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Abstract

We consider a stochastic optimization problem of maximizing the expected
utility from terminal wealth in an illiquid market. A discrete time model is con-
structed with few additional state variables. The dynamic programming approach
is then developed and used for numerical studies. No-arbitrage conditions were
also discussed.
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1 Introduction

A classical Merton problem [9, 10] of a rational investor is to maximize her expected

utility from final wealth
T
E {U (y+/ zudSu)}
0

over all admissible trading strategies z with a given utility function U. The process z;
represents the shares of stocks held at time #, while S; is the spot price. It is well known
that the dynamic programming approach yields a nonlinear parabolic partial differential
equation which admits explicit solutions for power, logarithmic or exponential utilities.

This paper studies the same problem but in an illiquid financial market. We adopt
the modeling approach of Roch and Soner [11] developed for continuous time. In par-
ticular, price impact is included in our model. This impact, described in Section 2,
is random and hence the liquidity risk is not simply deterministic. We start with an
appropriate discretization of the model in Section 3. Then, the dynamic programming
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approach is developed. As well known in the literature, when not properly introduced,
price impact may lead to arbitrage in the market. Especially in models with random
impact, no-arbitrage is not immediately implied by the existence of a risk neutral mea-
sure for the price process with no-impact. We investigate this question and obtain
conditions for no-arbitrage. In particular, we prove that the resulting value function is
less than the Merton value when there is no initial price impact. This is the content
of Theorem .1, below. However, when there exists initial liquidity premium in the ob-
served stock price, then it is intuitively expected, that the investor may and does use
this to achieve a value larger than the Merton one. This is clearly demonstrated in the
numerical examples.

The paper is organized as follows. In Section 2, we briefly describe the liquidity
risk model of Roch and Soner [11]. In Section 3, we explain the discrete version of
that model. In Section 4, we define our stochastic optimization problem and show that
the dynamic programming principle holds. Section 5 is dedicated to numerical results.

2 A liquidity risk model

In this section, we briefly introduce the model for liquidity risk proposed by Roch and
Soner in [11]. Many existing price impact models can be seen as a particular or limiting
case of it. Their starting point is the seminal paper of Kyle [8], where three important
dimensions of illiquidity: depth, resilience and tightness, are identified. Depth is the
size of the order flow required to change prices by one monetary unit, resilience is
the degree to which prices recover from the price impact and tightness is the bid-ask
spread.

Asset prices are frequently obtained through a limit order book (LOB). There are
two types of trades: limit orders, i.e., orders to buy or sell a given amount of shares at
a specific price and market orders which are executed against the limit orders. Limit
orders are kept in the LOB until a market order comes in that matches to one of the
existing limit orders. They provide liquidity by filling the LOB whereas the market
orders deplete it. In [11] a trader is considered who only makes market orders. His
trades have an impact on the prices.

We are given a trading horizon T and a filtered probability space (Q,.Z, (% )o<i<7,P)
satisfying the usual conditions. The filtration .%; represents the information the trader
has at time . At every time t < T he observes the LOB and knows the average price to
pay for a transaction of size z via a market order. We represent the LOB at time ¢ by
the function p," (s), which denotes the density of the number of shares offered at some
ask price s and by p, (s), which denotes the density of the number of shares offered at
some bid price s.

Now suppose that a trader wants to buy (resp. sell) z > 0 number of shares at time
t through a market order. We denote the ask price by a; and the bid price by b;. The
total amount paid (resp. received) is then

Sz by
[Fspisds. esp. [ sp(s)as),

ar



where s, solves the equation

Sz by
[ pteas=z  (esp. [ o (s)ds=2).

A trade occurs when a market order is placed. Hence, the limit orders in the LOB
are executed with the cheapest to the most expensive until the total number of shares
ordered is reached. The optimal strategies typically consist of small trades, such that
the price paid is never too far away from the best bid and ask price. A consequence is
that one may assume that the LOB has a constant density outside the bid-ask spread at
time ¢, i.e.
i 1 _ 1
P (s) = A X{s>a} (resp. p; (s) = TX{ASI?,})'
my

2mt

Here, m; is an adapted cadlag process and 217[ is exactly the depth of the LOB. Under
this assumption, when buying z number of shares we obtain s, = a; +2m;,z and the total
amount paid is a;z +m,z>. After buying z number of shares the best bid price b, does
not change, whereas the best ask price a; moves to a; + 2m,z. So for prices between a;
and a; + 2m,z the density of the LOB is zero. Elsewhere it remains unchanged.

We denote the equilibrium price process by S;. It may not be observable and is
the theoretical value of the stock. Furthermore, it is only observable in the long run
and when the trader stops trading. In the model, also the mid-quote price process S;
is used which depends on the portfolio activity of the trader. In the long run and when
the trader stops trading S; converges to S;. Also the bid and ask price processes, a; and
b, converge to S; when the impact on the trades vanishes and in the long run a, and
b, converge to S;. As either a; or b; may converge to S; faster then the other process,
S; is typically not the average of a; and b;. Note that the mid-quote price process
is important, as it is affected by the depth, whereas the bid-ask spread (tightness) is
associated to the proportional cost. This will allow us to consider a reduced model,
where the proportional transaction costs vanish.

We consider a simple trading strategy z; = zo + Y;_o &k X{z,<r}» Where

O=1<1<...<1,<T

are stopping times and & is .%; -measurable. If at time 7;, we buy & > 0 number
of shares, the ask price increases by Aag, = 2mg &. The increment of Sz, 1s ASy =
2mg &. Using this simple strategy Roch and Soner postulate in [11] the dynamics of

the difference of the mid-quote price and the equilibrium price process /; := S —S;
dlt = _Ktltdt + 2m,dz,7
where k; is the resilience. Let x; be the position in the money market account at time 7.
We denote the liquidation value of the portfolio (after ignoring the bid-ask spread) by
Y; = x; + (S} — myz;). Then, according to [11] its dynamics after ignoring the bid-ask
spread is
dY; = 7 (dS, — 1 1Lidt) — 2> dm;.

The case with infinite resilience corresponds to the model proposed by Cetin, Jarrow
and Protter in [2]. Later it was studied in [3, 7]. Similar models are also used in the
optimal execution problems. We refer the reader to [6, 12] and to the references therein.



3 Model assumptions in discrete time

We consider the discrete version of the liquidity risk model introduced in [11]. The
financial market consists of a risky asset and a risk-free asset. The risk-free asset is
taken to be a numeraire and for simplicity we set the interest rate r = 0. We are given a
finite trading horizon T and divide the trading period [0,7] into N € N equal intervals
of length h = %, such that the agents trade at the times f, = nh, for n = {0,1,...,N}.
Furthermore, we have a probability space (Q,.%,P), where the sample space Q is given
by
Q= {(61,...,5}\/) : ék € {+1,—1}, V1 SkSN}

For the o-algebra we take .# = 2. The random variables {&}_, are i.i.d and satisfy
1
P& =£1] =5, VI<K<N.

We denote the equilibrium stock price process by S = {S, }Q’:l meaning S, :=§;,
and choose the binomial model for it. Thus, we have

Sn+1 = Sn(l +uh+ G\/Egrwl )a
foralln € {0,...,N — 1} with S = s > 0. We take the filtration F = {.%,}V_, to be the
o-algebra generated by S, i.e. %, = 6(Sy,...,S,) forn € {1,...,N} and %, = {0,Q}.
By z = {Zn}ﬁlvzl we denote the portfolio process which is adapted to the filtration F.
This choice makes the dynamic programming principle easier to state. Furthermore,
we have the mid-quote price process which we denote by S* = {S ZV:].

Following the continuous time model proposed in [11] we postulate that S* con-
verges to S geometrically in the absence of trading. Hence,

:;Jrl _S; = _Kh(S;: _Sn) + (Sn+1 _Sn) +2mn+1(zn+1 _Zn)v (3.1

where K > 0 is the resilience parameter, which is assumed to be a constant for simplic-
ity, and 1/2my,, is the depth. For n € {0,...,N}, set

In:=8,— Sy,
so that in view of (3.1) it solves the equation
Invr = (L= xh)l, + 2mys1 (zng1 — z0).
LetY = {Yn}nN: | be the liquidation value after ignoring the bid-ask spread,
Y, = xp + (S — mMuzn)zn,
where x,, is the position in the money market. Then, Y solves

Yori = Yo =Xpp1 —xn+ (sz+1 - mn+11n+l)zn+l - (S;kz - ngn)Zm



where x,,+1 —x, is the money needed to purchase z,+| — z, number of shares at the time
step n+ 1. The average price paid for z,+1 — z, number of shares is

S: +mn+1(Zn+1 _Zn) = SZ.H _m11+1(Zn+1 _Zn)
=Sut1+ (1= Kh) Ly + myi1 (2ns1 — 20)-

Hence, we obtain

Yor1 =Y = =Sur1Zn01 +Sni12n — (1 — Kh)Zuy1 + 1, (1 — xh)z,
— 1 (Zntt = 20)* b1 2ot +Snt12nt1 —mn+1Z,21+1 —Inz,
— Suzn +mnz?
= (Snt1—Sn)zn + (lnt1 = ln)znr1 + Khlnzp 1 — Khlyz,
— My 1 (Tng1 *Zn)z - mrH»lZﬁJrl +mnzﬁ

= (Sn+l - Sn)Zn — Khilyz, — (mn+] - mn)Z,zl.

We sum the above to arrive at
r—1 )
Y=Y+ Z [(Sn-H - S,;)Zn — Khlpz, — (mn—H - mn)zn} .
n=0

The difference between the value Yy + ;;%)(S;H_l — Sp)zn that one obtains in the fric-
tionless market and the liquidation value above is given by,

r—1
L, = Z Khlpzy + (M1 — mn)zz
n=0

Hence, L, is the liquidity cost of the LOB. The following result is similar to Theorem
.21in [11] and is central to our no-arbitrage analysis.

Lemma .1 Let 1, = I, — 2myz, and assume that ng = 0. If m, is a non-negative con-
stant and K < 2/h, then L, > 0 for all r > 1. In general, if

AZ
¢n = J, with An = (1 — K'h)n
my
is a supermartingale, then E[L,]| > 0. Furthermore, L, has the representation

1 2 2 1 r—1
L= (2 I0) Y A2 (G — ) (3.2)

4\m, my 44
Proof. We first consider the case m,, = M > 0. The definition of 1 implies that

7, = ln_nn
" 2M

and 1 solves
M — NMn+1 = Iy — ln+1 +2M(Zn+l _Zn) = Khi,.



This leads to

L = ri (M — Mng1) (ln — M) _ ri Mot = Mn — (M = Mn1)* + 26 (M0 — May1)

n=0 M n=0 am
v (M — 7+ @xh—(ch)?)l; 1 v

— n "= (n2-n¢+ Y (2xh— (kh)*)2 >0,
E) oy il ;O n

provided that 0 < k¥ < h Next, we consider the general case. We use the notation

Amy 1 = mp —my, and A 1+1 = ﬁ — min Recall the definition of 1 to compute,
Khlyz, = e (Mn = N 1) (b — M) — ZZ% (Amy, i)
n
1
= M [773-&-1 - Tlf —(Mn— nn+1)2 + 20 (M — Mnr1)] — zzi(AmnH)

1
4m [nn+l 713 - (Khln +2z, (Amn+l ))2 +21, ( Khl, + 2z, (Aanrl ))}

- 2Zn (Amn-i'l)
2 2 2 2 2
1 — 1
dmu1 dm, 4\ myug 4 My |
+ (2kh — (kh)?) b = k)2 Ay 1) < (A1)
- —_ —_ m
4mn ", n+1 ", n+1
2 2 2 2
Mt M L L ( 1 )
=l 4 (2kh— (kh —
4mn+1 4m,, ( ( ) )4mn 4 Mp+1
Mori— M
+ (mnznln - m%Zi — ol & ) ( ) 2Zn Amn+1 3.3)
4 mn+1
+ (1 — xh) Zaln (Amyyp) — i(AmHl)z. (3.4)
my, my,

Then, a tedious but otherwise direct computation shows that

_ 2.2 (n"+1 7””)2‘{’2(1” 72mnzn)(77n+l *nn) 1
(3.3)+(3.4) = (mnznln m22 . )(AmM)
ann Z% 2 2
+ (1 —xh) p (Amp 1) — m—(Am,,H) — 22, (Amp 1)

) + {mnznln m2Z2 — 2y (Aanrl )2

1
= - (2xh— (kh)*) (A
ORI

1
(1= KRzl (At 1) — Khlyiizy — 2mnzz(Amn+1)] (A )
Mp+1
ann Zrzz 2 2
(Amy 1) — ;(Amn+l) — 2z, (Amy 1)

n n

+(1—kh)

1 1
= —(2xh— (kh))) 2 (A——) — 22(Amyi1).
3 2= ()i (A ) =<l am )



Hence,

2

= H(2et M) (s LY o ()

2
—Zn (Aanrl ) .
Mpy1 My 4 My 41

My

Summing up the liquidity costs leads to
Khlyz, + (mn+1 - mn)Zﬂ

0
:411(,?: no) Z’Z{(m,,ﬂ ,;n)+(<’<h>2—2'<h)m:ﬂ]. (3.5)

Recall that ¢, = A2 /m,, with A, = (1 — kh)". Hence,

IS
I
(ngl

1 1 1
n — On = Aﬁ( - 7) An AI%
Pt =9 Mpyy1 Ny ( e )mn—H
and : |
A2 (Gnst — ) = ( - —) Kh)? — 2Kkh
n (¢n+1 ¢n) My 1 my, + (( ) )mn+1

So equation (3.5) can be written as (3.2). Thus, we see that L, is non-negative in
expectation provided that ¢, is a supermartingale. O

Remark .1 Suppose m, = MS,, where M is a non-negative constant. For h sufficiently
small ¢, is a supermartingale under PP (resp. under the equivalent martingale measure

Q) only if
2 2

c°— c
K> (resp. K > 7)

Indeed, we directly compute the expected value under the measure P to obtain

S gz,,} _(11<h)2< L+ ph )

} :E[(lth)zs "

n+1

e[t

1+2uh—62h+ u2h?
For h sufficiently small, ¢, is a supermartingale provided that

14+ uh

__HR N
l+2uh—62h) <

)

(1—21<h)(

under the measure Q we obtain k > - O

In [11], it is shown that the above result implies that this model is arbitrage free.
From the classical no-arbitrage theory we know that if there exists a measure QQ equiv-
alent to IP such that the stock price process S is a martingale, then there are no arbitrage
opportunities. Here in the liquidity risk setup, the additional supermartingale condition
on the process ¢, must also hold under the equivalent measure Q. Having an arbitrage
free model allows us to consider the expected utility from final wealth problem. This
will be discussed in the next section.



4 Expected utility from terminal wealth

In this section, we study the optimal stochastic problem of maximizing the expected
utility from terminal wealth. From Remark .1 it follows that m,, = MS,,, with M > 0 is
a good choice for the depth parameter. We first formulate our stochastic optimization
problem. We consider a dynamic system

X = (Snalann;Zn) 6 R+ XR X R+ X R’

which is characterized by its state at any time step n € {0,1,...,N}. It evolves in an
uncertain environment and solves the equations
Sert = Su(1+ph+0Vhé,)
1 = (1—xh)l,+2MSpi1(zns1 —2n) “4.1)
YrH»l = Yn+(Sn+1 *Sn)zn*Khann*M(SnJrl *Sn)z;%
Intl = ZnTt (Zn+1 —Zn)a
with initial states S}* = s, 15504 = [ Y98 — y and 9% = 7 at the time step

k. To fully represent our stochastic control problem the process z is needed as a state
variable, whereas Az = {Azn}nN;kl 1 with Az, = z, —z,—1 is the control variable. We see
in equation (4.1) that the process [ is influenced by the control Az. The set of admissible
controls will be denoted by 7. Then the objective is to maximize over all admissible
controls a cost functional J(k, X, Az) which is defined below.

For a given utility function U our objective functional has the form

J(k,%,Az) = E[U(YSH)],

where ¥ = (s,1,y,z) is the initial condition at the time step k. The value function is then
defined to be the maximum value
v(k,X) = sup J(k,%,Az),
Azed
where o = (%) = {Azs.t. ¥ > 0Vr € {k,...,N} as.} is the class of admissible
controls.

Let vM be the corresponding Merton value function of the liquid market. The no-
arbitrage consideration implies that the vM should dominate v for initial values in which
there is no liquidity premium, i.e., when 1 = 0 or equivalently when / = 2Msz. The
following result proves this.

Theorem .1 Suppose that ¢, is a Q-supermartingale. Then, for all ¥ = (s,1,y,z) such
that | = 2Msz, we have

v(k,%) <M (k,y).
Proof. We use (3.2) to rewrite the dynamics of Y as follows,

Yy =Ynv_1+ Sy —Snv—1)zv—1+ (L~v —Ln-1)

=Yy_1+(Sy —Sy-1)z —i(ﬁ—nfv*‘%ll2 AV (v — o)
N—1 N N—1)<N—1 aM SN SN—I 4N71 N—1\¥YN N—1)-



By Doob’s decomposition theorem, ¢y = Sy + Ay, where § is a Q-martingale and A is
a predictable, decreasing process with Ayp = 0. Hence, there is an adapted process &
such that gy — ¢y—1 = Oy—1(Sy —Sy—1) +An —An—1. Set o, = %l,%A;zécn to compute,

1 _ 1 _
111%/_11\1\,31 (o8 —¢v—1) = av—1(Sy —Sn—1) + 1112\1_11\1\;%1 (AN —An-1).
Then, we directly estimate that

E[U(YS™) = E {E [U (YN,l +(Sy —Sn—1)(znv—1 + ay_1)

1 nl%l 771%171) 12 )
v \sy —Iy_ A AiA*)’J\*H
4M(SN Sn_1 +4N 1 N—l( N N l) FN-1

<E {E {U (YN—I + (Sy — Sn—1)(zv—1 + an—1)

2 2
“ (55 I2]]

N—1 1 n}?
<E[u( Sus1—S, o)+ o )]
> y"’r;{( n+1 ) (20 + n)+4M S
In the last step, we use the assumption that 1y = [ —2Msz = 0. Since the supremum
over z is the same as the supremum over z + o, we obtain the claimed inequality.

4.1 Reduction of one state variable

Our stochastic control problem has four state variables and one control variable. Clearly,
less state variables would be desirable especially from the numerical point of view. The
idea of this reduction is to use z itself and not its increments as the control process.
However, the dynamics of / contains the increments. So as before we introduce the
variable 7n,, = I,, — 2MS,,z,. Then, its dynamics are given by

NMnt1 — N = —Kh(Npy +2MS,2) —2M 7, (Sp1 — Sn)- 4.2)
Then, we rewrite the dynamics of Y in terms of 1 and obtain
Yoi1—Y, = (Sn+1 - Sn)Zn - Khnnzn - ZMKhSnZ% _M(Sn+l - Sn)zi 4.3)

The difference equation for S remains the same since the process ! does not influence
S. We now notice that the state equations (4.2), (4.3) and the equation of S for the vari-
ables (8,7,Y) depend only on themselves and z but not on the increment Az. Hence,
we can define a new control problem with three state variables (S,7,Y) and one con-
trol variable z = {z, }sz_kl 1~ Letx:= (s,m,y) be the initial condition and define the
corresponding value function by,

V(k.x) = sup J (k,x,2), 4.4)
e/



where o = o (x) = {zs.t. ¥ >0V 1€ {k,...,N} as.}. We have the following
relation between the two value functions v and V

V(k,x) =V (k,s,m,y) = supv(k,s,n +2MsZ,y,7) = supv(k,%).
zeR 7Z€R

Since this fact is not used in this paper, we do not provide its and refer to [13].

In this reduced setup, we continue with a of the dynamic programming principle
(DPP). We first introduce the following notation. We denote the controlled process by
XE57 = (S 2y 22y and the initial condition by x := (5,1, y). Furthermore,
we use the following abbrev1at10ns u:=puh+ovhandd := uh—ocvh.

Theorem .2 The value function V (k,x) is continuous in x € Rt x R x RT =: Q and
foreveryk€{0,1,...,N — 1} the dynamic programming principle holds ,

V(k,x)= sup E[V(k+1, Xk’“)]
€7 ()

where
I(x)={z€R: y+ (us—xhn)z— (2Mskh+ Mus)z*> > 0 and
y+ (ds — khn)z — (2Mskh+ Mds)z* > 0}.

Proof. In view of (4.3), the definition of .# (x) implies that Y, 71> 0forevery z€ .7 (x)

with probability one (i.e, for two possible values). We first show that .# (x) is a bounded
set. Indeed, set

Yup(z) = v+ (us—xhn)z— (2Mskh+ Mus)Z%,if &y = 1
Yaown(2) = v+ (ds—Kkhn)z— (2Mskh+Mds)Z?,if Ey = —

Then, the zeroes of y,,(z) are

o (us — khn) F/(us — khn)2 +4(2Mskh -+ Mus)y
127 2(2Msxh+ Mus)

and those of y o (z) are

(ds — khn) F /(ds — khn)2 +4(2M kh + Mds)y
2(2Mcsh 4 Mds) '

dgm =
Furthermore, the coefficient of 72 of the function y,,(z) is always non-positive, whereas
the coefficient of 72 of the function Ydown(2) 18 non-negative, whenever x < — 2, and

non-positive otherwise. So if z € [£{7,257] =: I, then y,(z) > 0. Whenever k < — 4

we have ydown( ) >0ifz € (_°° Z(ih)wn] U [thiowna °°) =: b, otherwise we have ydown( ) 2

0if z € [z{omn z‘zi"W"] := b. Thus, we see that y,(2),Yaown(z) > 0if z € I3 ;== NI or
z€l:= 11 NI, Note that I3 resp. I is not empty as it contains z = 0.

We prove the statement by induction. So we observe that at the final step N, the
value function is continuous as V(N,x) = U(y). Also, the dynamic programming prin-

ciple holds trivially at the time step N. Indeed, it is the definition of V(N — 1, x).

10



Next, we show that the value function V(N —1,-) is continuous in Q at the time
step N — 1. Let x* := (s*,1*,y*) be the limit of an arbitrary sequence x; = (Sg, Nk, Vk)-
Then take an e-optimal control zf € int(.# (x*)), where € > 0. Hence, there exists a
K* such that for all kK > K* we have z¥ € .# (x;). Furthermore, by continuity of U and

N1,
Yy 7 we have

UEY ) = lim U (v e,

k—ro0

Then, for any € > 0 and by the dominated convergence theorem we see

VIN=1,0") <E[UYN ") +e = lim E[U(Y) )] +e

k—so0
< liminfV(N —1,x;) + €.
k—so0

Since € > 0 is arbitrary, it remains to show that

limsupV(N —1,x;) < V(N —1,x%). 4.5)

k—so0

Given € > 0 there exists an g-optimal z; € .#(x;). For any admissible control z we
have z € I3. Since I3 is a bounded interval we have

sup |z | < eo.
k.e

Therefore, there exists a convergent subsequence Zi,, such that lim,, e z,fn = z%. By the
dominated convergence theorem and e-optimality of z{,

it £ N—1x .25
VIN—1,x) > EU@) ") = lim E[U(y, ™%

n—oo

)]

> limsupV (N —1,x,) — €.

n—so0

Hence, (4.5) follows and the continuity of V(N — 1, -) is proved. What remains to prove
is the dynamic programming principle at the time step N — 1, i.e., we need to show that

VI(N-2,x)= sup E[V(N— 1,X[1\,V:127X’ZN72)].
IN—2EF(x)

Set z = (zy—2,2nv—1), and use the Markovian structure of the state variables to arrive at

N—=2xzn_1

EUXN 2 = E[EU(Yy " )2y SEVN -1, X8 252,
Taking the supremum on both sides leads to

V(N — 2,x) = SupE[U(YI{[\’—Z,x,Z)} < sup E[V(N . 17X11\>/:12,x,zN,2)].
€ ZN_2€.7 (x)

The opposite inequality is proved using the continuity of V(N — 1,-). Fix an initial
condition xy € Q and set

(a.B):=(zv-2.2v-1) and  X%:=Xy "%

11



Fix € > 0, and choose o € .#(xg) such that

sup E[V(N—-1LX%)]<E[V(N—-1,X%)]+e. (4.6)
(XG,%(X())

For every x € Q, choose 8% (x) € .#(x) such that

V(N =1,x) SEUEY PN e = J(N—1,x,B(x)) +e. @.7)

The family of open sets

O ={y€eQ: JIN-1,,B(x)) —J(N—1,x,B°(x))| < €
and [V(N—1,y) — V(N —1,x)| < €} 4.8)

for x € Q is an open cover of Q. Since any open cover of a separable space contains
a countable subcover, there exists a subsequence x,, € Q such that U, ﬁfn =Q. Set
Cy =05 and Cypy = OF, \U[_, 0% . Then, for all x € Q there exists a k € N such
that x € C;. We denote that unique integer by k(x). Note that k(x) is by construction a
measurable function. Since C;’s are disjoint, Q = Uy, ﬁfk W Also note that the map
(a,0) — X*(w) =: X*

is measurable. Hence, so is k(X%). Define p = B¢ (xk(xe)) and set z° = (a,ﬁ) €.
Since [§ is a composition of measurable functions, it also is measurable. We now
directly calculate that

J(N=2,%0,2°) = E[U(vy ~>0%)] = EE[U vy~ P) |2
= E[J(Ni 17XaaB£(xk(X°‘))]

(4.8)

> E[J(N = 1,xxe), B (xg(xar)))] — €
4.7

> E[V(N— l,xk(xa))] —2€
4.8)

Hence,

The general case follows by induction. The induction hypothesis is that V(N —k, )
is continuous and that the dynamic programming principle holds at the time step N —
k—1,1.e.

VIN—k—1,x)= sup E[V(N—kXy p "N+,
N-k—1€F(x)
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Then, the continuity of V(N —k — 1,-) is proved exactly as the continuity of V(N —1,-)
by using the induction hypothesis. The dynamic programming principle at the time
step N—k—1,1ie.

VIN—k—2,x)= sup E[V(N—k—1Xy "2,

N—k—2€F(x)
is proved exactly as in the time step N — 1. O

Proposition .1 There exists an optimal feedback strategy z for the optimal control
problem (4.4).

Proof. Since .# (x) is a bounded set, by Theorem .2 we have

V(k,x) = Zg];f;)E[V(k—&- LX55)-

Set zj(x) = argmax_{E[V (k+ 1,X:fiz)]}. We construct an optimal feedback strategy

in the following way: We start at the time step k with x and choose z; € z;(x). Having
the dynamics of the state variables we obtain a random variable X', . At the time step

k+ 1 we choose z; | € z;, | (X;, ) and continue with the iteration. The optimality of

the feedback control follows from the DPP. O

5 Numerical results

In this section, we solve the optimization problem numerically. Hence, dimension
reduction of the problem (4.4) is desirable. One may achieve this by assuming that the
utility function is of power type,

Y 0
U y) = { I <7
log(y), y=1
Indeed, the homothety of the utility function leads to
Vikx) =Viksn.y)=s"Vk1n/sy/s) =" Twlky ). G0

Then, Theorem .2 and (5.1) provide a dynamic programming equation for w as well,

wk,y,5)= sup E [(1 +ph+ oVhE ) TTwlk+ 1,y 17,(’1"{“)] . (52
s (y3)

The state variables y and ¥ solve the equations

(1— kh)y, — 2MKhz, — 2Mz,(Lh+ 6V hEpi1)

it = (53)

Vs 1+ ph+ovVhE,

_ ¥ — khz, + (Wh+ ovVhE, 1) (1 — Mz,)z, — 2M khz?

Vot = . (5.4)
1+ uh+ovhé,
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We continue by describing the algorithm. We first discretize the continuous state
space (y,Y) and the control space z with grid sizes Ay,AY and Az. The discretized
state variables ¥ and ¥ lie in closed intervals .#,, and .%;. The same holds for the con-
trol variable z, i.e., 7 € .#,. We start the algorithm at the final time step N, and compute
w(N,y,¥) = U(Y), for all discrete values of ¥ € .%;. For the recursion step, we use
(5.2), (5.3) and (5.4). If the state variables (y,¥) at the next time step fall outside the
interval %y x .y, we use an extrapolation to compute the value function w for these
values.

Wesety=0.75,0 =03, u =0.04, M =0.2,x = 12,7 = 2 and N = 20. The value
function w is plotted in Figure 5. Figure 5 is the plot of the difference w — vM. This
graph shows that Merton’s value function v dominates w for values of y around the
origin. This is more apparent if one considers Figure 5, where we fix y and plot w —vM.
However, there is also local arbitrage since the opposite inequality also holds for some
values of y. The corresponding optimal strategy z* is plotted in Figure 5. Note that the
optimal strategy grows almost linearly in y, whereas in y it changes less.

14



Figure 1: Numerical results for w and w — v
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Figure 2: Numerical results for w —vM for fixed y and the optimal strategy z*

6 Concluding remarks

In this paper, we consider the expected utility from terminal wealth in a liquidity risk
model proposed by Roch and Soner [11], in discrete time. We prove the dynamic
programming principle and use it to compute the value function for some parameter
values. We also show that the resulting discrete time model is arbitrage free for some
parameter values. Indeed, for these parameter values, the value function with liquidity
is bounded from above by Merton’s value function, provided that the initial liquidity
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premium is zero. This is confirmed by numerical calculations which also show local
arbitrage when there is initial price impact, or equivalently when the state variable y is
initially not zero.
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