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Abstract

The dual representation of the martingale optimal transport problem in the Skorokhod space of multi
dimensional cddldg processes is proved. The dual is a minimization problem with constraints involving
stochastic integrals and is similar to the Kantorovich dual of the standard optimal transport problem. The
constraints are required to hold for every path in the Skorokhod space. This problem has the financial
interpretation as the robust hedging of path dependent European options.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction

Model independent approach to financial markets provides hedges without referring to a
particular probabilistic structure. It is also shown to be closely connected to the classical
Monge—Kantorovich optimal transportation problem. In this paper, we prove this connection
for quite general financial markets that offer multi risky assets with cddldg (right continuous
with left hand limits) trajectories. This generality is strongly motivated by the fact that investors
use several assets in their portfolios and the observed stock price processes contain jump
components [3,4]. The main result is a Kantorovich type duality for the super-replication cost
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of an exotic option G, which is simply a nonlinear function of the whole stock trajectory. It is
well documented that this duality is central to understanding the financial markets. In particular,
several other important results including the fundamental theorem of asset pricing follow from it.

As it is standard in these problems, following [17] we assume that a linear set of options
‘H is available for static investment with a known price £(h) for A € H. In addition to this
static investment, the investor can dynamically use stocks in her portfolio. Let an admissible
predictable process y represent this dynamic position in the stock whose price process is denoted
by S with values in the positive orthant Ri. An investment strategy (&, y) super-replicates an
exotic option if its final value at maturity 7 dominates G in all possible cases, i.e.,

T
h(S) +/ vu(S) dS, = G(S), VSeD, (1.1)
0

where D is the set of all stock process S that are cddldg, So = (1,...,1) and continuous
at maturity 7. Technical issues related to the stochastic integral and admissible strategies are
discussed in Section 2, Definition 2.5. The minimal super-replicating cost is then given by

V(G) := inf{L(h) : there exists an admissible predictable process y
so that (4, y) super-replicates G}.

As usual, the dual elements are martingale measures QQ that are consistent with the given
option data. Namely, let M be the set of all measures on ID so that the canonical process S is a
martingale with the canonical filtration F and

Eglh] < L(h), he™H.
We then have the following duality result,

V(G) = sup EglGl. (1.2)
QeM,
The above result is proved in Theorem 2.9 for G that is uniformly continuous in the Skorokhod
topology and satisfies a certain growth condition. In Theorem 2.9 we assume that

IGEO)| = CA +ISr]) (1.3)

for some constant C > 0. Then, we relax this condition to (5.1) in the last section.

In this paper, we study two classes of pairs (H, £). Namely, one and many marginal cases. In
the first one, this pair is defined through a given probability measure p. Then, we take H to be
the set of all functions of the type g(Sy) with g € LY(RZ, ) and set £(g) = f gdu. The only
assumption on & is that [ xdu(x) =So = (1,...,1).

In the initial sections and in Theorem 2.9, we prove the duality for the single marginal case.
Then, in Section 5, we both relax the growth assumption on G and consider the multi-marginal
problem. Namely, we fix a partition 0 < 71 < T» < --- < Ty = T and a probability measures
m1 < o <--- < puyon le_, where < denotes convex order on probability measures, i.e.,

nw=<vs / ddu < / &dv, V & convex, integrable.

We extend the duality result (1.2) for the case where H is the set of all functions of the type
ZZN= 1 8i(S7;) with g; € Ll(Rd , i). For this extension however, we need to assume that
[ 1x|Pdun (x) < oo for some p > 1. In particular, we assume that a power option is an element
in the space of static positions H.
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Our approach, as in [13,14], relies on a discretization procedure. We then use a classical
min—-max theorem for the discrete approximation and a classical constrained duality result of
Follmer and Kramkov [15]. The technical steps are to prove that the approximations on both
side of the dual formula converge. The multi-dimensionality and the discontinuous behavior of
the stock process introduce several technical difficulties. In particular, we introduce appropriate
portfolio constraints in the approximate discrete markets. This new feature of the discretization
is essential and enables us to control the error terms due to the multi-dimensionality and the
possible discontinuities of the stock process.

Another technical difficulty originates from the fact the set of martingale measures M/ is not
compact. Therefore, passage to the limit in the dual side requires probabilistic constructions. In
particular, we prove that the dual problem as seen as a function of the probability measure u
(with fixed G) has some continuity properties. This is proved in Section 4, Theorem 4.1.

For the multi-marginal case, it is not clear how to prove Theorem 4.1 via a probabilistic
construction. Instead, we use an additional idea in the discretization procedure. This idea is based
on a penalization technique and requires that the linear space H contains a power option.

The structure studied in this paper is similar to that of [17] and also of [7-13,16,19-23,
25]. We refer the reader to the excellent survey of Hobson [18] and to our previous papers
[13,14] and to the references therein. A related issue is the fundamental theorem of asset pricing
(FTAP) in these markets. This problem in the robust setting in discrete time is studied in [2,6,14].
[2] proves FTAP in the model independent framework with a general H containing a power op-
tion. Following the structure introduced in [29,30], [6] considers a discrete time market in which
a set of probability measures P is assumed. The super replication is defined by demanding (1.1)
not for every path S but P almost surely for every P € P (i.e., P-quasi-surely). FTAP and du-
ality (under the assumption of no-arbitrage) is proved for a finite dimensional H but possibly
with no power option. The notions of no-arbitrage considered in [2,6] are different. In our ear-
lier work [14] we prove model-independent duality for a discrete time market with proportional
costs. FTAP follows as a consequence of the duality. However, the form of FTAP depends on the
particular notion of no-arbitrage. A discussion of different notions is also provided in [14]. In
continuous time, the desirable extension to the general quasi-sure setting remains open with the
exception of [16] in which a certain class P is considered.

The paper is organized as follows. The main results are formulated in the next section. In
Section 3, Theorem 2.9 is proved. In Section 4, we prove a continuity result for the dependence
of the dual problem on the measure 1. The final section, is devoted to extensions.

Notation. We close this introduction with a list of some of the notations used in this paper.

e R, = (0, 0o) is the set of all positive real numbers.

e N :={1,2,...}is the set of positive integers.

e D is the set of all R‘i valued cddldg processes S that are continuous at t = T and also satisfy
So=(1,...,1); Section 2.

e The similar set D([0, T']; ]Rd) for R? valued processes is defined in Section 2.

e S is the canonical process and F is the canonical filtration on ID; Section 2.

o [ISI = sup{|S/| : ¢ € [0, T]}.

e H is the set of statically tradable options. In this paper, it is the set of all functions of the form
h(S) = g(St), where g € LY(RZ, 1) for some probability measure w; see Section 2.1.

e d is the Skorokhod metric on D, see Section 2.4.

e For a positive integer n and S € D, stopping times 7 = tk(")(S)’s and the random integer

M = M™ (S) are defined in Section 3.1.
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e For a positive integer n and S € D, random times Ty = f,f") (S)’s are defined in Section 3.3 as
a function of the stopping times 7 ’s.
e Maps Il : D — D and II, II : D — D are constructed in Section 3.3.

When possible we followed the convention that the notation ™ is reserved for objects on the
countable space D, suchas Sisa generic point in D and 7, T’s are its jump times.

2. Preliminaries and main results

The financial market consists of a savings account which is normalized to unity B, = 1 by
discounting and of d risky assets with price process S; € Ri, t € [0,T], where T < o0
is the maturity date. Without loss of generality we set the initial stock values to one, i.e.,
So = (1, ..., 1). We assume that each component of the price process is right continuous with
left hand limits (i.e., a cddldg process) which is also continuous at maturity t = 7. D denotes the
set of all cddldg functions

S=@6W, ..., Sy [0, T] > R4,

that are continuous at t+ = 7T and also satisfy Sg = (1, ..., 1). Then, any element of D can be
a possible path for the stock price process. This is the only assumption that we make on our
financial market.

We set D([0, T']; R?) be the set of all cddldg processes that take values in R4 (rather than Ri
as in the case of D) that start from Sy = (1, ..., 1) and are continuous at 7.

Consider a European path dependent option with the payoff X = G(S) where

G : D0, T]; RY) — R.

Although only the values of G on D are needed to define the problem, technically we require
G to be defined on the larger space D([0, T']; RY ). However, in almost all cases extension of a
function defined on D to D([0, T'; RY ) is straightforward; see Remark 2.8.

In probability theory, most processes are required to be either progressively measurable or
predictable with respect to a filtration. In the context of this paper, the natural filtration is
canonical filtration generated by the canonical process. Then, we have the following equivalent
definition of progressive measurability.

Definition 2.1. We say that a process y : [0, T] x D — R? is progressively measurable if for
any S,S e Dandr € [0, T],

Su=Su Yuel0.t=y®S =n®S. O (2.1)

It is well known that if y is left continuous and progressive measurable, then it is predictable
with respect to the canonical filtration. Hence, in the sequel we check the predictability of any
left continuous process by verifying (2.1).

2.1. Tradable options

‘H represents the set of all options available for trading. Although in this paper we use a
specific class, in general it is assumed to be a linear subset of real-valued functions on . It is
always assumed that

Beashs 1y - ha € H,  where hegsn =1,  he(S) =S®, Vk=1,....d.
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The price of these options are given through an operator
L:H—R.
The essential assumptions on £ are the convexity, an appropriate continuity and
Lheast) =1, L) =Sy =1, VYk=1,....d.

The last condition implies that the dual elements are martingale measures. So it might be
interesting to relax it so as to allow for local martingale measures.

Example 2.2. In this example, we discuss the two examples (H, £) studied in this paper.
1. Let  be a probability measure and let

H={h(©S) =g®r): gL' RL, W) 2.2
The pricing operator given through the probability measure p by,
L(g) = / gdu. (2.3)
R{

We assume that p satisfies

/hkdu — /xkd,u(x) =s¥P =1, Vk=1,....d. (2.4)

The above linear pricing rule is equivalent to assume that the distribution of Sy is known and
equal to u.

2. Consider a partition 0 < 77 < Tp < --- < Ty = T and probability measures
Ui < o X --- < Uy on Ri. Assume thatf|x|Pd,uN(x) < oo for some p > 1. We also
assume that py is satisfying (2.4). Set

N

H= !h(S)=Zg,-(ST,.>:gi eLlaRi,m)}. 2.5)
i=1

In this case, the linear pricing rule is equivalent to assume that for any k the distribution of Sz, is

equal to uy. We also assume the following analogue of (2.4),

/xkdm(x)=8g‘>=1, Vk=1,...,d,i=1,...,N. O (2.6)

In this paper, to simplify the presentation we mainly consider the first case. Namely, we
assume that (H, £) satisfy (2.2), (2.3), (2.4). In particular this case does not require the existence
of a power option as an element in the space of all static positions. In Section 5, we assume the
existence of a power option and extend the duality to the multi-marginal case (2.5).

Remark 2.3. Again let the tradable options to be of the form A(S) = g(St). However, now
assume that g is a bounded and continuous function of Ri. Then, a careful analysis our proof
shows that the duality result Theorem 2.9 holds for this problem with the same dual problem.
Hence, the super-replication cost with this class of tradable options is the equal to the one with
the larger class g € L' (RZ, 11). See Remark 3.8 and also Remark 2.10. [

Next we discuss the importance of the power option.
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Remark 2.4. The following example highlights the role of the power option assumed in (2.4)
and it is communicated to us by Marcel Nutz.

Suppose d = 1. Let h*(S) = x[0.5,00)(S7) and H be the three dimensional space spanned by
h*, hy, heasn. Further let £ be a linear functional on H with £(heqsn) = 1 and L(h*) = 0. For
an exotic option G, V(G) is the super-replication cost. Let { be the extended market that also
includes the power option with V (G) as the corresponding super-replication cost.

In both markets, the investor can buy the digital option ~2* with zero cost. Clearly, this implies
some kind or arbitrage since 2* > 0 and is not identically equal to zero. However, for the market
‘H this arbitrage while agreeing with the notion introduced in [6], does not agree with the one
given in [2]. On the other hand, in H there is arbitrage in both senses and the super-replication
cost V(G) = —00.

In the smaller market H it follows directly that V(0) = 0. But we claim that there is no
martingale measure that is consistent with £. Indeed, if there were a martingale measure QQ
satisfying

Eq[h*] < L(h*) =0,

then the support of the distribution o of Sy under Q must be a subset of [0, 0.5]. On the other
hand, since Q is a martingale measure, f xdu(x) = Sp = 1. Hence, the set Ml is empty. This
means that the duality (1.2) does not hold in H while it holds in the market H that contains the
power option. (Note that by convention the supremum over an empty set is defined to be minus
infinity.)

Although the duality does not hold in H with the dual set Mz, in this example it would hold
if one relaxes the dual set of measures to include the local martingale measures as well. [

2.2. Martingale measures

Set 2 := D and let F be the o—algebra which is generated by the cylindrical sets. Let
S = (Sr)o<:<r be the canonical process given by S;(w) := wy, forall w € (2.

A probability measure Q on the space ({2, F) is a martingale measure, if the canonical process
(Sp)I_, is a martingale with respect to Q and Sp = (1, ..., 1), Q-ass.

For a probability measure p on Ri, let M, be the set of all martingale measures Q such that
the probability distribution of S7 under Q is equal to w. Observe that condition f xrdp(x) =1
in (2.4) is equivalent to M, # .

2.3. Admissible portfolios

Next, we describe the continuous time trading in the underlying asset S. We essentially adopt
the path-wise approach which was already used in [13]. However, the present setup is more
delicate than the one in [13]. Indeed, due to the possible discontinuities of the integrator S, we
require that the trading strategies are of bounded variation and left continuous. Indeed, observe
that for any left continuous function y : [0, T] — R of bounded variation and a cddldg function
S € D, we may use integration by parts (see Section 1.7 in [26]) to define

! t
/OyudSu ::VI'SI_VO'SO_[)SM'qu»

where for a,b € R?, a - b is the usual scalar product. Furthermore, the last term in the above
right hand side is the Lebesgue—Stieltjes integral and not the standard Riemann—Stieltjes integral
which was used in [13].
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In particular, when y is also progressively measurable (cf., (2.1)) then for any martingale mea-
sure Q € M,,, the stochastic integral [ y,S, is well-defined and both the pathwise constructed
integral and the stochastic integral agree Q almost surely. In the sequel, we use this equality
repeatedly.

These considerations lead us to the following definition.

Definition 2.5. A semi-static portfolio is a pair ¢ = (g, y), where g € L! (Rd ,wyandy : [0, T]
x D — R? is left continuous, progressively measurable and bounded variation where y;(S)
denotes the number of shares in the portfolio ¢ at time ¢, before a transfer is made at this time.
A semi-static portfolio is admissible, if for every Q € M, the stochastic integral [ y,dS, is a
Q super-martingale.
An admissible semi-static portfolio is called super-replicating, if
t

g(Sr) +/ Yu(S)dS, = G(S), VS eD.
0

The (minimal) super-hedging cost of G is defined by,

V(G) = inf{/ gdp : dy such that ¢ == (g, y) is super-replicating} . g

Remark 2.6. The condition of admissibility depends on the measure p. Hence the set of
admissible controls and the super-replication cost also have this dependence. One may remove
this dependence by considering continuous and bounded g’s instead of I (R4, p) functions. And
for admissibility, instead of requiring that the stochastic integral | y,,dS, is a Q super-martingale
for every Q € M, one may impose the condition that this integral is uniformly bounded from
below in S. A careful analysis of the proof of Theorem 2.9 reveals that the duality (under the
hypothesis of Theorem 2.9) holds with this smaller class of admissible portfolios and hence the
super-replication cost is not changed. See Remarks 3.8 and 2.10.
In the case when u satisfies

/|x|”d,u(x) < 00 2.7
with an exponent p > 1, if there exists C > 0 satisfying
t
/ vu(S)dS, = —-C |1+ sup [Su|P], Vtrel0,T], SeD, (2.8)
0 0<u<t

then the stochastic integral is a Q super-martingale for each Q € M, due to Doob’s inequality
and (2.7).

In the sequel, we check the admissibility of y by verifying either the above condition with
p > 1 when (2.7) holds or again the above inequality but with p = 0 when we only have
24). 0O

2.4. Martingale optimal transport on the space D
We continue by stating the duality result. Since our approach relies on discretization, one

requires the regularity of the exotic option. One may then relax this regularity through analytical
methods as we have done in [14]. Since the emphasis of this paper is the possible discontinuity of
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the stock process and multi-dimensionality, we do not seek the most general condition on G. We
first prove the duality when G is satisfying (1.3) and uniformly continuous in the Skorokhod
topology. We then relax this condition in Section 5. To state the condition on G, recall the
Skorokhod metric on D([0, T]; RY),

d(w,®) = inf sup  (Jo(t) — oA ()] + |1@) —¢]),
1€ Al0.T] tef0,T]

where A[0, T'] is the set of all strictly increasing onto functions A : [0, T] — [0, T'].

Assumption 2.7. We assume that the exotic option
G : D([0, T]; RY) — R,

is satisfying (1.3) and uniformly continuous, i.e., there exists a continuous bounded function
(modulus of continuity) m¢g : R4 — Ry so that

|G(w) — G@)| <mg ([d(w,d), Yo,»eD(0,T];R?Y). O

Examples (for d = 1) of payoffs which satisfy Assumption 2.7 include lookback put options
with fixed strike

G(S) = (K — min S;)*
0<t<T

and lookback call option with floating strike
G(S) = (St — min S))™.
0<t<T

In the last section, we relax the above assumption to Assumption 5.1. This extension allows for
more options, in particular of Asian type.

Remark 2.8. For technical reasons, we assume that G defined not only on ID but in the larger
space D([0, T'1; RY). However, suppose that G is given only on its natural domain I rather than
the whole space D([0, T']; R4 ). Assume that G is uniformly continuous on D. Then, one can
extend G to the larger space still satisfying the above assumption and the main duality result is
independent of the particular extension chosen.

Indeed, a direct closure argument extends G to a uniformly continuous function G defined
on ([0, T1; [0, 00)?). Then, we define G(S) = G(§) for every S € D([0, T]; RY), where
SO =18V, i=1,....dandr €[0,T]. O

The following result is an extension of Theorem 2.7 in [13] to the case of multi-dimensional

stock price process with possible jumps. Its proof is completed in the subsequent sections.
Relaxations of Assumption 2.7 are provided in Section 5.

Theorem 2.9. We assume that (H, L) is as in (2.2), (2.3) and the probability measure p satis-
fies (2.4). Then for any exotic option satisfying Assumption 2.7, we have the dual representation
for the minimal super-replication cost defined in Definition 2.5,

V(G) = sup Eq[G(S)],

QeM,

where Eq denotes the expectation with respect to the probability measure Q.
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Proof. Let Q € M,,. Then, for any admissible strategy y, the path-wise integral [ y,dS, agrees
with stochastic integral Q-almost surely and in view of Definition 2.5 this integral is a Q super-
martingale. Now suppose that (g, y) be an admissible super-replicating semi-static portfolio.
Then,

T
EQUO mS)dSu}so, and Eglg(Sr)] = / gdp.

We take the expected value with respect to QQ in the super-replication inequality and use the above
observations to arrive at,

V(G) = sup EglG(S)].
QeM,

The opposite inequality is proved in Corollary 3.7,

V(G) < liminf V"(G) < sup Eg[G(S)]. (2.9)
n—00 QeM,,

We continue with a standard step that allows us to consider only bounded and non-negative
claims.

Reduction to bounded non negative claims. Let C > 0 be the constant in the assumption (1.3)
and set

d .
G(S) = G©S) +C [1 + s;’)]
i=1

Then,
V(G) = V(G) + (d+1)C,
and also

sup Eg [G(S)] = sup Eq[G(S)]+ (d+ 1)C.
QeM,, QeM,,

Since by (1.3) G > 0, we may assume without loss of generality that the claim G is non negative
and satisfies Assumption 2.7.

Next, for any constant K > Oset Gy := G A C(dK + 1) where C is again as in (1.3). Then,
Gk is a bounded, non negative function. Then, in view of (1.3),

d
G=Gk+(G—CUdK+1)T <Gk +C Y (P —K)*F.

i=1

Consequently, we have the following inequalities,

d
V(Gk) = V(G) =V(Gk)+V (C Z(Sg) - K)+>

i=1

d
VG +CY [ - Ky du.
i=1
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Also (2.4) implies that
d

lim Z/(xi — K)fdux) = 0.

K—o0 4
i=1

Therefore, we conclude that V(G) = limy_~ V(Gg) and so if the inequality (2.9) holds for
Gk, then it holds for G.

We conclude that without loss of generality, we may assume that G is a bounded non negative
function satisfying Assumption 2.7. 0O

Remark 2.10. In the above proof, the lower bound for V(G) follows from a classical direct
argument. For this argument the minimal conditions for (g, y) are the ones assumed in
Definition 2.5. Namely, the integrability of g with respect to u and the super-martingality of
the stochastic integral. Therefore, any smaller class of semi-static portfolios would also satisfy
the lower bound trivially. [J

3. Proof of (2.9) for bounded non negative G

In this section and the next, we assume that G is bounded non negative and satisfies Assump-
tion 2.7 and that the pair (H, £) is as (2.2), (2.3).

3.1. Discretization of Ri and stopping times

In this subsection, we construct a sequence of stopping times that will be central to our
discretization procedure.
Forn e Nand x € Ri define an open set by,

O(x,n) = {yeRi:Iy—x|<\/32_"}.
For S € D, set 19 = 0 and define 734+ = tk('jr)l(S) by,
te1 =T A (rk+~/c_12*") Ainf{t > 1S, & OSg.m)}. k=01,...,

where we set 7441 = T A (7, + Jd 27" if the above set is empty. To ease the notation we
suppress the dependence on n and S when this dependence is clear. Set

M=M"S)=min{keN:t=T}.
Since S is cddldg and S € R, M < oo. Itis also clear that
O=p<t<---<ty=T

are stopping times with respect to the filtration which is generated by S. Moreover, for
k=0,1,...,.M —1,

St =S| VA2, Vi€ [m, ). 3.1

|Tk+l - Tk'v

Also, by continuity of S at 7', the above holds in the closed interval [ta—1, T].
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3.2. Approximation

In this subsection, we introduce a sequence of super-replication problems defined on a
countable probability space. In the later sections, we show that this sequence approximates the
original problem. Since the probability space is countable, robust (or equivalently point wise)
and the probabilistic super-replications agree with a properly chosen probability measure. This
allows us to use classical techniques to analyze the approximating problem.

We fix n € N and define a sequence of probability spaces D = D™[0, T]. Set

AW = { 27"m:m = (my,...,my) € Nd},
B™ = {kﬁz—” Tk eN} u {ﬁz—"/k:k eN].

Definition 3.1. A process SeD belongs to ]@, if there exists a nonnegative integer M and a
partition 0 =ty < t; = Jd2™ < ... <ty < T such that
A M_l A A
Si = Z Sth[tk,tk+|)(t) + Sty Xty 71)
k=0
where So ={,...,1), ST = g,M e A™ and

Sy e AP V=1, . M—-1, 4 —n_,€B"P vik=2,..., M O

Since the set D is countable, there exists a probability measure P’ = P™ on I with support
contained in D, which gives positive welght to every element of D.

Let the probability structure §2 := D, the canonical map S and the filtration F be as in
Section 2.4. Introduce a new filtration F = (F;);¢[0,7] by completing F by the null sets of
P. Note that all of this structure depends on n but this dependence is suppressed in our notation.
Under the measure P, the canonical map S has finitely many jumps. Let M = M (S) be number
of jumps and

O<ti<---<ty<T

be the jump times of S. We set Ty = 0, Tyy1 = T. We recall that the canonical process S is
continuous at 7'.

A trading strategy on the filtered probability space ({2, {.7},}?:0, P) is simply a predictable
stochastic process y with respect to the filtration F. Next, consider a constrained financial
market, in which the trading strategy satisfies the bound

y:[0,T]xD — [-n, n].

The statically tradable options are bounded real valued functions of A,
We also define a probability measure /i on A by,

am2) =g (fr e RE 2y =m2 ), me N,
where p is the probability measure defining the operator £ in Section 2.1 and

™ RE 4™ {2-’% k= (ky, ... kg) € N"} (3.2)
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is given by
AP =2"12"], i=1,....d,

and for a € R4, [a] € N is smallest integer greater or equal to a.
We summarize this in the following by defining the probabilistic super-replication problem
on the set D.

Definition 3.2. A (probabilistic) semi-static portfolio is a pair (g, ) such that § : A®™ — R is
a bounded function, y : [0, T] x D — [—n, n] is predictable and the stochastic integral f )?Mdgu
exists.

A semi-static portfolio is admissible if there exists C > 0 such that

t
/ PudS, > —C, P-as., t €[0,T].
0

A semi-static portfolio is P-super-replicating, if

T
g(Sr) + / 7.dS, > G(S), P-as. (3.3)
0
The (minimal) super-hedging cost of G is defined by,
V(")(G)
= inf { / &dju - 3y such that ¢ := (2, ) is admissible and super—replicating} . O

We note that (3.3) is equivalent to having the same inequality for every Seb.

Remark 3.3. The bound »n that we place on the y is somehow arbitrary. Indeed, any bound
that converges to infinity with n and goes to zero when multiplied by 27" would suffice. This
flexibility might be useful in possible future extensions. [

3.3. Lifting

An important step in our approach is to “lift” a given probabilistic semi-static portfolio
¢> (h ) to an admissible portfolio ¢ for the original financial market.

We start the construction of this lift by defining an approximation of the stopping times
T =T, )(S) defined in Section 3.1. Recall also the random integer M = M®(S) defined in
Section 3.1 and the set B® defined in Definition 3.1. Set

70:=0, T = \/32_’1, T+ =T.
For k =2, ..., M recursively define,
fo= e+ (1 =d27"T) sup{ At >0 Ar e B"R and Ar < 1y — rk_z} .

We note that due to the definition of B® the above set is always non-empty. We collect some
properties of these random times in the following lemma.
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Lemma 3.4. Random times T ’s satisfy,
O0=%)<d2"=7% < <1y <ty+1 =T,
and

1% — | < Vd27"t Vk=0,...,M.

Proof. The above definitions yield,

M
ty =1+ (B — 1]
k=2

M
<Vd2"+ (1 —=+d27"T) Z [Th_1 — Th_2]
k=2
=Vd27"+ (1 =vd 27" T)[ty—1 — 0]
<Vd2"+ (1 =d27"/T)T =T.
This proves that
0=t <Vd2 " =% < <ty <typ1 =T.

Moreover, forany k =2, ..., M,
k
T =11+ Z [f; —Tj-1]
j=2
k
<NAd2T"+ (1 =Vd2T)Y [t —1j2]
=2

=Vd2"+ (1 =Vd2 "Dy —wl=tu_1 +vVd27"(1 —5_1/T)
< Tp—1 + «/32*".

The definition of 7 and the set B®, imply that forany j =2, ..., M,
‘f’j — fj_l >ZTji—1—Tj—2— «/327<n+j).

We use this to estimate 7y with k = 2, ..., M, from below as follows.

k
=11+ Z [tj —Tj-1]
j=2

v

k
A2+ (1 =Nd2 )Y [rj1 — 1j —Vd 270
j=2

VA2 + (1 =Nd 27" T)[tke1 — 0] —Vd 27"
=1 —Vd2"g_1/T
> Tp—] — «/527".

Since Typ1 =ty = T, 1 = +/d 27", 79 = 0, this proves that

[T — 1| <~d 27", Vk=1,...,M+1.

v

3905
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Also, by construction |tx4+1 — | < Jd 27" for all k = 0,...,M — 1. These inequalities
complete the proof of the lemma. [l

We now define a map I=10am:p— ]ﬁ)by,

M—1
IS) =Y 7" (Sy) Xzt @ + 7 Sey) X110, (3.4)
k=0

where 7™ is defined in (3.2). R A
It is clear by the definition of 7, %;’s and Definition 3.1, that II(S) € D for every S € D.
We also note that S;,, = St and that S is continuous at 7. For comparison, we also define

M-=2
0S) =Y 7" (S0) Ximren @ + 7" Sey ) Xiwy_1. 11(0),
k=0
M-=2
]IZ(S) = Z S‘L’k X[Tk,fk+|)(t) + S'L’M,I X[TMfl,T](t)'
k=0

Lemma 3.5. Let d be the Skorokhod metric. Then, for every S € D,
dS, I(S)), dUIS), [1(S) < vVd27",  dUI(©®), [(S) <3vd2™".
Suppose G satisfies Assumption 2.7. Then,
G(S) — GUI(S))| < 3mg(3Vd 27).

Proof. In view of (3.1), we have,

d(S,I1(S)) = IS—1I(S)|leo
= _nax sup{|S; —S¢, | 1 ¢ € [tk, k1) } V IS — Sqp, |

< Jd27".
Next we estimate directly that

d(II(S), I1(S)) < IIT(S) — T (S)lloo < sup |7 (x) — x| <vd 27"

x€RL, k>0
Define A:[0,T] — [0, T]1by AQ0) =0, A(tx) = x fork=1,...,M — 1,
A(tm) = [tu-1 + T1/2, AGm+) = AT) =ty =T,
and to be piecewise linear at other points. Then, it is clear that A is an increasing function and

Ay (S) = I,(S), Vr1el0,ty_1).

A

Moreover, for t € [Ty—1, T],
T (S) = 7™ Sy ).
Hence, by (3.1) and the continuity of S at T,

sup |4y ® - )|} = s ||ilan® - 1©)|} = Va2,
1€[0,T] relty—1,T]
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We now use the above estimate together with Lemma 3.4 and the above A in the definition of
the Skorokhod metric. The result is

d1(S), I1(S)) < sup (T4 (S) — IL(S)| + |A(t) — 1]}

te[0,T]

=Jd2™" +_ max 1{|fk+1 — |} < Vd 27"+ d 27"

Suppose G satisfies Assumption 2.7. We now use the above estimates to obtain
IG(S) — GUI(S)| < |GS) — GUIS)| + |GUI(S)) — GUI(S))]
+IGUI(S)) — GUI(S))]
< 2mG(Vd2™") + mg(3v/d 27")
<3mg(3vVd2™). O

We are ready to define the lift. Let qAbAz (¢, 7) be a semi-static portfolio in the sense of
Definition 3.2. Define a portfolio ¢ := ¥ (¢) := (g, y) for the original problem by

s =3¢ (7" w). xeRy,

M—1
1® =Y Pan©UIO) X@©)mnen®, e[0T, 3.5)
k=0

Observe that by definition y((S) = 0.
The following lemma provides the important properties of the above mapping.

Lemma 3.6. For a semi-static portfolio ¢ = (€, 7) in the sense of Definition 3.2 and let
¢ = (g, y) be defined as in (3.5). Then, ¢ is admissible in sense defined in Definition 2.5 and
has the following properties,

f gdu = / gdp,
R4 A

T T
'/ YL (S))d 1L, (S) —/ Yu(S)dS,| < Vdn2™"!, VS eD.
0 0

Proof. Using the definition of f and g, we directly calculate that

— A —n . (n) — —-n
/R g =Y g (m2") pu (fx : 7 (x) = m2"))

d
+ meNd

Z g (m27") p(tm2™) = /A(n) sdjr.

meNd

Since ¢ is bounded by definition, the admissibility of ¢ would follow if y is progressively
measurable. We show this by verifying (2.1). Towards this goal, let S, SeDandt € [0,T] be
such that S, = S, for all u < . We have to show that Y (S) =y (S).

Since »(S) = o (S) = 0, we may assume that r > 0. Let 0 < k;(S) be the integer such that
t € (1, (S), T, +1(S)]. Since by hypothesis S and S agree on [0, 7], their jump times up to time ¢
also agree. In particular, k; (S) = k; (S) =: k; and

5(S) =7) <t and S,,.(g)=§n(g), Vi=1,... k.
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Since for any k > 0, Tx4 is defined directly by 1, ..., ¢, we also conclude that
7S =%E), Yi=0,1,....k+L

Set 0 == 74,1 1(S) = T, +1(S) so that
() = 7)) and % (©) = fUIE)).

Since, y is predictable, to prove y,(S) = y; (S) it suffices to show that
I,(S) = I,S), Yu<6.

By the definition of IT , for any u < 6 there exists an integer k < k; (same for both S and S)
so that

IS =n(Sy) and I1,S) = 7(Sy).

Now recall that S and S agree on [0, f] and 7 < 1, < t. Hence, S;, = ka and consequently
f]u S) = qu (S). This proves that y is progressively measurable.

We continue by estimating the difference of the two integrals. In view of the definitions, we
have the following representations for the stochastic integrals,

T M
/0 Yu(S)dS, = Z Vi) UI(S)) (Sees) — Sui(®)

k=1
and
T . . M .
/O P ENAILES) =Y o0 E) (7" Sqe) - 7D Sy @)
k=1
Set

T

T
7= /O Su ()T (S) - fo Y (S)dS,.

Since the portfolio  is bounded by n, we have the following estimate,

M M
7l <217 llo0 Y \n<"+k> Sue) — Su(S)’ <20 Y VA2 < Jdn2
k=1 k=1

In view of the above results and the construction, g is bounded and therefore, g € L! (Rd T ).
Moreover, y is shown to be progressively measurable and for ¢t € [T, Tk+1)

T . . ) M n
/0 PO, E) = 2700 Y [T Sy@) — S| - 5
k=1

v

t
uSdSu
/OJ/() T

> —C—dnt - 2

> o
where the last inequality follows from the fact that 7 is admissible in the sense of Definition 3.2.
Hence, the stochastic integral is bounded from below and consequently is a Q super-martingale
for every Q € M. These arguments imply that the lifted portfolio (g, y) is admissible. I

The above lifting result provides an immediate connection between V (G) and v (G).
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Corollary 3.7. Under the hypothesis of Theorem 2.9, the minimal super-replication costs satisfy
V(G) < V(G) +vVd n27" + 3mg(3vd 277).
In particular,

V(G) < liminf V™ (G).
n—oo

Proof. Let d; and ¢ be as in Lemma 3.6. Further assume that ¢3 is super-replicating G on D. Let
S € D. Then, II(S) € D and

T
§UIr (S)) +/O VL (SHAIL(S): = GUI(S)).

By definition of g and IT s
g(St) = (@™ (Sr)) = I ().

Then, in view of Lemma 3.6,

T T
oS+ /0 Y (©)dS: = §([Tr(S)) + /0 P (L) (S) — Vd n2

GUI(S)) — Vd n27"t!
G(S) = G(S) — Vd 27"t —3mg(3/d 27").

vV 1V

Hence, ¢ super-replicates G. This implies that f gdu > V(G). Since by construction f gdu =
[ &dfx, and since above inequality holds for every super-replicating $, we conclude that V(G) <
VW (G). It is also clear that

V(G) = V(G) + Vd n27" 4+ 3mg(3V/d 27")
VO(G) +Vdn2™" +3mg(3Vd 27"). O

IA

Remark 3.8. Observe that since g is bounded, so is the lifted static hedge g. Hence in
Definition 2.5, one may use the class

Ho= (S = g(Sr) : g € L°RL; ) ).

Moreover, it is not difficult to construct g so that it agrees with g on A® and is continuous. This
construction would enable us to consider the even smaller class H with bounded and continuous
g’s.

Moreover, in Definition 3.2 the stochastic integral y,dS, is assumed to be bounded from
below by a constant C. In view of the above Lemma, also the lifted portfolio satisfies that the path
wise integral [ y,S, is also bounded from below, possibly with a slightly larger constant. This
shows that in Definition 2.5 it would be sufficient to consider y’s so that the integrals are bounded
from below, instead of assuming that their stochastic equivalents are Q super-martingales for
every Q € M.

The above corollary is the only place in the proof of the upper bound (under the hypothesis
of Theorem 2.9) where the exact definition of admissibility is important. Hence the above
discussions and Remark 2.10 show that for G satisfying the hypothesis of Theorem 2.9, the super-
replication cost of G would be same if one considers the described smaller class of admissible
strategies (g, y). U
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3.4. Analysis of V/(G)

In view of the previous corollary, to complete the proof of (2.9), we need to show the following
inequality,
limsup V(G) < sup Eq [G(S)].

n—00 QeM "
This is done in two steps. We first use a standard min—max theorem and the constrained duality
result of [15] to get a dual representation for V™ (G) (in fact we obtain an upper bound). We

then analyze this dual by probabilistic techniques.
We start with a definition.

Definition 3.9. Let P be the set of all probability measures Q which are supported on D =
D™I[0, T]. For ¢ > 0 let M(n,c) C P be the set of all probability measures that has the
following properties,

> |o(Er=m2) ~a((m2 })‘s%

meNd
and
M+1 A .
EQ|: ‘E@(kalffk ) — ka_” <-, (3.6)
n
k=1
where as deﬁned before, 73 (S) < < fM(S) are the jump times of the piecewise constant

process SeDand? 70=0, Tys1=T.

We refer the reader to p. 105 in [26] for the definition of the o -algebra }A“ +._. Indeed, for any

stopping time t € [0, T, Fr_ is defined to be the smallest o -algebra that contalns fo and all
sets of the from A N {r > ¢} forallz € (0,7T] and A € F. Clearly, Fr— C F, and T is
Fr— measurable. Moreover, if X is a predictable process, then X; is Fr-measurable
(Theorem 8, p. 106 [26]).

The following lemma is proved by using the results of [15] on hedging under constraints, and
applying a classical min—max theorem.

Lemma 3.10. Suppose that 0 < G < c for some constant ¢ > 0. Then,

+
V(")(G)§|: sup EQ[G(S)]] .
QeM(c,n)

where we set the right hand side to zero if M(c, n) is empty.

Proof. We proceed in several steps.
Step 1. In view of its definition, for any bounded function g on A®™  we have

v (G) < V(G 6 §) + / ¢dit,
where G © g(S) .= G(S) — £(Sr) and for any bounded measurable real valued function & on ID,

T
V() = inf{z € R: 3y such thatly| <n, z +/ YudSy > &, P—a.s.}
0



Y. Dolinsky, H.M. Soner / Stochastic Processes and their Applications 125 (2015) 3893-3931 3911

to be the “classical” super-hedging price of the European claim & under the constraint that
absolute value of the number of the stocks in the portfolio is bounded by n. Furthermore, (as
usual) we require that there exists M > 0 such that fot YudS, > —M, forevery t € [0, T].

Step 2. Under any measure Q € P the canonical process S on I is piecewise constant with
jump times 0 < 7; < --- < Ty < T. So it is clear that the canonical process is a Q semi-
martingale. Moreover, it has the following decomposition, S = M@ — AQ where

M k
AR = aaen® Y [Se, —EalSe 1 F )], Yielo.T) 37
k=1 i=1
Q : Q
Ar =1limAS~,
o= lima

a predictable process of bounded variation and MQ = A;@ + S, t € [0, T], is a Q martingale.
Then, from Example 2.3 and Proposition 4.1 in [15] it follows that

k=1

M
V(&) = sup Eg [5 —n Y |S4, - ]EQ(Sf,Iff,_)ﬂ ,
QeP

Step 3. Set
Z:={§: A" > R: gl < n}.
In view of the previous steps,

V®(G) < inf sup G(8,Q),
8€Z QeP

where G : Z x P — R is given by

M
G(3.Q) =Eq [G —n Yy \E@@fk 1 Fem) — Sg_, } + / gdj —Eq(S).
k=1
Step 4. This step is to interchange the order of the infimum and supremum by applying a
standard min—max theorem. Indeed, consider the vector space RA™ of all functions g:AMW
R equipped with the topology of point-wise convergence. Clearly, this space is locally convex.

Also, since A™ is countable, Z is a compact subset of RA("). The set Py can be naturally

considered as a convex subspace of the vector space R?. In order to apply a min—max theorem,
we also need to show continuity and concavity.

G is affine in the first variable, and by the bounded convergence theorem, it is continuous in
this variable. We claim that G is concave in the second variable. To this purpose, it is sufficient
to show that for any k£ > 1 the map

Q — EqlEq(St|1#4-) — S, |
is convex. Set X =S; —S;,_,, F= .7:}k_ andY = ]EQ(X|.7:'). For probability measures Q1, Q;
and ) € (0, 1), set ¥; = Eg, (X|F) and Q = AQ; + (1 — 4)Q,. Then,

EglY| = Eg(Y x(r>o0y) — Eo(¥ x{y<o0})
= Eo(X x(r>0p) — EQ(X x(r<0})
= A (Eg, X x(y>0p) — Eg, (X x(r<0)))
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+ (1 =2 (B, X xir>0)) — Eq, X x(v<o)))
= A (Eq, (Y1 xqv>0p) — Eq, (Y1 x(v <o)

+ (1 = 1) (Eg, Yaxqr=0) — Eg, Yaxy<op))
< AEq, |Y1| + (1 — MEq,|Ya|.

This yields the concavity of G in the Q-variable.
Step 5. Next, we apply the min—max theorem, Theorem 45.8 in [31] to G. The result is,

1nf sup G(g, Q) = sup mf G(g, Q).
ZQeP QeP§cZ

Together with Step 3, we conclude that

V(G) < sup inf G2, Q).
Qep he

Finally, for any measure Q € P, define 19 € Z by
h® (m2™") = c sign[Q ({Sp = m2™)) — A ({Sr =m27™"})], m e N
Then, by choosing 42 in the min-max formula, we arrive at,

V(G) < sup G(hQ, Q).
QeP

Moreover,

/th,& —Egh®(Sr) = —n Z

meNd

Q(8r =m2") = (fm2})|.
Hence if QQ does not belong to the set M(c, n), then

G(h?, Q) < EglG(S)] —

By hypothesis, 0 < G < c and therefore, Eg[G(S)] < ¢ and V(")(G) > 0. Hence, we may
restrict the maximization to Q € M(c, n). Moreover, if M(c, n) is empty, then we can conclude
that VW(G) <0. O

3.5. Proof of (2.9) completed.
In order to complete the proof of Theorem 2.9 it remains to establish the following result.

Lemma 3.11. Suppose that 0 < G < c and satisfies the Assumption 2.7. Then

+
lim sup sup Egl[G®S)]| =< sup EglG(S)]. (3.8)
n—o00 | QeM(c,n) QeM,

Proof. Without loss of generality (by passing to a subsequence), we may assume that the
sequence on the left hand side of (3.8) is convergent. Moreover, we may assume that for
sufficiently large n the set M(c, n) is not empty, otherwise (3.8) is trivially satisfied.

Step 1. Choose Q, € M(c, n) such that

+
|: sup  Eg [G(S)]:| <2™" +Eq, [G(S)].
QeM(c,n)
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Hence,

+
hm EQ [G(S)] = lim sup sup Eg[G®S)]| .
n—>o0 | Qe M(c,n)

Recall the decomposition given in the second step of the proof of Lemma 3.10. Set M" :=
M@ A" = AQn Since G is uniformly continuous in the Skorokhod metric,

|G(S) — GM™(S)| < mg(n~ /%),  whenever sup A}(S) <n™ /2
te[0,T]

Therefore, since |G(S) — G(M"™(S))| < ¢,

[Eg, [GS) — G )] <ma(r™"?) + ¢ Q ( sup A > n1/2> .
t€[0,7T]

We now use the representation (3.7) of A" together with the Markov inequality. The result is,

M

Qn(z S[ng] A? = nil/Z) = nl/z]EQ” Z |]EQn(ka | ffk—) - ka—l | = Cnil/z’
&l k=1

where the last inequality follows from the fact that Q,, € M(c, n) and (3.6). Therefore, we have
concluded that

+
lim sup sup Eg[G(S)| = lim Eg, [G(M" (S))].
n—o0 [ Qe M(c,n) n—00

Step 2. As in Section 2.2, let £2 := D([0, T]; RY), F be the filtration generated by the canonical
process S. For a probability measure i on R¥, let M be a set of measures Q on ([0, T]; RY)

such that the canonical process is a martingale that starts at So=(1,...,1) and the distribution
of Sz under Q is equal to fi. Note that when the support of /i is on R o then the support of any

measure Q € M is included in D. Hence, in that case M is the same as M; defined earlier.
We set

V(i) = sup EQ[G(g)]. (3.9)
QEM[L

Let @,, be the measure on D([0, T']; Rd) induced by M" under Q,, i.e., for any Borel subset
C C D([0, T1; RY),
Q) =Qu({[SeD:M*(S)eC}).

Further, let v, be the distribution of M'} under the measure Q,,. Since M" is a martingale, it is
clear that Q, € M,, . Then, the previous step implies that

+
lim sup sup Eg[G®OS)| < lim v(v,).
n—>00 | QeM(c,n) n—00

Step 3. Since Q, € M(c, n), (3.6) implies that

Sr — M43(S)| = Eq,

c
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Let w, be the distribution of Sz under Q,. Then, by the definition of M(c, n), u, converges
weakly to ©. Then, above inequalities imply that v, also converges weakly to .

Since each component S?k) >0, forallt € [0, T]andk =1, ...,d,
k — k
Eg, (M) (8) 7] = Eg, [(= M) ) Xm0 5y <o)
< Eq, (87 — M7 ) ;g @0

< Eg, [Sr - M7 (S)|

c
= Eq, |A}| < —.
Qn T|—n

Hence, foreachk =1, ...,d,
lim /(xk)_dvn(x) =0.
n—>oo R

Hence we are in a position to use the continuity result, Theorem 4.1 proved in the next section.
This implies that

nl_i)rrolo V() = v(K).

Since y is supported on RY , as remarked before, Mu = M. We now combine all the steps of
this proof to arrive at,

+
lim sup sup Eg[G(S)]| = lim Eq, [G(M"(S))]
n—>0o0 | Qe M/(c,n) n—00

IA

lim v(vy) = v(w)

sup Eg[G(S)]. O
QeMy,

4. Continuity of the dual with respect to

In this section, we prove a continuity result for a martingale optimal transport problem on the
space . Recall the functional v(t) defined in (3.9) and the set of martingale measures M, again
defined in (3.9).

Theorem 4.1. Suppose G is bounded and satisfies the Assumption 2.7. Let v, be a sequence
of probability measures on RY. Assume that v, converges weakly to a probability measure
supported on Ri. Further assume that for each componentk =1, ...,d,

lim x(k)dvn(x) = /x(k)d,u(x) <00, and lim /(x(k))fdvn(x) =0.
n—>oo

n—oo

Then,

nl_i)rgo V() = v(W).

Proof. To ease the notation, we take d = 1. First we prove that

lim sup v(v,) < v(w). 4.1)

n—0o0
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In fact this the inequality that we used in the proof of Lemma 3.11. For each n € N choose
0, € M,, such that

v(vy) < 27"+ Eq, [GS)].

Step 1. In the first step, we construct a martingale measure in M, that is “close” to Q,. This
construction uses the Prokhorov’s metric which we now recall. For any two probability measures
v, p on R, the Prokhorov distance d (v, p) is defined to be the smallest § > 0 so that

v(C) = p(Cs) +6, and p(C) <v(Cs) + 9,
for every Borel subset C C R, where
Cs = Jr—8.x+9).
xeC

It is well known that convergence in the Prokhorov metric is equivalent to weak convergence,
(for more details on Prokhorov’s metric we refer the reader to [27], Chapter 3, Section 7).

We now follow Theorem 4 on p. 358 in [27] and Theorem 1 in [28] to construct a random
variable A" as follows. First construct a probability space (2., F», Py) and a martingale M
and a random variable & ) uniformly distributed on [0, T'] such that:

a. S(") and M® are independent; ~
b. distribution of M under P,, is equal to the measure Q, on D([0, T']; R). In particular,

Es [GM™)] = Eg,[G(S)].

We may choose the filtration F to be the smallest right-continuous filtration that is generated
by the processes M and E,(") := £ A t. Recall that £™ is uniformly distributed on [0, T] and
is independent of M.

Moreover, in view of [27,28] there exists a measurable function ¥ : R — R such that the
distribution of

AW — W(”)(M(T"), S(”))’

on R is equal to u and

By (|4 - M

> d(va, ) < d(a, ). 42)
In particular, A® — M(T") converges to zero in probability.
We set
N =B (A" | Al te[0.T].
Then, clearly N(") A®™ and hence has the distribution . Moreover, the right-continuity of the
filtration F implies that N® has a cadlag modification (for details see [24] Chapter 3). However,
Ny ™) is not necessarily a constant as Fo may not be trivial.'

So we continue by modifying N to overcome this difficulty. Since N is right continuous
than there exists § > 0 such that for any r < §

B[N — NO| > d(vy, 1)/2] < d(vn, 0)/2.

I Authors are grateful to Professor X. Tan of Paris, Dauphine for pointing out this.
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We now define the cddldg martingale {Nt(")}tho by N = [xdu(x) = 1 fort < §/2,
N,(") = N;’;)ﬂ; for §/2 <t < 8, and Nt(") = Nt(") for t > 8. Let F be the completion of the
filtration generated by N, Then, one can directly verify that N jsa F martingale. Therefore,
the measure on ID induced by N under PP, is an element in M. In particular,

Eg, [GA™)] < v(u).
In view of Assumption 2.7, for any € > 0
IG(N(")) - G(N")| < mG(ﬁ(vn, w) +2¢), ontheset Ay,

where

Ap.c = [ sup I%IE") - Nt(") > d(vp, 1) + 26} .
0<t<T
Thus from the choice of delta we get

Bz [GA™)] — Bz [GN™)]| < mg(d(vn, 1) + €) + 1Glloo Pa (An.c)

> 26)) . 43

<mgdn, 1) + €) + |Gl <c?<vn, w) + B, (‘Ng’” - / xdp(x)

Step 2.
In view of Assumption 2.7,

G(M(")) _ G(N(n)) < mg(€), on the set A§">,

Ep [GM™)] — By, [GIN)] < mg(e) + |Glloo By (A®).

where

0<t<T

AW = { sup ‘Mt(") —N®

Hence,

Step 3. Observe that lim,—, oo M(()") = f xdu(x) and so for sufficiently large n {|N(()n) -
[ xdu(x)| > 2¢} € AP, Thus in view of Steps 1-2, (4.1) would follow if

lim B, (Ag’”) —0,
n—oo

for each € > 0. Towards this goal, we first observe that both M and N are (P,, F) martin-
gales. Hence, by Doob’s maximal inequality,

. 1
P, (Aﬁn)) = _Ej, ’M(f) - Ny

Recall that by construction M(T") has distribution v, and N (T") has distribution p. Also by hypoth-
esis, in the limit as » tends to infinity first moments of v, are equal to those of . Hence,
lim sup B, INY” — M{"| = lim sup [ 2B, (V" — M{")* — Ep (N — M) |
n—oo n—o0

= 2limsup B (N§ — M{")*.

n—oo
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Step 4. In view of (4.2), N(T") — M(T") =AM — M(Tn) converges to zero in probability. Hence
the previous step gives us the final reduction of (4.1). Namely, to prove (4.1) it suffices to show
the uniform integrability of the sequence of random variables M(T") — N(T").

We first briefly recall that M(T") has the distribution v,,, N (T") has the distribution u, p is sup-
ported on the positive real line Ry and by hypothesis

nli)ngofR(x)_dvn(x) = —nlgglo /:))o xdv,(x) = 0.

For brevity, set
X, = N("), Y, = M("),

and denote by E,, the expectation under the measure P,. We directly estimate that
Ep [ X%, o>} (Xn — Y) 7] = En [ X(X0—Yu>c} X(Xn>—¥,} (Xn — Yi)F]

+En [ XiXu—Yu>c} X(Xn<—Y} (Xn — Y) 7]
< 2E, [X{ZX,,>C} Xn] + 2E, [X{ZY,1<—C} |Yn|] .

Therefore,
o0
lim sup B, [ x(x,—¥,>c}(Xn — ¥) 7] < 2 lim xdp(x)
100 peN ctoo Jey2

—c/2
+2 lim sup/ |x|dv,(x) = 0.

€100 yeN J—c0

This proves the uniform integrability of the sequence N(T") — M(T"). Hence, (4.1) follows.
The opposite inequality is proved similarly by replacing the roles of v, and n. O

5. Extensions

This section discusses the relaxations of the Assumption 2.7. Furthermore, in this section
we consider the multi-marginal case. Thuslet 0 < 71 < T < --- < Ty = T and pu; <
w2 < -+- <X uy be probability measures on ]Ri satisfying (2.6) We also assume that u y satisfies
(2.7) for some p > 1. The space of static positions is given by (2.5).

In this section we enrich the set of trading strategies, in order to deal with possible jumps
at the times 71, ..., Ty—1, (Ty = T is a continuity point). A trading strategy y = {Vt}szo is
an admissible trading strategy if it has the decomposition y = y + Z,N: _11 Bi x1;(t) where
vy is a portfolio trading strategy satisfies the same assumptions as in Definition 2.5 and f; is
Fr1,— measurable and bounded. The value of such trading strategy is given by

t t N-—1
/ YudS, = [ yVdS, + Z(Sn = St ) Bi x(T; <1}
0 0 i=1

Thus an admissible semi-static portfolio is a vector (g1, ..., gn, ) Where for any i, y is of the
above form and g; € ! (Rfﬂ, Wi). An admissible semi-static portfolio is called super-replicating,
if

N t
> gi(Sn) +/ Y.(S)dS, = GS), VSeD.
i=1 0
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The minimal super-hedging cost of G is defined by,

N
V(G) = inf{z / gidu; : Jy suchthat ¢ := (g1, ..., &N, ¥) 1S super—replicating} .
i=1

Assumption 5.1. We modify the Skorokhod metric and define

T T
des,S)=des,S) + ’/ Sudu—/ Sudu
0 0

It is clear that
des,$) <ds,S) <A +1)IS - S).

We assume that there is a modulus continuity of: i,.e., a continuous function mg : [0, c0) —
[0, 00) with mg(0) = O that satisfies

G(S) - G©S)| <msd(s,S), ¥vS,§eb(o, T];RY).
Furthermore, we still assume that G satisfies the following growth condition instead of (1.3),
IGE)| = CA+ISID, (5.1
for some constant C. U

Clearly Assumption 5.1 is more general than Assumption 2.7. In particular Assumption 5.1
allows to include Asian call/put options with fixed and floating strikes

+

1 T + 1 T
G(S) = <?/0 Sidt — K> , G(S) = (ST - ?/0 S,dt) ,
1 T + 1 T +

and lookback call (respectively put) options with fixed (respectively floating) strike,
+
G®) = (max S = K) , G(S) = max S; —Sr.
0<t<T 0<t<T

Denote by M, .. .y the set of all martingale measures Q on ({2, F) such that for any
k < N the probability distribution of Sz, under Q is equal to p,. Observe that from the relations
M1 = p2 < -+ <X un, (2.6) and the fact that 1 is satisfying (2.4) it follows that M,
The aim of this section is to prove the following result.

Theorem 5.2. Suppose that G satisfies Assumption 5.1. Further assume (2.6) and that py
satisfies (2.7) for some p > 1. Then,

V(G = sup  EglGS).

5.1. Preparation towards the proof of Theorem 5.2

Towards the proof of the above theorem, we need several auxiliary lemmas and modifications
or previous constructions.
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Set ‘L'(l) = and define the sequence of stopping times W, i=1,...,N, keN by
eV = Vd 2" Ainf{t > 0:S, & O(So, n)},
andfork=1,...,
q =T (70 4 [Va2 A ag ) aintfe > 5 i ¢ 05 0.

1 _ (1) (1)

where, AT, — 1, Set M to be the smallest integer such that ‘L'(l)

T;. Assume that

we have defined ‘L'k( ,i < j,k € Nand M; is the smallest integer such that rjf,’[? = T;. Then, we
define

=T+ VA2 Aint{t > Tjo1 1S, € OGSt m)}
andfork=1,...,

lfi)l =Tj- 1/\( Wy [[2_ A A‘L'(J)]) /\inf{t > tk(J) S ¢ O(Stk(,-),n)}.

We fix n € N and define a sequence of probability spaces D = D®™[o, T]. A process SeD

belongs to D, if there exists nonnegative integers M, ..., My and a partition
0=1" <tV =va2" <... < t/(wl)
=T1=t(§2)<t1(2) Ti +Vd2™ < <t$)
:Tzzté)<~--<t/(vxl })
ZTN_lztO(N)<t1(2)—TN1+«/_2_ ._.<t/(é\7) T,
so that
R N M;—1 . .
= S.o X0 0 (@) +S W) X 7 (@)
; = e My ) Ty gy T

wherego:(1,...,1),andf0ranyi <Nand1l <k < M;,

STi € A(n), Sf/fi) € A("+k), ’1521 — tlil) e BTkt

Once again, the set ]D) is countable, thus there exists a probability measure P’ = P™ on D with
support contained in D, which gives positive weight to every element of D.
The hedging problem on the countable space is given as follows.

Definition 5.3. A (probabilistic) semi-static portfolio is a pair (g1, ..., &N, ) such that for any
i, : A — R is a bounded function and 7 : [0, T] x D — [—n, n] is admissible trading
strategy (in the same sense as in Definition 3.2).

A semi-static portfolio is P-super-replicating, if

T
S+ / 7udSa = G(S), P-as.

i=1
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The (minimal) super-hedging cost of G is defined by,
N ~
V™ (G) = inf {Z / gidfi; - 3y suchthat ¢ == (31, ..., 8N, 7)
i=1
is admissible and super—replicating} ,

where f11, ..., fLy are probability measures on A given by,

[ ((m27") = ({x eRY ™ (x) = m2_"}> . o meN. O

Next, we define the lifting. Set 7p = 0. Forany i = 1, ..., N introduce the stopping times
=Ty, 10 =Va2™,
Fork =2,..., M; — 1 recursively define,
k=1~ Tk—2

20 =80+ = Va2 Tysup {Ar> 0] Are B and ar < 0 — 70,

Also set f&) =T;.

Define,

N N M;—1

n© =3 % 760 X0 40,0 + 7" EDxr @), (5.2)
i=1 k=0

5 N M;—1

IS =7 Yy 7"™E,0) x,o 0, @ +7 ™S xr @),
i=1 k=0 k k> Tk+1
N M;—1

I©) =3 > S0 o 0, +Srxr (1),
i=1 k=0
Similarly to Lemma 3.5 we get that

d(S, I1(S)), d(II(S), I1(S)) < d 27", d(II(S), I1(S)) < 3NVd 27", (5.3)

The first two inequalities are proved in the same way as in Lemma 3.5. The third inequality done

in a similar way as in Lemma 3.5 by modifying the map A : [0, T'] — [0, T'] as follows. Define

A(fk(l)) = rk(’) fori=1,...,N,k=0,..., M; — 1, and to be piecewise linear at other points.
Now we estimate | fOT Sudu — fOT II,(S)dul|. Fix i < N. Clearly,

T; (. T,
52«/32”AT,-||S||+‘ II(S)udu — I1,(S)du

Ty T

L,
Sudu —/ 11, (S)du
Ti—1

T

< 2V ATSI + IS [(7 = 7 )+ (T = &) )]

M;—2
(n+k) ) (@) A~ (i)
+ I; ‘JT (Srk(’))HATk-&-l_ATk+l"
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Observe that forany k =2, ..., M,

is

At < =Vd2mar?,, AP =Vd2
and
7S 0)| < ISl +Vd 27",
T -1\ = Acl) < AcPVd 27,
Ty — ) | < Aty + A2/ T < Vd 27"+ 1/T)).
Hence,
T;
n IS”du—/ [1,(S)du| < 627" S| + Z 7S w)||agl, - azl),
< [ISl +vd 27" |ar{) —Vd 27 sl
[||S||+f2 ] ’Ark‘ﬁl —«/ZT”/T,-)AT,@)

k=

<2781 + IIS| Z \Aréil - Ay

+ISI(vd 27"/ Ty) Z N
<¢ 22 "||S||+||S||[Ar(” AT+ ISIVd 27"
< &27"S|,

where ¢1, ¢, ¢3 are appropriate constants (independent of n and S). Hence,

T T
/ Sudu —/ 11, (S)du
0 0

for some constant c;.

Finally, let ¢ = ($1,...,8n,7) be a semi-static portfolio in the sense of Definition 3.2.
Define a portfolio ¢ := ¥(¢) = (g1, ..., gn, y) for the original problem by

<alsi2™ (5.4)

gi(x) =g (ﬂ(")(X)), i=1,...,NxeR,

N M;—1 N—1
n® =3 Y 7 6 TTO) X5 0 6O+ DT = Ve Dty ©)-
i=1 k=0 “F + = i

As in Lemma 3.6, we have that for any i,

/ gidui=f gidi;. (5.5
R4 (n)

+

Furthermore,

T; Mifl R
/ YOSy = Y P g O (S,06) = 8,0 q)) + 1 = P50 )1, = S7,)
i1 k=1 !
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and

T; M;—1
5 (T 7] _ 5 7 (n+k) i (k=1
/ - P (I1(S)d 1L, (S) = ;; Ve ) T (S) (n S 0) — 7 (S <.>1(S>))

+ (]771 — ]7?1&)‘_1)(71(11) (ST,-) _ JT(n+M"_1)(STi7)).

Again, by using the fact that the portfolio p is bounded by 7, we obtain the following estimate,

T T
‘ f yu(S)dS, — f 9
0 0

<27 llse <2NJ32" +

N

=2

i=1

‘ (n+k) (St,fi)) _ Srk(i) ))

T; T; . .
fT yu(S)dSy — f Pu(F1(S)d T, (S)
i—1 i—1

M;

Mz

1 k=1

S

N i
< ANNdn2™" +2n Z Jd2 "k

i=1 1
< 6N~dn2™". (5.6)

x-
I

By applying similar arguments as in Lemma 3.6 we observe that y is progressively measurable
and fot Y. (S)dS,, is uniformly bounded from below. The following lemma ends our preparations
towards the proof of Theorem 5.2.

Lemma 5.4. i. Let p > 1 given by (2.7). Then,
V(IS|I?) < oo.
ii. Let € > 0. Define the stopping times r(ge) =0andforj >0
f.j =T Amin{t > ‘L'( D ite(Ty, ..., Ty-1) or [I,(S) — Hrje_)l S)| = ).

Set M© = min{k : (6) = T}. Consider the random variable

M©)

Xe= | D HLo®) — o ©)P

Then
V(Xe) < 3dV(ISIP).

Proof. i. Fix n € N. Let 7z and n be as in Section 3.1. We define a portfolio (g, y) as follows.

Setyp =0.Fork=0,1,...,n—1andt € (7k, Tk+1], let
_ P2 yp—1 (d) 1
n®=-0 (orilf‘i‘k(g%))p e gmax (S0 )
and

)4 rd p pd d
glx) = (—) xi ———, xeRf.
p—1 ;‘ p—1 +
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We use Proposition 2.1 in [1] to conclude that for any k =0, 1,...,n — l and ¢t € (T, Tk+1],
t
80+ [ 7S, = max(iS?. max, 18, 17).
0 0<i<k

Therefore, ¢ := (g, y) is admissible. Alsoatt = T,

T
g(ST)+f YudSy > max [S|P.
0 0<i<n

In view of the definitions of t;’s, for sufficiently large n,

S|P
Is1”

p
max 8417 = (18] - va2™")" =
0<i<n

Combining all the above, we arrive at

V(IS|IP) < 2° (1 +/gd/LN> < 00.

(1

. . © .
ii. Define the trading strategy y; = Zf‘i 1 YViXp© r“’](t) where y; = (y; 7, ..., yi(d)) is given
i—10"

by

0o (W
w0 ri<_>|( )
Yi =

i1
Y o (SW) = I (S®)2+ max 117, (S®)
=1 N Ti-1 0<j<i—1 1

From Theorem 1.2 in [5] it follows that for any i,

.L,i(f) i
2
/0 YudSy +3d max 1T« (S) 2 ; 10 ) = o ©)P

<J=i J

This together with the fact that |y| < +/d yields that y is admissible trading strategy, and
V(Xe —3d||S|) < 0. Thus from the linearity of the market and the fact that ||S|| > ||So|| = v/d
we get

V(Xe) <3dV([ISI) <34V (ISIP)
and the result follows. [

5.2. Proof of Theorem 5.2

Proof. We start with the proof of the inequality
V(G) = sup Egl[G®)]. 6.7

QeMy,,...uy

.....

¥y is a portfolio trading strategy satisfies the same assumptions as in Definition 2.5 and f; is
F7,— measurable and bounded. Clearly, Eq(St; |F1,—) = S7;—, and so

N-—1
Eq [Z Bi(St, — Sm] =0.
i=1
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Thus,

T T
Eg [ [ Yu(S) dS, | = Eg [ / yD(S) dSu} <0.
0 0

Now suppose that (g1, ..., gn, ¥) is an admissible super-replicating semi-static portfolio. Then,

N [N
> / gidui = Eq Zgi(Sm} > EglG(S)1.
i=1

Li=1

and we conclude (5.7).
Next, prove the inequality

V(G) < sup  Egl[G®)]. (5.8)

The proof will be done in four steps.

Step 1: In this step we show that if (5.8) holds for a bounded non negative G, then it holds
for general function satisfying Assumption 5.1. A similar reduction is already done in the proof
of Theorem 2.9. However, that proof uses the growth assumption (1.3) while we now assume a
weaker condition (5.1). The proof below is essentially the same as the one given in our earlier
papers [13,14].

First, assume that G is a claim satisfying Assumption 5.1 that is also bounded from below.
Thus there exists M > 0 such that G > —M. For K > 0 large, set

Gk =GArc(K+1)+ M.
Then, G is bounded non negative, and so (5.8) applies to G g yielding,
V(Gk)< sup Eqgl[Gk(S)]=< sup Eql[G®O)]+ M.

QeMy,,...uy QeMyy,...un

Moreover, by the upper bound on G, the set {G(S) > c¢(K + 1)} is included in the set {||S]| > K}.
Hence,

G®) = Gk®S) +cISI+ 1 xqsi=xyS) — M
(IS + 1)
< Gg®S)+ CW -
c2P
p_
< Gk®) + oy ISI7 — M.

By the linearity of the market, this inequality implies that
c2? »
V(G) = V(Gk) + WV(IISII )— M.

Thus, for any K > 0,
2P
Kr—1

V(G) =  sup  Eq[GO)]+ VAISI?).

We let K tend to infinity and apply Lemma 5.4 to conclude duality holds for all G satisfying the
Assumption 5.1 and bounded from below.
Now suppose that G is a general function satisfying Assumption 5.1. For K > 0 large, set

Gk =GV (—c[K + 1]).
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Then, G is bounded from below and duality holds. Again, the linear upper bound implies that
Gk (S) < G (S) + ¢k (S), where the error function is

ex(S) =c(ISI+ D xqsi=x)S) < e

Since G < G k and duality holds for G K>

V(G) < V(Gg)= sup EglGkl< sup EglG + éx]
QeMy,,...un QeMyy,..uy

sup EQ[G] + sup  Egléx].
QeMy,. ..., QeM,,

IA

s AN

Moreover, using the Doob’s inequality for the Q € M, . ,, martingale S, we obtain,

.....

. c2?
sup Eg [eK (S)] < = sup Eg (||S||P)
QeMy,,...uy QeMyy,...uy
c2P
<Cp— sup Eq (IS71?)
Kr EM/L[ ..... wN
= pKP 1/|x|pd/'LN(x)

where C), is the constant in the Doob’s inequality. Once again, we let K tend to infinity to arrive
at (5.8).

Step 2: From know on, we assume that 0 < G < ¢ for some ¢ > 0. Fix ¢ > 0andn € N. On
the space D define the stopping times féé) =0andforj >0

f}f) =T Amin{t > ‘L’( Drre(T ... . TvayorlS —S.0 | =€)
j—1

Set M(© = = min{k : A(e) = T}. Introduce the random variable

M©
Xe=F@®) = S.o0 =S o2
¢ ®S) Z:I 2@ — S |

and consider the bounded claim
~ c N
Y =G — (- /\exé) .
€
Define the set M (n, c) of all probability measures which satisfy

2

meNd

and (3.6). Also let M(n,c,e) C Mi(n,c) be the set of all probability measures Q which
in addition satisfy Eg [f A e)?e] < c¢. From the Markov inequality it follows that for any
Qe M(n,c,e)

Q8 =m2) = (m2)| ==, =1 (5.9)

c

Q(Xg > _) <e. (5.10)

€2
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Using similar arguments as in Lemma 3.10 it follows that

+ +
vy <| sup EgY| = sup  EqY | , (5.11)
QeM(c,n) QeM(c,n,e)

where the last equality follows from the fact that G < c.
Next, from the linearity of the market and Lemma 5.4 we have

V(G) <V (G _SA exé) TeV(X) <V (G LN eXe) + e (5.12)
€ €

for some constant c;.

Finally, we estimate the term V (G — £ A €X,) — V™ (Y), from above.

From Assumption 5.1, (5.3)—(5.4) and the fact 0 < G < ¢ we obtain that for n sufficiently
large,

1G(S) = GUIS))] < € + cxyspmet < €+ ce?[S]I7

Observe that X, = F (fY (S)). Thus from (5.6), Lemma 5.4 and the linearity of the market we
get

% (G _SA eXG) VO (Y) < 6NVdn2 " + € + PV (ISIP) < c3eP! (5.13)
€
for some constant c¢3. From (5.11)—(5.13) it follows that for n sufficiently large,
+
V(G) < cse?™ ' + sup  EglG(S)] (5.14)
QeM(c,n,e)

for some constant c4.

Step 3: In order to complete the proof of the theorem it remains to establish that

+
lim sup sup  EgIlGO1| < sup  EglG(S)]+m(e) (5.15)
n—oo [ Qe M(c,n,e€) QeMyyy,..un

where m : Ry — R, is a continuous function with m(0) = 0. Then by letting € | 0 we obtain
the duality.

Clearly, we can assume that for n sufficiently large the set M(c,n, €) # @ is not empty,
otherwise the left hand side of (5.15) = 0 angl the statement is trivial.

We start with a modification of the process S. Namely, we will modify the stochastic process S,
such that the new process will have a finitely many (uniformly bounded) jumps. This modification
will allow us to obtain tightness.

Thus fix n € N (sufficiently large). There exists a probability measure Q, € M(c, n, €) such
that

+
EQn[G(§)1>[ sup ]EQ[G(S)]] —1/n. (5.16)
QeM(c,n,e€)

Define the process

N
St = St it = X7 T—0) (O + ST X7 —e 11 (1)

i=1
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Ti—Ti—y
Ii=Ti—1—€’

satisfies d (S, g) < € and

T T _
/ Sudu —/ Sudu
0 0

Thus c?(g, S) < (2N + 1)€||S|. This together with Assumption 5.1 and the fact that0 < G < ¢
yields

where o; = i = 1,..., N. Observe that the Skorokhod distance between Sand §

< 2Ne|S]|.

|G(S) - G(S)| =< mG((4N + Z)d\/g) + CX”§”22d€—1/2- (517)

Similarly to Lemma 3.10 we have the decomposition S = M% — A% Denote M@ =
(MWD, e M@y and AQ = (AD ..., A@D) Observe that (since Q, € M(c, n, €)) for any i,
Eq, M;’ ) = 1and Eq,IAD| < &~ Thus from the Doob inequality and the Markov inequality
we obtain

d
Qu(UISI = 2de™?) < Y [Q.UIMD | = €' + Qu(IAD] = 7))
i=1

< de(1 +c/n). (5.18)
This together with (5.17) gives

IEq,[GS)] - Eq,[GS)]| < mg(csy/€) + csv/e (5.19)
for some constant cs.
Next, set @ = [N + ¢?/e%] and § = j@. Define Typ = 0 and for 1 < j < O define
Ti=T —8) Amin{t > Fj_1:t€(T1,....Ty_1}or [S, — S| = €}.

For j > O wesetT; = (T —§) Amin{T; : T; > 7;_1}. Observe that Ty, 9 =T — 6.
Letog = Oand fork > Oletoy = 74 + Sk if tx € {T1,...,Ty—1, T — 38} and o} = T
otherwise. Define the process

O+N-1

St = Z gfix[aiaffiﬂ)(t)+§TX[T—8,T](t)-
i=0

Recall the inequality (5.10). Observe that on the event {}A( > ﬁ} we have
min{k : 7, =T — §} < 6.
Thus
Qe =T -8 =1-¢€ (5.20)
and so,

d(g, S) <2+ max [o; — 1] <3e.
1<i<M+6

Furthermore, similarly to (5.4) we get

T . T _
/ Stdt—/ S;dt
0 0

< 2¢T 4 2¢|S|| < ceellS|
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for some constant c¢. This observation together with (5.10) yields that

Eq,[G©S)] — Eg,[GS)]| < ce +cQu(IS] = 2de™"/?) + mg (3¢ + 2dcg/€)

IA

ce + cd/e(1 +c/n) + mgBe + 2dcgr/€). (5.21)
From (5.16), (5.19) and (5.21) it follows that in order to establish (5.15) it sufficient to show

lim sup Eq,[GS)]< sup  EglG(S)]+ me(e) + ce. (5.22)

n—>00 QeMy,,...un

Step 4: Finally, we establish (5.22) by using weak convergence on the Skorokhod space D.
Without loss of generality (by passing to a subsequence) we assume that the limit in the left hand
side of (5.22) is exists.

In this step we denote the process S, S and the stopping times Ty, ok, which constructed for
n € Nby S™, §® and A 0,5"), respectively.

Introduce the martingale

N
M =3 MY oot T () + M X7 —e 1 (0).

i=
Fork=0,1,...,N+ O let
n) _ &) _ gl n) _ ™) n) __ xpm) n) _ &)
X, = Sa,f”) =S v, =M Z; =M and W, = ka(n)_.

~(n)> ~(n)> ~(n)
Tk Tk T~

From (5.9) it follows that we have a weak convergence g(Tn) = uy. In addition, from the fact
that g(T") > (0 and

. &) . n
lim Eg, [S9"] =n1£gOEQn[M‘$ I=,....1)= /xduN(x)

n—oo

it follows that the sequence {g(T")}flozl is uniformly integrable. In addition, the equality lim,_, o
Eq, 1A =0 yields that {M?f” }o2 | is uniformly integrable, and since M Qi jsa martingale we

can replace T by any stopping time. Thus, we conclude that the sequence

(X(()n), e, X(”) Y(") Y(")

N+@7 0 > N+@’

(n) (n) (n) ()
Z, ,...,ZN+9,UO ,...,O’N+9), neN

is uniformly integrable, and in particular its tight on the space R*V +40+4 Thus there is
a subsequence (which we still denote by n) which converge weakly. From the Skorokhod
representation theorem it follows that we can redefine the above sequence on a new probability
space such that it converge a.s. Denote the limit by

(Xo,.... Xn+0. Y0, ... YN+0. Z0s ..., ZN4©: 00, - - -, ONSO)
and introduce the cddldg processes

N+O-1
Ui = Z XiXioi.0r:0) (1) + XNt 0 X(7-5.71(1).
i=0

Observe that for any k, n ak(") - ak(’i)l > & provided that a,f’i)l < T — §. Thus we get the same

property for the limit, namely oy — ox—1 > § provided that oy_1 < T — §. We conclude that
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S™ — U a.s with respect to the Skorokhod topology on the space ID. Thus G(S™) — G(U)
a.s, and so from the bounded convergence theorem it follows that

E[G(W)] = lim Eq, [G®)]. (5.23)

Let us notice that U is not a martingale, and so we modify U.
Let gt(” be the right continuous filtration which is given by

(i
t)=ﬂa{Yo,...,Yi,oo,...,ai,uAUi+1}.
u>t

Introduce the cddldg process

N+6O-1

U = Z E(Zi119") Koo (O + Xy o Xi7—5.71(1).
i=0

From the fact that lim,,_, o Eq, [| A% || = 0 it follows that
X =Yg, Zr =Wy, k=0,1,...,N+ 0O, (5.24)
and |W,—Xi_1l<e, k=0,1,...,6.

Next, observe that for a given n we have

Eq,(Z{ 1o, oy vy = v

+1191
and
(n) | _(n) (n) (n) (n) (n) (n)y _ )
Eq, (Y10, oot 2z oy v ) = 2
This together with uniform integrability yields
E(Zk+l|01"-'7Gk7Y1""7Yk)=Yk (525)
and
EYittlor, .. 0ut1, Z1,y ooy Zi1, Y1, oo, Yi) = Ziyr. (5.26)

From (5.25)—(5.26) and the chain rule for conditional expectation it follows that Uis a
martingale. From (5.24)—(5.25) we have U,, = Yy = Xy = U,,. Observe that if oy = T;
for some i, then for sufficiently large n we have ai(") = T. Thus

Ur, = Ur, = lim §.

n—00 i

This together with (5.9) gives that for any i the distribution of U 7; 1s equals to p;, we conclude
that the law of U is an elementin M, . .-
'Finally, we estimate E[G(U)] — E[G(U)]. Let k < ©. On the event ¢t € [0y, 0+1) (Which is
,(’) measurable) we apply (5.24)—(5.25) to obtain
Up = Uil = [E(Zit1 = Vel Y1, oo, Yis o1, op)| < €.
Thus on the eventog =T — § we get ||U — U| < €. We conclude that
[EG(U) —EGU)| < cP(og < T —8) +mg(€) < ce +mg(€) (5.27)

where the last inequality follows from (5.20). By combining (5.23) with (5.27) we obtain (5.22),
and complete the proof. [
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