u satisfies

where

j(u) = u x Du = det(u; Du).

Hence by the Stokes’ theorem

(2.1) /V Ju d:cz/avj(u)-z?dﬂl.

Generalizations to the case when U C IR™ will be discussed later.

For u = |ule™?, we directly calculate that j(u) = |u|?Vp. Hence

Vo =j(v) =jw)/luf  v=u/lul,
and by the Stokes’ theorem

(2.2) deg(u; V) = i/ 1)t g i/ (o) - T dH,
ov oV

C2r |ul|? 27

for all v which do not vanish on 9V.

2.2 Covering argument

In this subsection we outline a covering technique developed by Jerrard to prove energy lower
bounds [12]. Similar techniques were also used by Sandier [25]. To simplify the presentation,
we assume that

1
(2.3) lu(x)| > 3 whenever x € Uy, U, :={xz €U | dist(z,0U) > 1o}
for some constant rg > 0. We also assume that
deg(u; 0U) # 0.

Theorem 2.1 (Jerrard [12]) There exists a constant C, such that for all € € (0,1], and
for all u € H' satisfying above assumptions,

/ Ef(u) dz > 7 In(ro/e) — C.
U



A more general result which do not assume (2.3) will be proved later in this section.
We introduce some notation and definitions, taken from [12].
We let S denote the set on which |u] is small, that is,

(2.4) {zeU : |u(z) <1/2}.

We define the essential part Sg of S to be

(2.5) Sg := U{components S; of S : deg(u;dS;) #0.}.

For any subset V' C U such that 9V N Sg # (), we define the generalized degree

(2.6) dg(u; V) = Z {deg(u; 0S;) | components S; of Sg such that S; C V'}.

Notice that if u is nonzero on the boundary of V', the generalized degree agrees with the
degree of u around OV. Hence the generalization of the degree is only relevant when u has
zeroes on JV. But in this case, we could remove these zeroes by slightly modifying u and
with small change in the energy. Hence, in view of the Ginzburg-Landau energy these zeroes
are removable and this justifies the definition of Sg and the generalized degree.

In view of 2.3,

UromSE #(Z)a

and by the definition of the generalized degree and the assumption that the degree of u
around QU is nonzero,

dg(u; 0U,) = deg(u; 0U,) = deg(w; 0U) #0, ¥V r € (0,70].

Our strategy for proving Theorem 2.1 will be to find a collection of balls with a good
lower bound for the Ginzburg-Landau energy on each ball. We then show that the sum of
the radii of the balls is bounded below by rq/2, hence obtaining a lower bound for the total
Ginzburg-Landau energy in terms of this quantity. This will be done in several steps.

1. First cover of Sg.

We find the collection of balls by starting from an initial collection of small balls that
cover S%, then letting these balls grow by expanding them and combining them. The first
step is thus to establish the existence of the initial collection of small balls. This is the
content of

Proposition 2.2 There is a collection of closed, pairwise disjoint balls {B;‘}le with radii
ry such that

(2.7) Sy c Uk B,

10



Proof. This is proved in [12]. Let {S;} =1
x; € 5; for each i, and set

.....

pi :=1inf{r >0 : 9B.(x;) N S; # 0}, r;:=max{e; p;}.

Set B; := B,,(x;) so that in view of the definition of r;

S; C B;nU.
Note that |u| = 1/2 on 95;, and

1
Ef(u) > §|Du|2 > |Jul.

By (2.1) and (2.2),

/ E(u) de > /Judas
B;NU Si
> | e
a8,
> L deg(u; 9S))|
= o g u; i
1
> —.
- 2m

Moreover,

OB (z;)NS; #£0, Vre(0,p]

This means that for every r € (0, p;], there is a point z* € dB,(x;) such that |u(z*)| < 1/2.
Due to the potential term (1 — |u|?)?/4€? term in the energy E¢, near z*, is large and in
Lemma 2.7 below we will show that

1
/ Ef(u) dH' > C —, Vr € lepil,
OB, (z:)NU €

11



for some constant C. Assume that r; > €, and integrate this estimate over [¢, 7;]. The result
is

)t
/ E¢(u) dx > C’u.
BinU

€

Combining the two estimates,

(ri—e)*

CTZ'
1> = —.
’ }_2 €

/ E¢(u) de > C' max{
B;NU

The balls constructed above may not be disjoint. If two or more of these balls intersect,
they can be combined into larger balls, relabeling as necessary. One can use the Besicovitch
Covering Theorem to control the overlap and show that the larger balls still satisfy (2.9).
The details of this argument appear in [12]. O

2. Annulus estimate.

In the previous step, we did not attempt to make the covering as large as possible. In
particular, they could be off the size ¢ and when we add them we will not get the desired
energy estimate.

In this step, we obtain an estimate which will be used when we extend the balls in our
covering.

Suppose that z* € U, and € < rg < rp satisfy

[Br, () \ Bry(«")] N S = 0,

and
dg(u; 0B, (%)) # 0.

Then, for all r € [rg, 1],

dg(u; 0B, (x")) = dg(u; 0By, (z*)) # 0.
Set

(2.10) A°(r) = min mm + (1= m)” , AS(r) = /T A4(s) A s
0

me[0,1] r Cco€

for certain constants cg, ¢; whose choice is discussed below.

Lemma 2.3 There are constants co and c¢q so that

12



(2.11) / E(w)dz > [A(r1) — A%(ro)].
By (20)\Brq (z0)
Proof. This is Proposition 3.2, [12]. The key estimate is

(2.12) / Ef(u) dH* > X(r), Vr € [ro,m1].
OB,.(z*)NU

We then obtain (2.11) by integrating (2.12) over r € [ro, r1].

Set

m = 6;1&1*){ lu(z)] }.

Then, as in Lemma 2.7 below, we can prove that

m)?

1 _
/ E¢(u) dH > (7
OB, (z*)NU Co€

For u = |ule’y,

€ 1 1 2
B(u) = 5 Vol + 5 [V]ull®.

Since

()] = ul’|Vel,

1 o 1 2 . 2 m? 2
5 IVl 2 5 [l /D 2 - L/ )

1
2 fuf?

Suppose that m > 0. Then, for r € [ro, 1], deg(u; I[B; NU]) = dg(u; 9[B: NU]J) # 0, and

2
/ pwat = | i/ lul)[?
(B, (z*)NU] 2 JoB, (a*)nv)
2
m2/
> 3 (u/ul) dH*
4mr | Ja(B, (a*)nU]
2
= T |deg(u;9[B.(a") N U
7Tm2
>
.,

Combining the two preceeding estimates we obtain (2.12).

13



3. Properties of A\°.

The following elementary estimates are proved in Propositions 3.1 and 3.2 in [12]:

(2.13) A(r +r2) < A(r1) + AS(r2)

1 1
(2.14) s+— — A°(s) is non increasing , —A°(s) < Aoy
s s €

and A¢(r) > mwln(r/e) — co for some constant ca. Also, clearly, A°(r) < 7/r, and therefore,
by redefining c5 if necessary,

(2.15) [AS(r) —mIn(r/e) | < ca Vr>e.

4. Amalgamation.

Our next result is Lemma 3.1 in [12]. It is used below when we allow the small balls to
grow and merge, to form large balls. For the sake of completeness, here we state it and give
its short proof.

Lemma 2.4 Given any finite collection of closed balls in IR*, say {CIY, we can find a
collection {C’z}fi1 of pairwise disjoint balls such that

N N
U C; C U éi,
1=1 =1

Z diamC; = diamC;,
C]‘Céi

N < N,  with strict inequality unless {C;}N | is pairwise disjoint.

Proof. Replace pairs of intersecting balls C;, C; by larger single balls C such that C;U C; C
C and diam C = diam C;+diam C}, continuing until a pairwise disjoint collection is reached.
This collection has the stated properties. O

5. Cover of Sg.

We next show that, starting from the initial collection of balls, we can let them grow in
such a way that each ball continues to satisfy a good lower bound.

As above let { B} denote the balls found in Proposition 2.2, with radii } and generalized
degree df := dg(u; 0[Bf NU]J). Define

14



o i=min{ 7] | df #£0}.

The idea is to extend the balls with the smallest radius with nonzero degree until they
hit each other or the boundary of U. When they hit each other we use the amalgamation
lemma and continue the process until one of the balls with nonzero degree hits the boundary
of U. However, here we follow the presentation of Sandier and Serfaty [27]. Although this
is slightly more technical than the outline procedure, it extends very easily to more general
situations.

Proposition 2.5 For every o > o*, there exists a collection of disjoint, closed balls B(o) =
{B,‘:}Z(:al) satisfying vy > e,

(2.16) Sg C Uy B,
(2.17) / E(u) dx > Tk A(o) ,
UNB{ g
(2.18) g >0 whenever B NOU =0 , and df, # 0,

where r{ is the radius and df, = dg(u; O[By NU]) is the generalized degree.

Proof.
Let C be the set of all 0 > ¢* for which such a collection exists.

1. We first claim that ¢* € C. Indeed {Bj} be the collection of balls constructed in
Proposition 2.2. Set B(c*) := {Bj}. The definition 2.10 of A€ easily implies that A(0)/o <
c1/e forall o, so Proposition 2.2 implies that this collection satisfies (2.16) and (2.17). Also,
(2.18) is satisfied due to the definition of o*.

2. In step we will show that C' is closed. Let {o™},, be a sequence in C' and suppose that
o" converges to g as n tends to infinity. Since the balls are disjoint, and their radii are at
least €, the total number of balls k(o) is uniformly bounded in n. Therefore by passing to
a subsequence we may assume that k(c,,) is equal to a constant kg independent of n. By
passing to a further subsequence, we may assume that the radii 77" and the centers a;"
converge to 7 and af, respectively, for each k < ko. Let By be the closed ball centered at
a$ with radius rQ. It is clear that this collection of balls satisfies (2.16), (2.17), and (2.18).
If the balls are disjoint , we set B(og) := {B;m}zozl. If they are not disjoint, we apply the
amalgamation process outlined in Lemma 2.4. Let {B/°} be the resulting balls and r7° be
their radius. Then, by Lemma 2.4

(2.19) r = Y o

Bkw()CB;O

Since {By o} satisfies (2.17), this implies that

15



/ E(u) dz > / Ef(u) dx
unB;o BroC B0 UNBy,o
> Y A ()
BkyoCB;O 0
o0
_ e _
p (00)

Hence, B(og) := {BJ°} satisfies (2.17). Moreover,

|d}T°| = Z dio| < Z |dk,0l-

Bk,ochO Bk,ocB}’O

Hence if B NOU = § and d]° # 0, then By o NOU = { for all By C B]° and at least one
di+,0 # 0. Since By o satisfies (2.18),

770 > g0 > 0.

This implies that the balls in the collection B(oy) satisfy (2.18).

3. Suppose that o1 € C. We will show that there is § > 0 such that [01,01 + ] C C.
Indeed, let

K, ::{k:|BZlﬂaU=(Z) and dy' #0 },
and set

s1 = 1?61}?1 {rit 1

By (2.18), 01 < s1. If this inequality is strict, we set B(o) = B(oq) for all o € [0, s1]. Tt is
clear that this collection of balls satisfies (2.16), and (2.18). Also (2.17) follows from (2.14).
So let us assume that s; = o1, and let

KQZ:{]{IEK1|51:7’ZI }

For o > o4, set

b, ifkeg Ky,
TR o=
Ullrgl, if ke Ky .

16



Let Bf be the closed ball with radius r{ with the same center as By and let B(c) be the
collection of these balls. Since {B}'}; are disjoint closed sets, there is ; > 0 such that for
all o € 01,01 + 01] By’s are disjoint and

Ki(o):={k|B{noU=0andd] #0 } = K, .

Then, for k € Ko,

o g1
Tk Tk
g g1
and for k € Ko,
o g1
oy
o o o1

Since for k & Ko, r' > o1, there is 0 < § < §; such that (2.18) is satisfied by the collection
B(c). Since 77 > ry*, (2.16) is also satisfied.

To verify (2.17), we observe that for k ¢ K», Bf = B]* and (2.17) is satisfied in light of
(2.14). If, however, k € Ks, then

(2.20) T=dit, =0,

and

[BZ\B'NSE=0.

Then by (2.11),

/ Ef(u) dz = / Ef(u) dx +/ Ef(u) dx
B¢ Bt Bg\B;!

k k
o1

T A (o) A () A G)]
= AT +A0) - A O)]
= A()

7
— £ A() |
£ A% (o)

Y

Here we repeatedly used the identities (2.20) and the fact that B]' satisfies (2.17). Hence
B(o) also satisfies (2.17) for all o € [o1,01 + 4.

4. We have shown that C is closed set including ¢* and for every o € C, there exists
d > 0 such that [o,0 4+ 6] C C. Hence, C = [0*, ). O

6. Proof of Theorem 2.1

Let 0* be as in the previous Lemma and let ry be as in (2.3).
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1. First suppose that rg < 20*. The opposite inequality will be treated later in the
proof.

Consider the balls {B;} constructed in Proposition 2.2. Set

K*:={k|and dj#0 }.

Recall that dj = dg(u; 0[B;; N U]). Since

0 # deg(u; OU) = Z dg(u; By)
k

K* is nonempty. Then, by (2.9) and the definition of o*,

C1
Ef(u) dz > / E¢(u) dx > =y

J 2 o 2
cio* ro 70
> 1 > — |K*| > —
- € Z - c126 | | - 0126

keK*
>

A (%)
2
In view of (2.15), this gives the desired lower bound.

2. We now assume that ro > 20*. Set & := ro/2 and consider the collection of balls B(7)
provided by Proposition 2.5. Let

K:={Fk|dl#0}.
Since deg(u; OU) # 0, K is nonempty. We claim that

To

QI

Indeed if Bf N QU = () for some k € K, then this follows from (2.18). Suppose that
B7 NoU # 0 for some k € K. Since df # 0, BY contains a zero of u, and by (2.3),
BIN[U\ U] #0.

Since by assumption By N OU # (), this implies that the diameter of Bf is at least ro,
proving the claim.

3. By the previous step

-

QI
vV
Qi

|
o | S

ol
m
=



Hence by (2.17),

\Y
{ M
=
5
=
&

/U ES(u) dz

v
=
)

2.3 Main lower bound

In this section, we prove a generalization of the lower bound. This sharper lower bound is
taken from [13] and its proof is very similar to that of Theorem 2.1. Here we repeat the
arguments of the previous section with minor modifications for the sake of completeness.

Let U be a bounded open subset of IR?, and u € H'(U; IR?) be a function that we have
assumed (without loss of generality) to be smooth. In addition, ¢ is a nonnegative Lipschitz
test function that vanishes on 0U.

Throughout this section we will use the notation

(2.21) T = ¢ = maxo(a)

Given ¢ € C%1(U) we use the notation

(2.22)Reg(¢) = {t€[0,T]:00t) = ¢~ (t),00(t) is rectifiable, H' (9Q(t)) < oo} .

The coarea formula implies that Reg(¢) is a set of full measure. For every t € Reg(¢), 0Q(t)
is a union of finite Jordan curves I';(¢), i.e.,

a0(t) = U; Tu(t), Yt € Reg(e).

In particular this holds for almost every ¢. For t € Reg(¢) we define

(2.23) I(t) = U{ components I';(¢) of 9Q(t) | min |u(x)| > 1/2}.

z€el; (t)

We also define (t) = 9Q(¢) \ I'(¢),

z€el; (t)

(2.24) ~(t) = U{ components I';(t) of 9Q(t) | min |u(x)| < 1/2}.
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When we want to indicate explicitly the dependence of I'(t) on ¢ and u, we will write
Lgu(t).

We will also use the notation
(2.25) te:= €|Vl

For any positive integer d, let

(2.26) Dy := {t € Reg(¢) : t>t.,I'(t)is nonempty, and |deg(u;T'(t))| > d}.

The main result of this section is the following theorem. We follow very closely arguments
introduced in [12].

Theorem 2.6 (Jerrard & Somer [13]) If u : U — IR? is a smooth function and ¢ is a
nonnegative Lipschitz function such that ¢ = 0 on OU, then for any positive integer d,

|Dg )
Ee(u) > dA® (7 .
/spt(¢) ( 2d|| V||

For any ty > t; the ratio (t2 — t1)/||Vé|leo is a lower bound for the distance between
0Q(t2) and 90(t1). This explains the role of | V¢« in the estimate.

Similar results were proven in [12] under more or less the assumption that D is an interval;
and in [7] in the case d = 1. Related results have also appeared in Sandier [26].

Note that the case covered in the statement of the theorem, {x : ¢(x) > 0} C U, can be
reduced to the case {z : ¢(x) > 0} = U, if we replace U by U := {x € U : ¢(z) > 0}. So
we will henceforth assume for notational simplicity that this holds, so that spt(¢) = U.

For the proof of Theorem 2.6 we define

(2.27) S% = U{components S; of Sg : S; C Q(tc)}.

If x € Q(te) and y € OU, then

[z =yl IVellee = |o(z) = oY)l = |¢(z)] = te = €[V

In particular,

(2.28) dist(x,0U) > € for all x € S§.

Note also that if V' C Q(t.) and 9V N Sg =0, then
dg(u; V) := Z {deg(u; 0S;) | components S; of S§ such that S; CC V'}.
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In other words, for such sets V' we can ignore Sg \ S& when computing dg(u; V). In the
proof of Theorem 1 below we will always be concerned with subsets V' C Q(¢.), so this will
always be the case.

Our strategy for proving Theorem 2.6 is very similar to the method we used to prove
Theorem 2.1. We will first find a collection of balls such we have a good lower bound for
the Ginzburg-Landau energy on each ball. We then show that the sum of the radii of the
balls is bounded below by |D§|/(2][V¢| ), hence obtaining a lower bound for the total
Ginzburg-Landau energy in terms of this quantity. We start with a technical step.

1. If y(t) # 0.

In this step, we prove an estimate in the case when one of the level sets intersects with
the zero set. In this case, |u| falls below 1/2 on () and we expect the Ginzburg-Landau
energy to be large on ~(t). The following technical lemma proves this under the assumption
that ~(t) is not too small.

Lemma 2.7 Suppose that

H(v(1) > €.

Then

1
2.29 / E(u) dH' > — .
(2.29) o) (u) S5
Proof.

This is very similar to Lemma 2.3 in [12]. Fix a connected component I';(¢) of () and
set p := |u] and

1
o ;=/ ~|Vp|? dH* .
i(t) 2

By the definition (2.24) of ~(¢) there is a point X, € T';(t) such that p(rmin) < 1/2.
Parametrize I';(¢) by arclength so that

Li(t)={x(s) | s€[0,Gi]} ,  Gi=H(Ti(t)

with Zmin = 2(0) = 2(G;). Then since |z(s)| = 1,

pla(s)) = p(z(O)H/S Vp(x(r)) - @(r) dr

0
1 s 1/2
< g ([ watatpar)

0

1 3
< §+\/%‘S SZv
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provided that s < o; := [G; A 1/(167;)]. Then, for s € [0,0;], (1 — p?(x(s)))?/4 > 1/25.
Therefore,

Ef(u) dH' > %+/ — (1= p*)? dH’
Ta(t) i) €
= Tt o5 e
By calculus,
o G; N (1/4’%’) 1 G;
Titogs e =Nt T g5 e Be | e
Thus . o
Ef(u) dH' > — {—i /\5] .
Fi(t) 256 €
Since

H (y(1) = > H'(Ti(t) =) Gize,

{i|T;(t) is a component of v(¢)} %

we can sum over components I';(t) of v(¢) to conclude that

1
E(u) dH' > — .
/6Q(t) (w) 25¢

2. First Cover.

This is very similar to Step 1 of the previous subsection.

We find the collection of balls by starting from an initial collection of small balls that
cover S§,, then letting these balls grow by expanding them and combining them. The first
step is thus to establish the existence of the initial collection of small balls. This is the
content of

Proposition 2.8 There is a collection of closed, pairwise disjoint balls {B;}%_, with radii
ry such that

(2.30) i C Ul B,

(2.31) ri>e Vi

(2.32) / E(u)dz > 2o > A%(r])
BnU €
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This is essentially proved in the previous subsection; Proposition 2.2 and in Proposition
3.3 in [12].

Proposition 2.8 differs from Proposition 2.2 in that in the latter, Sp appears in place of
S$ in the counterpart of (2.30).

3. Cover of S§.

This step is similar to Step 5 of the previous section.

Starting from the initial collection of balls, we can let them grow in such a way that each
ball continues to satisfy a good lower bound.

As above let {B;} denote the balls found in Proposition 2.8, with radii } and generalized
degree df := dg(u; 9[B} NU]J). Define

T

*
*
|71

0" := min{

| di 70} .

Proposition 2.9 For every o > o*, there exists a collection of disjoint, closed balls B(o) =
{BZ}ZSI) satisfying r{ > €,

(2.33) S%, C Uk By,

(2.34) / E(u) dz > & A<(0)
UnBy o

(2.35) ry > old7| whenever B NOU =0 ,

where r{ is the radius and df, is the generalized degree.

The proof of this proposition is very is very similar to that of Proposition 2.5. The only
difference is we consider the ratio r{/|d7| to decide which balls to expand.

Proof.
Let C be the set of all 0 > ¢* for which such a collection exists.

1. We first claim that ¢* € C. Indeed {Bj}} be the collection of balls constructed in
Proposition 2.8. Set B(c*) := {Bj}. The definition 2.10 of A° easily implies that A(c)/o <
c1/e forall o, so Proposition 2.8 implies that this collection satisfies (2.33) and (2.34). Also,
(2.35) is satisfied due to the definition of o*.

2. In step we will show that C' is closed. Let {o™},, be a sequence in C' and suppose that
o™ converges to g as n tends to infinity. Since the balls are disjoint, and their radii are at
least €, the total number of balls k(o) is uniformly bounded in n. Therefore by passing to
a subsequence we may assume that k(o) is equal to a constant ko independent of n. By
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passing to a further subsequence, we may assume that the radii 77" and the centers a}"
converge to rg and ag, respectively, for each k& < kg. Let By o be the closed ball centered at
a¥ with radius r. It is clear that this collection of balls satisfies (2.33), (2.34), and (2.35).
If the balls are disjoint , we set B(og) := {Bkm}ﬁ":l. If they are not disjoint, we apply the
amalgamation process outlined in Lemma 2.4. Let {B7°} be the resulting balls and 77° be
their radius. Then, by Lemma 2.4

(2.36) 7“;-70 = Z k0 = Z 0’0|dk,0|.

Bkw()CBj Bkw()CBj

Since {By,o} satisfies (2.34), this implies that

/ E¢(u) dz > / E(u) dx
UﬁB]‘ Bk,OCBj UﬁBk,O
Tk,0
> —= A°
= Z %0 (o0)
By, 0CBj
> g
> = A (oo)

Hence, B(og) := {B]°} satisfies (2.34). Moreover,

@] = | D dko| <Y ldkol,

Bi,0CBj Bj,0CB;j

and this together with (2.36) implies that the balls in the collection B(og) satisfy (2.35).

3. Suppose that o1 € C. We will show that there is § > 0 such that [01,01 + ] C C.
Indeed, let K7 be the set of indices k such that Bgl N OU = (0 and set

rot

S1 = kl’IEI}?l W .
By (2.35), 01 < s1. If this inequality is strict, we set B(c) = B(oq) for all o € [0, s1]. Tt is
clear that this collection of balls satisfies (2.33), and (2.35). Also (2.34) follows from (2.14).
So let us assume that s; = o1, and let K5 C K7 be the indices £ which minimize the ratio
ryt/dyt. For o > oy, set

o if k¢ Ko,
z o if ke Koy .

Let By be the closed ball with radius r{ with the same center as By' and let B(o) be the
collection of these balls. Since {B}'}; are disjoint closed sets, there is ; > 0 such that for
all o € [01,01 + 01] By’s are disjoint and
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Ki(o) = { k| B{noU =0} = K .
Then, for k € Ko,

e
ko = || = |d°
L= T =g = gl

and for k & Ko,

o} g1
e _ 9L Tk

o o o1

Since for k & Ky, r7' /o1 > |d}"|, there is 0 < § < 0; such that (2.35) is satisfied by the
collection B(c). Since ri > r7', (2.33) is also satisfied.

To verify (2.34), we observe that for k ¢ Ky, B} = B]' and (2.34) is satisfied in light of
(2.14). If, however, k € Ks, then

(2.37) r=dy, ry =old7]

and
[BZ\B'NSE=0.
Then by Lemma 2.3

E(u) de = Ef(u) dx —|—/ E¢(u) dx
BY B BZ\BJ1

k
7,.0'1 TU 7”01
> L A%oy) + [d]| {A‘ <—’; ) A6< . ﬂ
01 F |7 i |
7,01 7,,0' 7,01
g |} | g || |d* |

ra
= (12)
g |d7|

= Dk pco) .

g

Here we repeatedly used the identities (2.37) and the fact that B}' satisfies (2.34). Hence
B(o) also satisfies (2.34) for all o € [01,01 + 4.

4. We have shown that C is closed set including ¢* and for every o € C, there exists
d > 0 such that [o,0 4 6] C C. Hence, C = [0*, 0). a
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We are now ready for the
Proof of Theorem 2.6

Set R :=|Dg|/(2||V¢||«) and & := R/d. Let 6* be as in the previous Lemma. We suppose
that D¢ is nonempty as there is nothing to prove otherwise .

1. First suppose that ¢ < ¢*. The opposite inequality will be treated later in the proof.

Consider the balls {Bj} constructed in Proposition 2.8. By (2.32) and the definition of

o,

Y

/U E€(u) dz zk: /U - E€(u) da

c1 co* R
Z - Tp = c Z |di| = c1e Z |dy| -
k k

k

Let t9p € DS. Then the definition (2.26) of Dg implies that d < |deg(w;I'(¢9))| and by
definition, (2.23), |u| > 1/2 on I'(ty). Hence d < |dg(u;T'(t9))|. Moreover, by (2.6) and
(2.30),

d < |dg(u; I'(to))| < >, il < D7 1dil -
k

{k : BENQ(to)#0}

Hence by (2.14),

R R
E* >ci— d>dA° | =
/U (u)dx_clded_d (d)

which is what we needed to prove.

2. We now assume that & > o*. Consider the collection of balls B(¢) provided by
Proposition 2.9. Assume towards a contradiction that

(2.38) S <R,

k

Set

Ci={te(0lle) I TE)NULBII#D }.

The definitions imply that C' C Uy ¢(Bf), and as a consequence

IC1<20Vello Y 7 <2|VglloR = Dyl .
k
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Hence D5\ C # 0.

3. Let to € D5\ C. The definition of D§ implies that |dg(u; I'(to))| = |deg(u; I'(to)| > d.
On the other hand, the definition of C implies that I'(tg) N (UxBgZ) = 0, so (2.33) and the
additivity of the degree yield

d < |dg(u;T'(to))| < > |d}
{k : BZCQ(to) }
< > 7|
{k : BZnoU=0 }
ro
< _k
<y oz

{k : BZnoU=0 }

by (2.35). On the other hand by (2.38),

d =

Al =

Qi |;Q\

"3

Therefore we conclude that (2.38) is false.

4. By the previous step Y, 77 > R = do. Hence by (2.34),

/UEE(u) de > zk: /UmBg Ef(u) dx
> >t
k
> dA().

3 Jacobian and the GL Energy

In this section, we show that the Jacobian is bounded by the GL energy. This estimate is
the crucial step in a Gamma convergence result.

Results of this section are taken from [13].

3.1 Jacobian estimate

The chief result of this section is the following estimate of the Jacobian in terms of the
Ginzburg Landau energy. This estimate will be the main ingredient in the compactness
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result. We give a more precise version of the estimate at the end of the section.

We use the notation introduced in the previous section and set

pV) s = V) = s [ P

Theorem 3.1 (Jerrard & Somer [13]) Suppose ¢ € COH(U) and uw € H(U;IR?). For
any A € (1,2], and € € (0,1],

(3.1) \ /U 6 Ju de| < w9l + 8]0 (6, u, N)

where

(32) iy = | 2|

|z| denotes the greatest integer less than or equal to x, and

(3-3) Ry 1, A) < Ce* (L + 41, (spt())) (1 + Leb? (sp(9)))

where a(\) = % and C' is a constant independent of u, ¢, €, A and U.
Note that h¢ depends on ¢ only through the support of ¢, and on u only through its
(linear) dependence on ué (spt(¢)).

It suffices to consider nonnegative test functions, since we can decompose an arbitrary
function ¢ into its positive and negative parts. So we will assume that ¢ > 0.

By an approximation argument, we may also assume that v is smooth.

The main idea behind the above estimate is the following identity, which relies on the
co-area formula, integration by parts, and the identity Ju = V x j(u)/2:

T
(3.4) / ¢Judz:1/ / jlu) -t dH" dt
U 2Jo Joaw

where as before
Qt)={zeU| o) >1},

_ Vx9¢
CVxgl

£'= unit tangent to 9Q(t)
The proof shows that
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/ jlu)-tdH' =~ 27 deg(u; 00(t))
a0(t)

for most values of t. The other main point is then to prove that the set of ¢t such that
deg(u; 99(t)) > dy has Leb' measure that can be controlled by u€(spt(¢)). This last point
is similar in spirit to results established in [7, 12, 25] for example. We use the lower bounds
obtained in the previous section to achieve this.

We start the proof of Theorem 3.1 with two simple estimates.

Lemma 3.2 For any set A,

(3.5) /A /6 ORI

For any nonnegative function f,

A
dt < 14 Ef(u) dx .
spt(¢)

(36) [/ e as v [ ).

spt($)

Proof.

For any t € Reg(¢), Stokes’ Theorem yields

. 1
/ j(u)~th1:—/ Ju dzx .
89(t) 2 Jaw

Since |Ju| < 1|Vu|? < E¢(u), (3.5) follows from the above identity.

For (3.6), we calculate by using the coarea formula,

T
// fdH* dt :/ f V| dx
0 JoQ(t) spt(p)

Vol [
spt(¢)

IN

O

We are now in a position to prove Theorem 3.1. In the proof we repeatedly absorb
logarithmic factors by using the fact that if 8 < « then

e*In(1/e) < C°
for some C' = C(a, 3) independent of € € (0, 1].
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Proof of Theorem 3.1.

1. Recall that we are writing 7' = [|¢||o. Fix A € (1,2] and define dy := [ 2p(spt(¢))].
We define sets A, B C [0,T] by

(3.7) B :={t € Reg(¢) : |deg(u;T(t))| > dx + 1 or H*(y(t)) > €},

(3.8) A =Reg(9) \ B.

Because almost every ¢ belongs to AU B = Reg(¢), (3.4) implies that

(3.9) /UqﬁJud:E = %A/F(t)j(u)-del dt

1 - 1 —
+ —// j(u) -t dH* dt + —// j(u) -t dH* dt
2 Ja vy 2 JB Joou)
(3.10) = IA,F+IA,7+IB-

2. Estimate of I r

Suppose t € A. On I'(¢), |u| > 1/2 by the definition (2.23), and we set v := u/|ul, so that
j(v) = j(u)/|uf?, and

/ j(v) -t dH = 2m deg(u; T(t)).
I'(t)
Then

2
o -1 4
/ j(u) - TdH! = 27 deg(u;F(t))+/ i) — - TdH .
r'(t) |ul

I'(?)

Since |j(u) < |u| |Vul, and since |u| > 1/2 on T'(t), Cauchy’s inequality and (3.6) imply that
21

/ I
A AJT(t) |ul

4e / E(u) dH!
A JT(t)

deln(1/e) [|[Volloo p(spt(e)) -

dt

IN

/F(t)j(u) -t dH' — 2mdeg(u; T(t))

IN

(3.11)

IN

Clearly A C [0,T] has measure less than T' = ||¢||oo. Also, by definition of A, if t € A and
I'(t) is nonempty, then |deg(u;T'(t))| < dy. It follows that

(3.12) Tar| < 7|@]lccdr + Ce?|VPloo 1 (spt())-
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3. Estimate of 14 ,

Using Cauchy’s inequality and the elementary fact that x < %(1 —2)?+(1+ %) for all
z € IR and b > 0, we have

(1- IUI2)2) 1 L

. a 5 1 5 a 9
i < llval < § (Va4 i) < 5 (a4 S0

for every a,b > 0. We select a = ¢* for a € (0,1) and b = €272 to find

(3.13) |7(u)| < Ce*E(u) + Ce™“

The definition (3.8) of A implies that |A] < T = [|¢|l and that H'(y(t)) < € for every
t € A, so we can take v = 1/2 and use (3.6) to find

IN

|IA77|

€ 1 £ 1 T
C’/A/’Y(t) VeE (u)dH" (z)dt +C/A[m) \/EdH (dx)dt
Cln(1/e) Ve p(spt(9)IVloe + CVel¢lloo-

IN

4. Estimate of Ip

To estimate Ip we prove that B has small measure. Toward this end we define

By = {t € Reg(¢) : H'(3(t)) = e},

(3.14) By :={t € Reg(¢) : I'(t) is nonempty, and |deg(u; T'(t))] > dx + 1}.

The estimate of B is deferred to the end of this subsection, where we prove

Proposition 3.3 For every A € (1,2], € € (0,1], smooth u : U — IR?, and nonnegative test
function ¢ € COH(U),

(3.15) 1By| < C X Vo|loo(da+1) < Ce' "X Vlloo(1 + pu(spt()).

For the time being we assume this fact and use it to complete the proof of the theorem.

The measure of Bj is easily estimated: using (3.6) and Lemma 2.7,

1
—|B1| < / / E¢(u)dH dt
25€ teB1 JaQ(t)
1

IV @lloo In(=)n(spt(6))-

IN

(3.16)
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Clearly |B| < |B1| + |Ba|, so by combining (3.16) and (3.15) we obtain

(3.17) |B] < C [ Vel|oo(1 + 1 (spt(6)))-

Finally, we use (3.5) to estimate

(3.18) Ip] < C5 ||Vl|oo (1 + u(s0t(6))) 1 (spt(0)).

5. The previous three steps imply that

‘/qﬁJu dx

< da|[9lloo + [|0llcr (4, u, A)

for

A—1

B3(@,u, ) < O™ (1L (sp(6)) + (1 (spt(0))%) . (V) = g

To complete the proof of the Theorem, note that by (3.6) and (3.13) (with o = 2a(\))

'/gb]u dx /OT /m(t) |5 (uw)|dH dt

C’HVd)HOO/ 29N Ee(u) 4 7200 gy
spt(e)

Cllpllerhi(e,u, A),

IN

IN

IN

for h§ = €M (spt(p)) + e 22N Leb?(spt(¢)). We define he(¢, u, \) := min{h§, h$}, so
that (3.1) clearly holds. It thus suffices to verify that (3.3) holds, that is,

he(¢,u, A) = min{h§, hi} < Ce*™ (1 + p(spt())(1 + Leb*(spt(¢)))

for some appropriately large constant C. This follows immediately from the definition of h§
if u€(spt(¢)) < €3N and if not, it follows directly from the definition of AS. |

Note that the result we have proved is in fact somewhat sharper than Theorem 3.1 as
stated, in that it not only provides an upper bound for [ ¢Ju, but in fact gives an approxi-
mate value for the integral. The following corollary states a small technical modification of
this sharper estimate.

Corollary 3.4 Let U be a bounded, open subset of IR?, and suppose that ¢ € COH(U) and
u € HY(U; IR?). Define Reg(¢), T'(t) and v(t) as in (2.22), (2.23) and (2.24) respectively.

Then for any X\ € (1,2] and € € (0,1], there exists a set A = A(d,u, A\, €) C (0, ||¢|loo) such
that
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(3.19) 1Al > |¢lloo — Ce*V[[Vloo (1 + e (spt(9)));

(3.20) T'(t) is nonempty, and |deg(u;T(t))| < dx Vit € A; and

(3.21) ‘/qﬁJu - 7r/ deg(u: D) dt| < [|ollonhe (6, \),
teA
where h¢ is defined in (3.3) and dy is defined in (3.2).

Proof. We cannot take A to be the set defined in (3.8), as we have now imposed the
additional condition that I'(t) # () for t € A. So we let A be the set formerly known as A,
defined in (3.8), and we define

A={te A : I'(t)is nonempty.}

Then (3.20) follows from the definition of A, and (3.21) follows from (3.11). We claim
moreover that A\ A has measure at most €||V¢|/w. In view of (3.17) and (3.8), this will
suffice to establish (3.19), and thus to complete the proof of the Corollary.

To prove our claim, note first that for every t € A, H'(y(t)) < e. If t € A\ A, then I'(¢) is
empty, and so H* (¢~ (t)) = H'(y(t)) < e for all t € A\ A. On the other hand, let =y € U
be a point such that ¢(xg) = ||¢]leo- If |y — xo| < € then ¢(y) > ||Plloc — € [|VO|loo- It
follows that Be(zo) C Q(t) for all ¢ < ||@|loc — € ||V@|loo- Thus the isoperimetric inequality
implies that H!(¢=1)(¢) > 2me.

We conclude that if t € A\ A, then t > ||¢||oo — €||V®||oo, Which proves the claim. O
We now use Theorem 2.6 and the facts about A€ to give the proof of Proposition 3.3.

Recall that for Proposition 3.3 we want to estimate the measure of a set By C Reg(¢),
and from the definition (3.14) of By we see that

(3.22) D =By N {t : t>t}, fordy := L%,ue(spt(qﬁ))J +1 > %,ue(spt(qb)).

Proof of Proposition 3.3

‘We need to show that

|Bs| < CTR| Voo, di=dit L
1D | i, .
Let R := speg- From (3.22) and the definition (2.25) of . it suffices to show that
Rz < e %
dy —
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We may assume that d@ > e, as otherwise the conclusion is obvious. Then (2.15), Theorem
A
2.6, and the choice (3.22) of d5 imply that
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3.2 Compactness in two dimensions

In this section we consider a sequence of functions u¢ € H'(U; IR?), where U is a bounded
open subset of IR? and the renormalized Ginzburg-Landau energy is uniformly bounded:

(3.23) Ky := sup pf(U) < o0, pE = e
€€(0,1]

We will show that under this assumption, the Jacobian is compact in the dual norm (C%%)*
for every 5 € (0,1]. We refer to §5 and to [13] for a compactness in higher dimensions.

We introduce the Jacobian (signed) measure
Ju(E) ::/ det (Vu®) dzx , EcU
E

Since det (Vu) = 3V x j(u¢) for j(uc) := u¢ x Vu,

pdtu =+ [ Vxo@) ju)@) de,  VoeC V),
R2 2 R2

where for a scalar function ¢, we write V X ¢ := (¢5,, — P, )-

Theorem 3.5 Let {u¢} C HY(U; R?) satisfy (3.23). Then there exists a subsequence €,
converging to zero and a signed Radon measure J such that Ju™ converges to J in the dual
norm (Cg’ﬁ)* for every 3 € (0,1]. Moreover, there are {a;}., C U and integers k; such
that

J=m> kida, and |JU)=m > |kl <Ky,

=1
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Finally, if p converges weakly to a limit u, then J < p, and ‘fl—i(:n) <1 for u almost every
x.

We will first prove
Proposition 3.6 Assume (3.23). Then, Ju® can be written in the form
Ju® = J§ + Ji
where J§ and Ji are signed measures such that
(3:24) slicoy < and il o < Ce®
for some a > 0 and a constant C' depending only on the constant Ky in (3.23).

Proof.

1. In light of the assumption p(U) < K, Theorem 3.1 (with A = 2 and o = 1/24, for
example) implies that

(3.25) /quuf < Cllélloo + Ce [Vl for all ¢ € COL(U).
We write § = €*, and we define Us = {z € U : dist(z,0U) > §}. Let

. 1 ifx e Uy
X6=9 0 ifnot.

We define J§ := xs(n° * Ju¢), where 7° is a standard mollifier with support in Bs(0). We
then define J§ := Ju® — J§.

Suppose that ¢ is a C! test function vanishing on U, and note that
/gb Jedr = /775 * (xs0)Judz.

We write ¢ := n° x (xs¢). It is clear that ¢ is compactly supported in U, and one easily
checks that

C C
19°lloe < Ixs8llco < ldllocs IV oo < FlIxs0llo0 < 5 19l

Then (3.25) implies that
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[0 Jsdo < ol
2. We now estimate J{. Given ¢ € C3(U), write

¢1 :=min{9,26||Ve| o}, G2 = ¢ — 1.

It is clear that ¢ < 2§||Vé||eo in U \ Uas, S0 ¢2 is supported in Uss.

From the definitions,

/¢1Jf dr = /(¢1 — 1’ % (xs1))Ju’ da.
It is clear that
1]l < 260(| V] oo, IVér]loo < [[VE[oo-
Similarly, n° * (xs¢1) satisfies
7% % (xs61) oo < 26[1V 0]l oo, IVn® % (xs61)llee < €||¢1Hoo < V| o

So (3.25) implies that

/ $17¢ dz < CO|[V]oo = e[V oc.

Finally, since ¢4 is supported in Usg,

/d)ng dr = /(¢2 — 1% % (xs¢2))Jus do = /(d)g — 0% % o) Jus da.
It is easy to check that

g2 = 1° % P2lloc < COlIVElloc, V(02 =1 % $2)[loc < OVl
So we again use (3.25) to conclude
[ 6275 dz < €5190] = € V6] .

O

Once we have the above decomposition, the compactness of the sequence Ju follows from
soft arguments.
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Lemma 3.7 If v is a Radon measure on U, then

(3.26) V1l (g-e)- < Cllvlicom.

vlics) -

Proof. Since U is bounded and we are considering compactly supported functions, the
Hoélder seminorm is in fact a norm and is topologically equivalent to the usual C%® norm.
So for this lemma we set

ollcomy = [algo = sup 2=

, € (0,1].
ety T —y® o< 0.1

Fix ¢ € C%?, and let QEE = n° % ¢, where n° is a smoothing kernel and e will be chosen later.
Then one easily checks that

(3.27) 16N cor < Ce* H[gllgoa := Me, [l = ¢l < Ce®[|¢]| o

In particular, |¢¢] < Ce®||¢||co.o on AU.

We next modify (56 so that it vanishes on QU while continuing to satisfy the above esti-
mates. Let

u(z) = sup, (éﬁ(y) — M|z — yl)+ ;o o(r) = sup (éﬁ(y) + M|z — yl)i :

Then one easily checks that (;3‘ =wu —v on QU. Moreover, if we define ¢¢ := g?)ﬁ —u+ v, then
¢° satisfies the estimates in (3.27) and also vanishes on 9U.

So
Joir = [oaus [©0-o)av
< leflleorlvligeny + llé = ¢llcollvllico)-
< Clglicos (vl gory- + e IWlicn)- )
Taking € = [|v]| o). /[|¥[|(co)~ gives the conclusion of the lemma. O

Lemma 3.8 If a > 0, then (C°)* ccC (C%)*.

Proof. The Arzela-Ascoli Theorem implies that any sequence that is bounded on C%? is
precompact in C°. The lemma follows by duality.

More concretely: given a sequence of measures bounded in (C?)*, we can extract a subse-
quence, say ji, that converges to a limit p in the weak-* topology. We must show that this
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sequence converges in norm in (C%%)*. If not, then we can find a sequence of functions 1,
with ||¢n]|co.« < 1 such that

(3.28) /1/Jnd(un —p)>co>0

for all n. However, the Arzela-Ascoli theorem implies that, upon passing to a subsequence,
1, converges to some limit ¢ uniformly, whence (3.28) is impossible. O

We now prove
Theorem 3.9 Assume (3.23). Then JuS is strongly precompact in (C*P)* for all 3 > 0.
Proof. By Proposition 3.6 we can write Ju® = J§ + Ji, where the two measures on the
right-hand side satisfy (3.24).

Fix any 3 € (0,1]. Lemma 3.8 implies that {J§} is precompact in (C*?)* C (C%7)*.

Also, it is clear from the definitions that

. 1
17 coys < T[22 + TGl o) < ClIVu] 7z + C < Kn(=).

So together with (3.24) and the interpolation inequality (3.26) this implies that HJf”(CO,B)* —
Oase— 0.0 4

Remark 3.10 The above result is sharp in the sense that Ju® need not be precompact, or
even weakly precompact, in (C°)*. To see this, consider the sequence of functions

u(z,y) = (1,0) + 52(1n(%))1/2(cos(6£2),sin(e%))

on the open unit disk D in the plane. One easily verifies that p(D) < C, and that
[ Ju|(coy = [[Juc||zr > ¢ FIn(). In particular, since || Ju||(coy- is unbounded, the Uni-
form Boundedness Principle implies that the sequence cannot converge weakly in (C°)*.

Remark 3.11 Suppose v€ is any sequence of measures on a bounded open set U C IR™,
and that

IO < Kn(), [ odv < Cllol + Ce Vol

for some « > 0. The arguments given above then show, with essentially no change, that
{v€} is precompact in (C%#)* for all 8 € (0, 1].
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We are now in a position to give the

Proof of Theorem 3.5. Suppose {u‘}cc(0,1) C H'(U; IR?) is a sequence satisfying (3.23).
By an approximation argument, we may assume that in fact each u€ is smooth. In view of
Theorem 3.9, we can find a measure .JJ and a subsequence ¢, such that Ju‘» — .J in (C%#)*
for every 8 € (0,1].

1. Since p®" is a sequence of uniformly bounded, nonnegative Radon measures, we may
assume upon passing to a further subsequence (still labeled €,,) that there is a Radon measure
1 such that

€ *

Mo = —

in the weak™ topology of Radon measures in U. For x € U, set

O(z) := lrlfrol pw(Br(x)NU) .

We first claim that J is supported only on the points with ©(z) > 7.

Indeed, suppose that ©(xg) < 7 at some xg € U. Then there exists some 79 > 0 and a
number a < 7 such that

,un(Bro(xo)) < a<mw

a-+m
2a

for all sufficiently large n. Then Theorem 3.1 with A\ = > 1 immediately implies that

n—oo

/(b dJ(z) = lim [ ¢ Ju'"dz =0

for all smooth ¢ with support in By, (zg), since dy = 0 for such ¢. Thus z¢ & spt(J).

Since p is bounded on U, there are finitely many points {a;}; C U such that

O(a;) > .

Therefore there are constants ¢; such that the limit measure J satisfies

J:WZCz‘(Sai-

We need to prove that ¢;’s are integers and that 7|c;| < ©(a;) for all 4; this will immediately
imply all the remaining conclusions of Theorem 3.5.

2. Choose 1 <1 so that B, (a1) does not intersect {a;};~1 UOU. We may also assume,
taking 1 smaller if necessary, that there exists some A > 1 and an integer Ny such that
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(3.29) dy = L%MH(BTI (a1))] < %@(al) Wn > No.

We first apply Theorem 3.4 to the function ¢(z) := (r; — |z — a1])™, which is supported
in By, (a1). Let A™ = A(¢,u, A, €,) be the set whose existence is asserted in Theorem 3.4.
Note that if t € A", then I'y yen (£) is nonempty, which is to say that there is a component
of ¢~1(t) on which min |u| > 1/2. However, ¢~1(t) = dB,,_¢(a1) is connected, so in fact
Ty uen (t) = 0By, —i(a1) for all t € A™. So for every t € A™ and n > Ny, Theorem 3.4 and
the choice of A imply that

1

: |deg(u; 8By, —t(a1))] < dx < —O(as).

N~

min |uc| >
x€IBr —t(a1)

It follows that for all such n there is an integer d(n) such that the set

1
S = {r e [0,m] : agﬂn |us| > 3 deg(u™;0B,) = d(n)}

r(ai)

has measure at least kg := ;d—l. Note also that Sg(") is open, since u* is by assumption

continuous (indeed, smooth). We can therefore find an open set %, C S guch that
|Z] = ko.

3. We now define new test functions " as follows. First let
frr) = 1rm] N Sy

We then define ¢"(x) = f™(jJx — ay
and only if

). One can then check that ¢ is a regular value of ¥™ if

(™)~ (t) = 0B,(a1) for some r € %,,.

In particular, deg(u; (¥™)71(¢)) = d(n) for a.e. 0 <t < ||¢"||oo = ko-

One can then easily check, using Theorem 3.4, that
/1/J"Ju€"das = wd(n)ko + O(e%).

On the other hand, since the functions ¢™ are uniformly bounded in C%! and since Ju‘" —
J =73 ¢idq, in CHL(U)*

0 = lim

/wnJuE"dm —me1™(ay)

= lim ‘/w”JUE"dm — merko

Comparing the last two equations, we find that d(n) = ¢; for all sufficiently large n. In
particular, ¢; is an integer and |¢1] < dy < %G(al), which is what we needed to show. O
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4 Gamma Limit

Suppose that a sequence of functionals J,, on a Banach space X is given. We assume that
they are bounded from below and by adding a constant, if necessary, we may assume that
these functionals are nonnegative, i.e.,

I X — [0, 00].

The Gamma limit, J, of these functional in the topology of X is roughly given by

J(x) :=lminf{ J,(z,) |(n,zn) — (c0,2) }.

More precisely, the Gamma limit is a nonnegative functional

J: X —[0,00],

satisfying the following two conditions:

o Let {z,} C X be a convergent sequence with limit = € X i.e.,

lim |z, —z|x =0.
n—oo

Then

3

liminf J,(z,) > J(z).

n—oo

e For any = € X, there exists a sequence {x}} satisfying

lim ||z, —z|x =0,
n—oo

and

lim J,(x)) = J(x).

n—oo

Generally an accompanying compactness result is useful. Such a compactness result states
that if for a sequence {z,} C X

(4.1) sup Jy(z,) < 00,
n
then the set {x,} is compact in X.
An immediate corollary to a Gamma limit and to the compactness result is this: Let y; be

a minimizer of J,, and they satisfy (4.1). Then, by compactness on a subsequence, denoted
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by n again, vy, converges to a point y* € X. By the first condition on the Gamma limit we
know that

J(y*) < liminf J,(yn).

Let  be any point in X and let {2} be the sequence in the second condition on the Gamma
limit. Since y,,’s minimize J,,,

J(x) = h}zn In(zn)

Y

limsup Jy,(yn)
J(y")-

Y

Hence any limit y* of the minimizing sequence y,, is a minimizer of the Gamma limit J. In
practice, this method is used to a construct minimizer of a given functional J. Given J,
we construct a “regular” functionals J, such that the Gamma limit of this sequence is J.
Then, we obtain minimizers of J, by standard methods and then apply the above method
to construct a minimizer of J. The sequence J, is often called a relazation of J.

We refer to the book of Dal Maso [8] for more information.

In this section we calculate the Gamma limit of

If(u) = m/EE(u) dz.

First we introduce a function space which is needed in order to state the Gamma limit.

4.1 Functions of BnV.

Motivated by the analysis of I, and the central role of BV in the scalar case, Jerrard and
the author introduced and studied a class of functions called BnV in [14]; a short summary
is provided in [15]. It turns out that the Gamma limit of the functional I€ is finite only for
functions w € B2V. For that reason, we give a brief discussion of BnV. We refer to [14, 15]
for more information.

Briefly, function u € WLn=Y(U; IR"™), for U C IR™, m > n, is said to belong to BnV if the
weak determinants of all n by n submatrices of the gradient matrix Vu are signed Radon
measures. Here we only we give the precise definition of B2V and refer to [14] for higher
dimensional case.

For U ¢ R™ — IR? with m > 2 we view the Jacobian as a measure taking values in the
exterior algebra A?IR™. For every n (and in particular for n = 2) we endow A" IR™ with the
natural inner product structure, which we denote (-, -), and for a multivector v € A" IR™ we
write |v| = (v,v)'/2. If u € WH(U; IR?) we define
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(4.2) Jju) = Z u X Uy, dr'
i=1

and if j(u) € LL ., we define

locy

1
(4.3) Ju = 3 d j(u) in the sense of distributions

where d is the exterior derivative. Thus if u € Hl1 then

oc?

Ju = ZJ”udxl/\de = QZJ”udxl/\d:EJ,

1<j .3

where

J9u = —Ju = ug, X uy, = det(ug,,ug,).
For sufficiently differentiable u : IR™ — IR™ one can define in a similar way Ju as a measure
taking values in A"IR™. We omit the most general definition as we will not need it here.
Here we give the precise definition of B2V. Let U C IR™ with m > 2.

Definition. We say that u belongs to B2V (U; IR?) if both of the conditions are satisfied

j(u) € Lj, (U; R?),

loc

e Ju is a Radon measure with values in A2IR™.

A priori Ju is only a distribution; we say that v € B2V if it happens to be a measure.
Also there are several conditions that ensure that j(u) € L!. For instance if u € W11 L>
j(u) € L.

The class BnV is very closely related to the Cartesian Currents of Giaquinta, Modica and
Soucek [10, 11]. This connection is discussed in detail in [14].

In [14] it is shown that if w € B2V (IR™; S*), then the Jacobian measures Ju is supported
on an m — 2 dimensional rectifiable set. In particular, if u € B2V (U;S') and U C IR?, then
there are {a;} C U and integers k; such that

JUZTFZ ki Oa; -

This is interpreted as encoding the location and degree of the topological singularities of
u.

Here we outline only the proof in the case of u € B2V (U; S1) with U C IR?, and refer to
[14] for the higher dimensional result.
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Lemma 4.1 Let U C IR? and u € B2V (U; IR?). Then,
(4.4) Ju=m ij da;
J

for finite collections of points {a;} C U and integers k;.

Outline of Proof:

In this case, Ju is a scalar valued, signed Radon measure. Hence for every = € U, the
following limit exists:

d(x) :== 17}?01 d,(z), dy(z) == Ju(B,(x)).

We claim that for every x € U, and for almost every r > 0, d,.(x)/7 is an integer. Indeed,
since Ju = V x j(u), for any smooth function ¢ € C2°(U; IR'), by integration by parts

/U¢Ju(d$)=/UV¢-j(u) dz.

Formally if we take ¢ to be the characteristic function of the set B, (x), we obtain

Ju(B,(z)) = /B()) Ju(dz)

1 o
= = / g(u) -t dH .
2 JoB, (x)

By approximation, we may show that the above identity holds if u is sufficiently smooth.
For u € B2V, in [14], the above identity is proved for almost every r > 0.

Moreover, since u € W1(U; S1), for almost every r > 0, u € WH(B,(x); S'). Hence, for
these values of r, u is absolutely continuous with values in S*. Then, by the degree formulae
discussed earlier,

1

= / j(u) -t dH' = 7 deg(u; OB, (x)).
2 JoB, (x)

Therefore d,.(z)/m is an integer for almost every r. Since the limit of d,(x) exists, we
conclude that for every x € there exists r(x) > 0 such that

d(z) = d(x), Vr e (0,r(x)],

and
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d(z)/m € Z, Vael.

Since |Ju|(U) is finite, by a simple covering argument these yield the desired result. O

4.2 Gamma limit of /¢

Let U be an open bounded subset of IR* with a smooth boundary.

In this section we study the I' limit of the functionals

1 1 1
I — - 2 1— 2\2

as € tends to zero and show that the limiting functional is

|[Jul(U) =7 Y, kil , if u e B2V (U;S1)
I(u) :=
+o0, if u g B2V(U;S?) .

Theorem 4.2 The I' limit of I. in the topology of Wl’l(U;]RQ) is equal to I, i.e., for every
sequence u® converging to u in Wl’l(U;]RZ),

(4.5) liminf I (u®) > I(u) ,

e—0

and for every u € B2V (U;SY), there exist functions u€ converging to u in Wh(U; IR?)
satisfying

(4.6) lim iélf I (uf) = I(u) .

A similar result also holds in higher dimensions [13].

The above result is proved independently in [1], and in [13]

Remark 4.3 In view of our compactness result and our introductory discussion of Gamma
Limit, the Banach space W ! is not appropriate. Since we do not have a compactness result
in W11, and the only compactness result is for the Jacobian, it is more natural to consider
the Gamma Limit in the space of equivalent classes of functions with a topology equivalent
to the convergence of the Jacobian. However, here and in [13], we chose to work with W11
as it is a standard Banach space.

Proof. We start with the proof of (4.5). Suppose that u¢ converges to u in WhH(U; IR?).
We assume that
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liminf I (u€) < oo ,

as there would be nothing to prove otherwise.

1. By the Compactness Theorem 3.5, there exists a subsequence ¢, converging to zero
such that the Jacobian measure Ju‘" converges to a Radon measure J in (C%?)* for all
B> 0. We claim that J = Ju. In particular this will show that u € B2V (U; S?).

To simplify the notation, set u, := u.

2. We directly estimate that

. J(un) |Un|2/\1_ 1
m) = T 9 . 1 n v n T 19 A1
i) = 2] < vl |
1 — |un|?
= |Vun| [1— Junl?] Xjun 1
|un| -
1 2, 1 22
< 6 [§|Vun| +E(1 = |un|%) }
Hence,
1 ) — 2 | g =0
A ) |un|2/\1}
3. Set v, == uyn/(|un|* A 1) so that
1 . )
AT Jlup) —jw) = vy X Vu, —ux Vu
= vy X (Vu, — Vu) + (v, —u) x Vu .
Hence
1 . .
TP AT J(un) = ju)| < |onl[Vun = Vul + v, — ul[Vul

< |Vuy, — Vul + |v, — ul|Vu] .
Since u,, converges to u in W11 (U ;]RQ), there exists a subsequence, denoted by n again,
so that u, converges to u almost everywhere. Hence |v,, — u||Vu| converges to zero almost
everywhere and also it is less than 2|Vu|. So we may use the dominated convergence theorem
to conclude that

1

— j(un) — j(u)| dz=0.

lim
n—oo U
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4. Steps 2 and 3 imply that on a subsequence j(u,,) converges to j(u) in L'. Hence, Ju"
converges to Ju in the sense of distributions. This implies that J = Ju. Since by Theorem
3.5, J is a Radon measure, so is Ju and therefore v € B2V (U; IR*). Tt is also clear that
|u| = 1 almost everywhere. Hence, u € B2V (U; S1).

5. The Jacobian estimate (3.1) implies that

/quu(d:E)’ = lim
U

n—oo

/ ¢ Jupn(dx) ‘
U
A9l oo lim inf I (uy,) |

IN

for every A > 1. Hence,

i 1 () > s (| [0 utaa) |+ ol <1)
U
= ul(V)
= I(u).

This proves (4.5).

6. We continue by proving the I-limit upper bound (4.6). Fix u € B2V (U;S!). As
remarked above, it is shown in [14] that Ju must have the form

Ju=m Zk:j a; »
J

It suffices to show that, given any sufficiently small § > 0, there exists a sequence of functions
{v¢} € HY(U; IR?) such that

I.(v°) H7r2|kj|, hrnsupHvequwl,l(U) < Co.

To do this, fix some small § > 0. Let 79 > 0 be a number such that the balls {Bs,(a;)} are
pairwise disjoint and do not intersect OU, whenever r < r¢, and select some r > 0 such that

(4.7) Z/ |Vu| de < 0, r < min{rg,d}.
i/ Bar(ay)

For any s > 0, let Us denote U \ U;jBs(a;). Demengel [9] proves that if V is an open
subset of IR?, then smooth functions taking values in S! are dense in the subspace {w €
Wwbht(v;81) . Jw = 0}. Since Ju = 0 on U,, this implies that there exists a function
v € C*(U,, S') such that

(48) ||’LL — ’UHlel(UT) S (S
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Demengel’s proof in fact shows that we may also assume that

(4.9) 17(u) =3 ()|, <0

7. Clearly (4.7) and (4.8) imply that

2r
Z/ / |Vo(z)| dH (z)ds = Z/ |[Vo| de < 26.
j r 0B (aj) j B, \Br(aj)

So for each j we can find some number r; € [r, 2r] such that

20
(4.10) / |Vo(z)| dH (z) < —
aB"‘j (G‘j) r

We also claim that

(4.11) deg(v; 0By, (a;)) = k;

if ¢ is sufficiently small. Indeed, since v is smooth and S!-valued it is clear that s ~
deg(v; 0Bs(a;)) is constant for s € [r, 21|, so we only need to verify that this constant must

equal k;. To do this, note that if ¢ is any function of the form ¢(x) = ¢(|x — a;|) that is
constant on B, (a;) and has its support in Ba,,(a;), then

%/V X ¢-jv) de = %/OOO deg(v; ¢~ (s)) ds = w(a;)deg(v; dB,, (a;))

and
1
E/qub-j(u) dr = /qﬁ dJu = nwp(a;)k;.

If 6 is small enough, (4.11) follows from these two identities and (4.9), since V x ¢ is supported
in U,.

8. We claim that for each j there exists smooth functions v§, defined in B, (a;) such that

v§(z) = v(z) for x € 0By, (ay),

1
(4.12) / |Vo§lde < C9, and lim —— E(v§)dx = m|k;].
BT]. (a]‘)

e—0 |1I1€| Brj (llj)

To see this, fix some j. We may assume without loss of generality that a; = 0, and due
to (4.11) we can write

v(x) = expli(k;0 + o + P (x))] for x € 0B,
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where «a; is a constant, 1 is a smooth, single-valued function on 9B, and 6 as usual
satisfies ‘—i‘ = (cos®,sin ). We are identifying IR? = € in the usual way. We extend v to be

homogeneous of degree zero on IR? \ {0}, and we define

2|z —

J

vj(r) = explithi0 + g+ 20 Tg(@)] i gy < el <.

For |x| < §r; we define v§(z) to be a minimizer of

/ E¢(w) dz
B /2

subject to the boundary conditions w = exp[i(k;0 + a;)] on B, /.

Since vj restricted to the annulus B, \BT]. /2 is just a fixed smooth function of unit
modulus, independent of ¢, it is clear that

1 1 1
lim — E(v§) dr = lim ——— ~|Vu§|? dz = 0.
e |lne| B,\By, ) e |lnel B, \B,, 2 2

Also, using (4.10) one can check that

/ |Vo§lde < C36.
B \Br,/2(a;)

Finally, the book of Bethuel, Brezis, and Hélein gives a detailed description of the asymp-
totics of Ginzburg-Landau energy-minimizers, and their results imply that

1
mm/r/2 B (v§) dv = w|kjl, limesup/B |Vvil dz < Cr; < C6.

ri/2

Putting these facts together we find that the sequence {Uj} has the properties specified in
(4.12).

9. Finally we define

. v(z) ifxeU\ (U;B,(ay)
v (z){ vé(x) leCEBT](( ) )

Since v is a fixed smooth function and |v| = E<(v) = |Vo|? tends to zero

’ \lne\ \lne\

uniformly as e — 0. Thus it is clear from (4.12) that

li Ef(v = =
ng% |1D6|/ d(E e—»O |1D€|/ dl‘ TFZV{; |
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Also,

lu=olwriawy < llu=viwiawn + D (lulwiam,, @y + 105 lwiam,, @) ) < C6
J

by (4.7), (4.8), and (4.12). So the sequence {v°} has all the required properties. O

5 Compactness in Higher Dimensions

Now suppose U is a bounded, open subset of IR™ with m > 3.

In this section we will show that if {u‘}ee(0,1) € H'(U;IR?) is a sequence of functions
such that the normalized Ginzburg-Landau energy measure p(U) is uniformly bounded,
then the Jacobians Ju¢ are precompact in (C%%)* for all 3 > 0, and any limit is rectifiable.
In addition, we prove that

|J|(U) < liminf p¢(U).

This is not a full I'-convergence result, but it shows that the mass of the Jacobian is a
reasonable candidate for the I'-limit. We also believe that the compactness result and the
upper bound for the Jacobian (ie, lower bound for the energy) are interesting and will be
useful in other contexts.

We start by defining some of the terms used above. We remark that good general references
for this material include Giaquinta ef. al [10] and Simon [28].

Let A2IR™, j(u) and Ju be as in subsection 4.1.

A set M C IR™ is said to be a k-dimensional rectifiable set if there are Lipschitz functions
fi : RF — IR™ and measurable subsets A; of IR¥ such that

M = MyuU (U(;ilfj(Ag)) s Hk(Mo) =0.

Thus, in a precise measure theoretic sense, a k-dimensional rectifiable set is not much worse
than a k-dimensional Lipschitz submanifold. Rectifiable sets can also be characterized by
the fact that they have k-dimensional approximate tangent spaces H* almost everywhere;
see [28] or [10].

Suppose that M is an oriented, rectifiable (m — n)-dimensional subset of IR™, and for
H™ ™ almost every z € M, let v(x) € A"IR™ be the unit n-vector representing the ap-
propriately oriented normal space to M. (It is more convenient for our purposes to work
with normal spaces rather than tangent spaces.) Suppose also that 6 : M — IN is a H™ -
integrable function. One can define a measure J taking values in A™IR™ by

(5.1) / o) I(de) = | 9lw) - v(@)0ayr" " da) Vo € CO(R™; A"IR™).
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We say that a measure J taking values in A"IR™ is (m — n)-dimensional integer multiplicity
rectifiable (or more briefly, integer multiplicity rectifiable) if it has the form (5.1) for some
rectifiable set M and an integer-valued function 6 as above.

The class of functions for which Ju is a measure is denoted BnV (U, IR™) and was defined
and studied in [14]. In particular we prove there that if u € BnV (IR™,S™"1) then Ju/w,
is integer multiplicity rectifiable, where w, is the volume of the unit ball in IR™. This is
deduced as a consequence of a more general rectifiability criterion which we recall here.

Let J be a measure on a subset U C IR™ taking values in A"IR"™, where n < m. We
can write J in the form J = v|J|, where |J| is a nonnegative Radon measure, and v is a
|J|-measurable function taking values in A"IR™ such that |v(z)| =1 at |J|-a.e. z € U.

Suppose that e, ..., e, is an orthonormal basis for IR™. Given any point x € IR™, we
write y; =x-e; ifi=1,..,m—n;and 2; =2 ep_pn4; if i € 1,...,n. We write R;"™" to
denote the span of {e;};*;". Similarly, IR? = span{e;};”,,_, ;. Thus we identify points
x € IR™ with corresponding (y,z) € IR;"™™ x IR}. Let dz := dz' A... Adz", and let J*
denote the scalar signed measure defined by J* := (dz,v)|J|.

We say that J* is locally represented by slices Jy(dz) if, given any open set O C U of the
form O = Oy x O, with O, C IR)’™" and O, C IR}, there exist signed Radon measures
Jy(dz) on O, for a.e. y € Oy, such that

(5.2) / 6" = /O y /O 00 () dy

for all continuous ¢ with compact support in O.

We say that a statement holds for a.e. J,(dz) if, for every open set O as above, it is valid
for a.e. y € O,.

In [14] we prove the following
Theorem 5.1 Suppose that J is a Radon measure on U C IR™ taking values in A"IR™,
and also that dJ = 0 in the sense of distributions. Suppose also that for every choice on

an orthonormal basis {e;}; (determining a decomposition of IR™ into IR;*™" x IR} ) J* is
represented locally by slices, and that for a.e. y € O, these slices have the form

K
Jy(dz) =" dida,(dz)

for an integers K and d;, and points a; € O, .
Then J is rectifiable.

A much more general version of this result was later established by Ambrosio and Kirch-
heim [2]. A similar theorem in somewhat different and very general setting was proved
independently (and slightly earlier) by White [34].

We will need Theorem 5.1 to prove
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Theorem 5.2 (Jerrard & Soner [13]) Let U C IR™, and suppose that {u}cc(o,) is a
collection of functions in WH2(U; IR?) such that u(U) < Ky < oo for all e. Then there
erists a subsequence ¢, — 0 such that

(i): Ju" converges to a limit J in the (C%*)* norm for every a > 0;

(i4): For any choice of basis {e;} for IR™ (determining a decomposition of IR™ into
]R;”*2 x IR%), J* is represented locally by slices J,(dz), and for a.e. y these slices have the
form Jy(dz) = WZ£1 diba,, with d; € Z for all i.

(iii): dJ = 0 in the sense of distributions, and J/m is integer multiplicity rectifiable;

(iv): Finally, if i is any weak limit of a subsequence of u, then |J| < fi, and <= < 1.
In particular, |J|(U) < Ky .

Remark 5.3 For any J as above, (iii) and the definition of rectifiability imply that a lower
density bound:

lim inf |j| (Br(z))

i 2 (B (@) ="

for |J| almost every z. Also, if /i is as in (iv), then clearly the m — 2-dimensional density of
w is greater than m — 2-dimensional density of J. In particular,

lim inf M >

r=0 H™=2(B,(x)) —
for |J| almost every .

The basic idea of the proof is to decompose a component of Ju¢, for example J™~Lmye,
into two-dimensional slices, say J; (dz), and to use the two-dimensional estimates on each
slice. Arguing in this fashion, it is quite easy to obtain uniform estimates for J™™ 1u€ in
certain weak spaces, and these imply (i) by results of the previous section.

To prove (ii), it is convenient to view the sliced measures J(dz) as constituting a function
mapping IR;"~? into C!(IR?)*; the latter is a space that contains measures on IR? and is
endowed with a rather weak topology. Claim (i) can be seen as assertion that the function
Y — J;(dz) is precompact in some weak sense. What one would like to do is to show that in
fact y — Jg(dz) is precompact in some stronger sense, for example in L' (R;*~%; (C} (IR2)*),
so that one can extract a subsequence that converges to some limiting function y — jy(dz)
in L'. In particular, after passing to a further subsequence we could then assume that
Sy (dz) — jy(dz) for almost every y. In addition, by our two-dimensional results, for
almost every y, one can find a subsequence €,, — 0 (in general depending on y) such that
Jy"™(dz) converges to some limit that has the form sought in (ii). By combining these
results one can hope to show that in fact %jy(dz) is a sum of point masses with integer
multiplicities.

The key point is then to establish some sort of strong compactness of the sequence of
functions y + Jy(dz) as e — 0. We do this using the observation from [14, 15] that the total
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variation of y — Jg (dz) in the (C%1)* norm can be estimated by controlling “orthogonal”
components of Juf, which is already done in the proof of (¢). Using this one can argue that
the functions y — Jg(dz) have uniformly bounded variation in (C{>')*, modulo terms that
vanish in still weaker norms, and this gives the necessary strong convergence. (The terms
involving weaker norms force us to work with test functions that are C? instead of C! in
much of the proof.)

The remaining points follow quite directly from (i7) and the rectifiability criterion of
Theorem 5.1, and from the two-dimensional results.

6 Dynamic Problems: Evolution of Vortex Filaments

The stationary results, in particular the energy lower bounds and the compactness of the
Jacobian are very useful tools in the asymptotic study of the evolution problems related to
I¢. In these note we only consider the parabolic equation which is the gradient flow of I¢:

€

€ € u € n
(6.1) ut—Au:€—2(1—|u|2), t>0, z€R",

where the unknown function

u¢ : R" — IR?,

satisfies an initial condition

(6.2) u(0,2) = ug(x), =€ R,

where ug is a given function.

Here we do not consider the corresponding nonlinear Schrodinger and the nonlinear heat
equations. Instead we refer to the notes of Rubinstein [23] for an introduction and the
description of formal results and to the paper of Colliander and Jerrard [7] for a rigorous
study of the nonlinear, planar Schrodinger equation.

Also here we only consider the case n > 3. Results for n = 2 are outlined in the Intro-
duction.

The asymptotic analysis of these equations initiated by the seminal paper of Rubinstein,
Sternberg and Keller [24]. Much has been done for the scalar equation since then. We refer
to the survey article of the author [29] and the references therein for the scalar equation,
which is also called as the Cahn-Allen equation in the literature.

The vector valued Ginzburg-Landau equation with u€ : IR™ — IR™ is studied first by
Struwe [33]. He considered this equation as a relaxation of the heat flow for harmonic
maps. Under the assumption that original (not rescaled) energy is uniformly bounded in e,
he obtained deep partial regularity results. A monotonicity result is one of the interesting
results of [33]. Our results differ from [33] in that we only consider the case u¢ € IR? but we
allow for singularities to form and study the time evolution of the singular structures.
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Here we outline the results of [17] and [4]. This technique is also outlined in the lecture
notes of the author [31] for the scalar equations. As discussed in the Introduction, in the
following proof, we will use the compactness of the Jacobian to provide a shorter proof.

6.1 Energy identities

Set

ec :=ec(t,x) = B (uf(t,x)).

Recall that the energy density E° is given as

e Lo o, (—[uf)?
Ef(u) := §|Vu| + 1z
By calculus and (6.1),
(6.3) (et = —|us|* + divp©,
(6.4) Ve, = —p° + div(Vu® ® Vue),

p¢ = Vu® uy

To localize the energy estimates, let > 0 be a smooth compactly supported test function.
Multiply (6.3) by  and (6.4) by Vn and subtract the two identities. Then use the resulting
identity to compute the time derivative of the integral of ne.. The result is:

d € € €
(6.5) o | mee= / (n: — An) e + D*nVu® - Vu —/ n ug]?.

Although we will not use it in these notes, let us mention that if we add the two identities
instead of subtracting them, we obtain the following identity:

d
(6.6) o] mee = / (n: + An) ec — D*nVu® - Vus
|V - Vue|? / . V- vue]?
t— = [ |y
n n

In [33], Struwe used the above identity with the special choice for n:

1 . |z — 20/
o ol
(Ato — )=z TP 4y — 1)

n(t,z) = ), t <to, x € R",
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where ty > 0 and xg € IR" are arbitrary, and m is the dimension of the range of u.

The special case of (6.5) with 7 = 1 yields the classical energy estimate,
t
(6.7) /ee(t,:c) daer/ |u§|? dadt = /GE(O,SC) dx.
0

6.2 Mean curvature flow and the distance function

The distance and the square distance functions to a smooth manifold can be used to de-
scribe all the relevant geometric quantities. These functions were first used in [17] in the
convergence proofs.

Let {I't}1e[0,7) be a smooth solution of co-dimension two mean curvature flow. Then the
square distance function n(t, x) satisfies

(6.8) ne— An = -2, on Ty,
(6.9) Vi —An =0, onI'y,
(6.10) D?*n < I, on whenever it is smooth.

The equation (6.9) is an observation of DeGiorgi. It can be viewed as the definition of the
codimension two mean curvature flow. We refer to [3] for information on the mean curvature
flow in any codimension. However, (6.8), and (6.10) are the properties of any square distance
function to a smooth codimension two manifold.

Since T'; is smooth, 7 is smooth in a tubular neighborhood of T';. (6.8) and (6.9) imply
that in this neighborhood,

(6.11) Ine — An+2| < C ),

for some constant C. We extend 7 smoothly to all of [0,7] x IR™ so that the extension
satisfies (6.10), (6.11), and

(6.12) n >0, andn(t,z)=0, ifandonlyif xe€T,.
In (6.5) we choose 1 to be the square distance function, modified as above. Set

al(t) == m / N ec(t,z) dz,

so that by (6.5), (6.10) and (6.11),

95



d < 1
~ In(1/e)

C af(t) — m /|u§|2 dx.

1

(6.13)

IN

6.3 Convergence.

In this subsection, we prove the convergence of the solutions of 6.1 to smooth solutions of
the mean curvature flow. This is first proved in [17], and here we follow a new approach
using the compactness result on the Jacobians. The convergence to weak solutions of the
mean curvature flow is still not known. A first step in this direction is proved in [4].

Here we assume that the initial data concentrates on a smooth co-dimension two manifold
I’y and that there exists a smooth solution {Ft}te[o,T] of the codimension two mean curvature
flow. then, we will prove that the energy measure concentrates on the smooth solution.

Set

1
(V) i= ——— Ef(uf(t d
Mt( ) 111(1/6) /V (u ( ,$)) xz,
be the rescaled Ginzburg-Landau energy. Precisely, we assume that u§ is such that

po = m H" 2 Lo,

in the weak* topology of Radon measure, where H"~?| [y is the n — 2 dimensional HausdorfF
measure restricted to the codimension two manifold I'g, i.e, it is the surface area measure of
Ty.

A simple, consequence of this assumption is that
C* :=sup ug(IR™) < oo.
€
This together with the energy estimate (6.7) imply

sup{ pi(R") |t €[0,T], e>0} < C*.

Using an argument due to Brakke (see [17] for details), this implies that there exists a
subsequence, denoted by € again, such that

,U;L[,Lt, te [OvT]a

to some nonnegative Radon measures {1t }+e(o,77-
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Theorem 6.1 Suppose that {F(t)}te[to ] is a collection of compact sets which is a classical

solution of the codimension two mean curvature flow. Let u; be a weak™ limit of the rescaled
energy measure ps. Then,

Ht Z WHl&a te [OvT]a

and

support py = T, t € [0,T).

Proof.

Since each connected component of the solution can be studied separately, without loss
of generality, we may assume that I'; is conneceted with no boundary.

1. Let af(t) be as in the previous subsection. Then by the convergence of ps,

lim a(t) = a(t) := / 7 pe(dx).

e—0

In view of (6.12) and our assumption on fy,

a(0) = 0.

Then by (6.13) and the Gronwald’s inequality

a(t) < a(0) et = 0.

Since 7 is nonnegative, this implies that the support of u; is included in the zero set of 7.
Hence by (6.12),

support p; C Ty, te[0,T].

2. Fix ¢t € [0,T] and let Jf := Ju®(t,-). Since the rescaled Ginzburg-Landau energy u$(IR™)
is uniformly bounded in ¢, we may apply the compactness result proved earlier. Then, on a
subsequence denoted by € again, Jf converges to a signed Radon measure J; in the topology
of (C%)* for every a > 0. Moreover,

d|J|

— <1, Lt a.e.,
dp '

where |J;| is the total variation of the vector valued measure J; and p; is the weak* limit of
i

Hence, by step 1,
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support J; C support p; C I'y.

3. Since

Ji = dj(uc(t,-)),

dJjf =0, = dJ;=0.
If we see J; as a current, the above states that it has no boundary. By the previous step J;

is included in a smooth manifold I'y which has no boundary. In Lemma 6.2 below, we will
show that these fact imply that the density of |J;| on T’

o, . Al
CdrTy

is constant.
We postpone the proof of this result to Lemma 6.2 and complete the proof of this theorem.

In view of our compactness result, this constant has to be an integer multiple of =, i.e.,

0; = ng m, H"_Q\& a.e.,

for some integer n;.

4. Tt suffices to show that n; =1 for ¢ € [0,T]. Indeed this implies that

|Je| =7 H" | Tt

Since |Ji] < pu,

pe > H" 7 Ty

and

I'y C support .

The opposite inclusion is proved in Step 1.

5. To prove that n; = 1, consider the space-time Jacobian J¢ of u¢ on [0,T] x IR™. The
space-time Ginzburg-Landau energy is

(1= Ju?)?

E€ =
4e2 ’

[[Vus® + |ug*] +

N =
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and in view of (6.7),

sgp{ln(i/e) /OT/ £ dx dt } < .

Hence we may apply our compactness result to J¢, concluding that on a subsequence, de-
noted by € again, it converges to a Radon measure J*. Moreover

|J7[([0, 7] x IR™) < p([0,T] x IR"),

where p is the weak™ limit of the space-time energy. Then,

([0, 7] x R") = /0 Je(R™) dt + v([0,T] x R™,

where v is the weak* limit of

1
ve(dt x dx) == ——— |u]? dt x du.

In(1/€)

Let n and « be as in Step 1. By (6.5), and the properties of 7,

d € _ € 1 €2
7 (t)fCoz(t)fm /Rn n(t,x) |ug]® de.

By the Gronwald’s inequality

af af €CT _ 1 T eC(T—t) x ué 2 T
M) < 0 - g [T ) gl o ar
3 1 T €
S « (0) €CT — W /O / . T](t, ZL') 14 (dt X dl')

Since af tends to zero as e approaches to zero. In the limit we obtain

T
/ / nv=0.
0 n

Hence, the support of v is included in the graph I' of {T't}sco,1y:

= { (t,2) €[0.T] x R" |z €T, }.

Therefore,
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support J* C T

Using Lemma 6.2, we conclude that

7% =7 1o T,

and consequently

|Je| =m H" | Ty,  te[0,T].

In the following lemma we assume J is a Radon measure of the form in Theorem 5.2. In
particular it satisfies (5.1):

/ 6@dr) = [ of@) v@p@H ) Vo e COR™APR)

Lemma 6.2 Let J be as above. Further assume that M C IR™ be a codimension two, smooth
manifold with no boundary. Then, 0 is constant on M.

Proof.

Let J be the same as J but with = 1, i.e.,

/¢@ﬂﬁm)=‘A/ﬂm-m@Hm*u@ Vo € CO(R™; A*IR™).

Since M has no boundary and since M is smooth, we directly calculate that d.J = 0. We
also know that dJ = 0. Using these two facts we calculate that

0=dJ = d[fJ]=0dJ+dONJT
= dOAJ.
Hence
Vian0 = 07 on Ma

where Vi, is the tangential derivative on M. Since M is connected, this implies that 6 is
constant on M.
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