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In the Section 3.1 of that paper, we have defined a sequence of hitting times recursively by,
τ0 = 0 and for k > 0,

τk+1 := T ∧


τk +

√
d2−n


∧ inf


t > τk : St ∉ O(Sτk , n)


.

Implicitly, we have used that they are stopping times with respect to the natural filtration
(Ft = σ {Su : u ≤ t}, t ≥ 0) generated by S. However, in general, this statement is not correct.
In the classical theory, they become stopping times only after one competes the filtration using a
given probability measure. For details, one refer to [1] (Chapter 4, Section 3). Since it is essential
in our paper that no fixed probability measure is used and the filtration is not completed, we need
to replace these random times by a sequence of stopping times.

This is achieved easily as follows. Indeed, set τ0 = 0 and for k > 0,

τk+1 := T ∧


τk +

√
d2−n


∧ inf


t > τk : St ∉ O(Sτk , n) or St− ∉ O(Sτk , n)


.
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The above random times are stopping times with respect to the natural filtration. Indeed, observe
that for t < T ,

{τk+1 ≤ t} =


max(t − τk, |St − Sτk |) ≥

√
d2−n


 

∞
m=1


q<t


|Sq − Sq∧τk | >

√
d2−n

− 1/m


where q denotes a rational number. Thus by induction, if τk is a stopping time, in order to show
that τk+1 is a stopping time it remains to establish that for any q < t , Sq∧τk is Ft measurable.
This follows from the fact that for any a ∈ R

{Sq∧τk > a} =

∞
r=1

∞
m=1


q ′<t


{q ′

− 1/m < q ∧ τk < q ′
} ∩ {Sq ′ > a + 1/r}


∈ Ft

where q ′ denotes a rational number.
We modify the random times τ

( j)
k in Section 5.1 similarly.

In all other places, we deal only with piecewise constant processes with a finite (random)
number of jumps. Consequently, all the defined hitting times are stopping times with respect to
the natural filtration.

This modification leaves all the arguments (in particular, the lifting argument) unchanged.
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