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Abstract: We study some functionals that describe the density of vortex lines in super-
conductors subject to an applied magnetic field, and in Bose-Einstein condensates subject
to rotational forcing, in quite general domains in 3 dimensions. These functionals are
derived from more basic models via Gamma-convergence, here and in the companion
paper (Baldo et al. in Arch Rat Mech Anal 205(3):699-752, 2012). In our main results,
we use these functionals to obtain leading order descriptions of the first critical applied
magnetic field (for superconductors) and forcing (for Bose-Einstein), above which
ground states exhibit nontrivial vorticity, as well as a characterization of the vortex
density in terms of a non local vector-valued generalization of the classical obstacle
problem.

1. Introduction

In this paper we study certain limits of the Ginzburg-Landau model, which describes
a superconducting object in an external magnetic field, and the Gross-Pitaevskii func-
tional, which describes a Bose-Einstein condensate confined in a trap and subject to
rotational forcing.

Most prior mathematical work on these sorts of problems has been limited to
2-dimensional models that are good descriptions, in various regimes, either of very
flat, thin objects (superconductors or condensates), or of objects that are translation-
invariant, or very nearly so, in one direction. Important results about the 2-dimensional
Ginzburg-Landau model, obtained by Sandier and Serfaty in [30,31] (see also the book
[32]) include the characterization of the applied critical magnetic field, below which the
ground state of a superconductor expels the magnetic field, and above which the super-
conductor in the ground state is penetrated by magnetic vortices; and a description, in
terms of an obstacle problem solved by the magnetic field, of the limiting density of mag-
netic vortices above the critical applied field. Similar descriptions of 2d Bose-Einstein
condensates hold, though they are somewhat less well-documented in the literature.
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In this paper we prove analogous results for the full physical problems of 3-dimen-
sional superconductors and condensates. In particular, we determine the leading-order
first critical applied field for superconductors, characterized by essentially the same
dichotomy as in the 2d case; and we obtain a description, in the supercritical case, of
the limiting vortex density in terms of a constrained minimization problem solved by
the magnetic field. This problem is not a classical obstacle problem, but it is a kind of
nonlocal, vector-valued obstacle problem with an interesting structure. We also estab-
lish corresponding results about vortices in Bose-Einstein condensate wave functions,
that is, ground states of the Gross-Pitaevskii functional with rotational forcing. These
results include the determination of the leading-order critical rotational velocity, and a
characterization, in terms of a nonlocal generalization of an obstacle problem, of the
limiting vortex density for rotations above this critical value.

We obtain these results from the study of certain functionals whose ground states
characterize vortex density, and other associated quantities, in limits of sequence of
minimizers of (suitably scaled) Ginzburg-Landau or Gross-Pitaevskii functionals. In the
case of Ginzburg-Landau, this limiting functional was derived in a companion paper,
see [7], as a corollary of a general result proved there about the asymptotic behavior of
a relatively simple model functional. In the case of Gross-Pitaevskii, the derivation of
the limiting functional, using results of [7], is given in Sect. 4.1.

The functionals that we derive and study are in fact expressed as functions of the
limiting (rescaled) current v rather than the limiting vorticity dv. In this we follow
the approach developed by two of the authors in [23] in the setting of 2d supercon-
ductivity. Having found the energy-minimizing current vy, one can then decompose it
into components of different physical origin: the currents generated by the bulk vortici-
ty, permanent currents (possible in a multiply-connected domain), and a potential flow
(typically present for Bose-Einstein condensates and not for homogeneous superconduc-
tors). Mathematically, this corresponds to a Hodge decomposition of vy into harmonic,
curl, and gradient parts, for example vy = yo + d* By + d ¢ for superconductivity, or an
analogous weighted Hodge decomposition for superfluids.

We do not impose any topological restrictions on the domains that we study. Indeed,
it is an advantage of the formulation in terms of currents that it allows for a simple
and unified treatment of domains of varying topological type. By contrast, if the lim-
iting free energy is formulated as a function of the vorticity dv, then (since for exam-
ple any possible permanent currents, corresponding to the harmonic part of v, cannot
be recovered from the bulk vorticity dv) multiply-connected domains become some-
what harder to analyze. This is also the case in 2 dimensions, where the first results
to treat domains of general topological type were those of [23], using the current for-
mulation adopted here. It was later shown in [4,5] that one can extend the vortici-
ty formulation of [30,31] to the case of multiply-connected domains, but doing so
requires additional detailed consideration of permanent currents as well as of bulk
vorticity.

Although we mostly emphasize the analogy between the problems we study here and
obstacle problems, there are also close connections between our vortex density mod-
els and total variation models in image processing as introduced by Rudin, Osher, and
Fatemi [29]. (See [10] for a survey of related mathematical results.) In particular, the
functional G derived in Proposition 5, see (1.28), can be viewed as a generalization of
the Rudin-Osher-Fatemi model, and in situations with rotational symmetry, it reduces
to exactly a (weighted) Rudin-Osher-Fatemi functional. The paper concludes in Sect. 5
with a discussion of this and some related issues.
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1.1. The Ginzburg-Landau functional. Let €2 be a bounded open subset of R3. A super-
conducting sample occupying the region 2 may be described by a pair (u#, A), where
u is a complex-valued function on 2 and A is a 1-form on R3, that encodes various
physical attributes of the superconductor. For example, |u|> corresponds to the density
of Cooper pairs of superconducting electrons; d A can be identified with the magnetic
field; and the superconducting current is given by

jau = lz(um— fidau), where dau = du —iAu. (1.1)
As in the 2d case, the right notion of vorticity here is given by
1
vorticity = Jau = Ed(jAu + A).

In 3d, this is a vector-valued quantity (which we choose to realize as a 2-form) that mea-
sures both the location and topological degree of vortex filaments arising in the mixed
phase of type II superconductors.

Stable states of a superconductor in an external magnetic field He .x = dAc ex,
with A¢ .x € Hﬁ) . (R3; A1R3), correspond to minimizers (or local minimizers) of the
Ginzburg-Landau functional:

daul? 2—1)? dA — He o |?
]—}(u,A):/ daul” | (ul” =1 dx+/ 1dA = Heexl” (1.2)
a 2 4e2 R3 2

Here the parameter € is related to physical properties of the superconducting sample. We
will study the limit € — 0, with A¢ ., scaling so that it will turn out to be comparable
to the critical value mentioned above. For a discussion of the physical relevance of this
scaling, see for example [32].

The model case is a constant external magnetic field, for which we may take A¢ .x =
%ce (x1dx?* — xpdx") for some real-valued scaling factor ¢, corresponding to a spatially
constant external field He .x = cedx! A dx?, which in this example points in the e3
direction.

The functional F, makes sense for u € H'(€2; C) and A such that A — Acex €
H'(R3; A'R?). As is well known, the functional is gauge-invariant in the sense that for
any such (u, A) and for any function ¢ such that d¢ € H'(R?), the identity F, (u, A) =
Fe(ePu, A +d¢) holds. Moreover, (1, A) and (€®u, A +d¢) correspond to exactly the
same physical state, in the sense that all physically observable quantities are pointwise
equal for the two pairs.

Our starting point is the following, which is an immediate consequence of [7],
Thm. 4. We use the notation

H!(A'R?) := {1-forms A in H'(R?) : d*A = 0}

which is a Hilbert space with the inner product (A, B) g1 := fR3 dA -dB. We will often
write H*l for short. We also write H*(APU) to denote the space of p-forms on U with
coefficients in the Sobolev space H¥.

Proposition 1. Ler Q@ C R3 be a bounded open set with C' boundary. Assume that
Acex € Hlloc(AlR3) and that there exists A,y € HIIOC(AIR3) such that

As,ex
|loge|

—Aex = 0 in HI(A'RY) :={Ae H' (AR} :d*A=0}. (1.3)
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Let (ue, Ac) minimize F in H'(Q; C) x [Acex + Hﬁk1 (AYR3)]. Then there exists some
Ag € [Aex + H*l] and vy € Lz(Q; A1R3) such that dvg is a measure, and such that

A )
€ — Ag— 0 weakly in H (A'R?), (1.4)
[log €|
jAeue . 2,41
— vg — Ay weakly in L*(A"Q2), (1.5)
[log €|
and
1
———Jp e = ———d(jau+ A — dvo in W™hP(A%Q) Vp <3/2.
[log €| 2[loge|

(1.6)

Moreover, (vo, Ag) minimizes the functional

1 1 1
Fv, A) = S1dvi(@) + Iv = AllL2 1) + 51144 = HerllT gy (1)

in L2(2; A'R3) X [Agy + H}: |, where H,, = dA,x. Here |dv| denotes the total vari-
ation measure associated with dv. (We understand F (v, A) to equal +00 if dv is not a
measure.)

Note that F is gauge-invariant in the sense that if y € H2(A'R?), then
F—dyla, A+dy) = Fv, A). (1.8)

Our new results about superconductivity in this paper are derived entirely by studying
properties of the limiting functional F; the connection to the more basic Ginzburg-
Landau model is provided by the above Proposition 1.

Our first main result reformulates the problem of minimizing F through convex
duality, the relevance of which in these settings was first pointed out in [9].

Theorem 2. Ler @ C R? be a bounded open set with C' boundary, and assume that
Aox € H! (A'R3). A pair (vy, Ag) minimizes F in L>(S2; A'R3) x [Aex + H (A'RY)]

loc

if and only if the following two conditions are satisfied:
1. The 2-form By = d(Ao — Aex) belongs to the constraint set

: _ 1
C= {B e H'(A’RY) NdH'(A'RY), supp(d*B) C &, ||Bls < E}’ (1.9)
where
Bl = sup{/ B-da : « eHl(A1R3),/ \da| < 1}. (1.10)
R3 Q

In addition,
d*By+1q(Ag —v9) =0  inR>, (1.11)

and if vg € L2(A'R3) is any 1-form such that vo|q = v, then

1
/ B()-dl_)()z——/ |dvg]. (1.12)
R3 2 J)a
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2. By is the unique minimizer in C of the functional
1 1
B > E)(B; Aey) i= -/ |B|> + -/ |d*B + Aux|?. (1.13)
2 R3 2 Q
It is clear that if || B||« < oo then

/ B-dv=0 forallve H'(A'R?) such that dv = 0 in . (1.14)
R3

Indeed, if v € H2(A'R3) and dv = 0, then the definition of the norm || - || implies that
A g3 B - dv < || Bl for any A € R, and this implies (1.14). For v € H'(A'R?), the
same holds by an approximation argument.

Remark also that (1.12) implies that || Bo|l« = % if the limiting (rescaled) vorticity
dvy # 0. This is related to the following necessary and sufficient condition for the
limiting vorticity to vanish.

Theorem 3. Ler @ C R? be a bounded open set with C' boundary, and assume that
Aex € HL (A'R3). Let (vo, Ag) minimize F in L*(2; A'R%) x [Aey + HI(AIRY)],
and let By denote the unique minimizer of £o( - ; Aex) in the set

C = {B e H'(A’R*) NndH"(A'R?) : B satisfies (1.14)}, (1.15)

where & is defined in (1.13).
Then dvy = 0 if and only if || B« ||« < % i.e. if and only if By = By, where By is the
constrained minimizer in Theorem 2.

Remark 1. We give a different (but necessarily equivalent) characterization of when v
is vortex-free, and a different dual problem, see Theorem 11 and Lemma 12 in Sect. 3.3.

Remark 2. Condition (1.14) is easily seen to imply that supp(d*B) C Q. The converse
holds if and only if €2 is simply connected. We do not know whether the minimizer of
& in the space C” := {B € H'(A*R3) NdH'(A'R?) : supp(d*B) C Q} coincides
with B, when € fails to be simply connected.

Remark 3. It may appear unsettling that the functional &y contains the non-gauge-invari-
ant quantity A.,. This can be effectively eliminated, however, by decomposmg Aexlo =
Al +A2 where Al € (kerd)’ and A2, € kerd (see (2.5), (2.6)). Then A!_ is gauge-

invariant, and [, |d*B+Aex|2 Jo |d*B+A§x|2+ |A2 |2,

Remark 4. As a consequence of Theorem 3, if (i, Ac) minimizes F, in H!'(Q; C) x
[Acex + H (A'R3)], then the vorticity vanishes to leading order, i.e.

lloge| ' Jauc > 0 ase - 0 inW 1P p<3/2, (1.16)

if and only if || By |« < %

In particular, in the situation corresponding to a uniform magnetic field parallel to
the vertical axis, we have H¢ .x = A| logeldx! A dx?> = dAec|loge| with A,y =
%(xld)c2 — x2dx"). Let Bi denote the minimizer of (-, A.y) in C'. Then it is clear
that B} = AB], and it follows that the leading-order first critical field is given by

1
Heop = (b +o(1)|logeldx! Adx?, i, =

- (1.17)
2||BLl«
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in the sense that for H. = A|loge€|, the vorticity vanishes to leading order as € — 0 if
A < A¢, and does not do so for A > A,.

Note that we do not prove that if H. = A|loge| for A < A, then the vorticity van-
ishes in the stronger sense that J4_u. — 0 in any norm, or in the still stronger sense that
lue| > % in 2 for all sufficiently small €. This is why we only say that we have found the
leading-order first critical field. We very much expect that these stronger conclusions
in fact hold or equivalently, as one might say, that the leading-order first critical field
agrees (to leading order) with the actual first critical field. This is shown to hold in the
2d case in [33].

The formula (1.17) has been previously identified by quite different arguments in
[6], in the special case when €2 is a ball, as a candidate for the first critical field. The
same paper also shows that if H. = A|loge| for A < A} = m < A¢, then the

vorticity vanishes as € — 0 in the sense (stronger than (1.16)) that J4,ue — 0 in
w=br p <32,

Remark 5. Unlike the 2d case, to deduce information on the critical field in the 3d case
one has to solve a variational problem involving the L°° norm: observe namely that for
B € C’ we have, by virtue of Hahn-Banach theorem,

IBll« = inf{[| Bl B € H' (A’RY), d*B =d*B},

so that || B4 can be interpreted as a nonlocal L> norm of B € C’ for @ ¢ RY with
N > 3, while for @ ¢ R? we have ||B|x = | Bll (@), since in that case in (1.10) one
can test with forms o; € H'(A'R?) with daj = fj(x)dxy A dx; such that the scalar
functions f;(x) converge to a Dirac mass 6y, for arbitrarily fixed xo € .

Hence in the 2-dimensional case  C R? the constrained variational problem (1.9),
(1.13) of Theorem 2 corresponds to a classical obstacle problem (as is well-known),
while in three (or higher) dimensions one may interpret it as a generalized, nonlocal,
vectorial obstacle problem. Remark also that norms related to || - ||« have been studied
in the context of critical Sobolev spaces (see [8,35]).

Remark 6. Note that the formula (1.17) for the leading-order critical field is far from
explicit, in that to determine a numerical value for it, one would need first to find Bi,
which depends on the domain 2 and then compute the norm || B/ ||, which involves
solving the variational problem discussed in Remark 5 above. The latter problem is not
expected to be explicitly solvable for general domains €2.

In the case of a superconducting ball, however, A, is found in Proposition

1

~ 20Blll
4.2 of [6], where it is noted that in this geometry, Bi is known from classical work of
London [26], and moreover that || BY || can be computed explicitly. Indeed, the problem
of determining the norm || B/ || can be rephrased as one of finding a curve y through
that minimizes the I)lf_l f v Bi , and in the case of a ball, it is shown in [6] that the optimal
curve y is precisely a diameter of the ball parallel to the applied magnetic field.

Based on experience with Bose-Finstein condensates (see Remark 11 below), we
expect that even in the family of rotationally symmetric convex domains, there should
be some for which no explicit formula for A, exists.

As mentioned before, a rather complete analysis of the asymptotic behavior of the
Ginzburg-Landau functional for superconductivity in 2d and the corresponding criti-
cal fields can be found in [32]. In the 3d case, some results related to critical fields in
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agreement with Proposition 1 have been obtained by formal arguments, as in [11], and
rigorously in the mentioned work [6] for the case of the ball, using some arguments
of [22]. Critical fields on thin superconducting shells, among other results, have been
derived in [12,13] via a reduction to a limiting problem on a 2d manifold.

In the 2d asymptotic analysis of the Ginzburg-Landau functional F, also higher
applied fields | He x| > |log €| have been considered, corresponding to energy regimes
Fe(ue, Ae) = O(|He,ex|2), see e.g. [32]. In the range |log €| K [He ex| K e L adapt-
ing to this situation the proof of Proposition 1 given in [7], one immediately obtains the
following

Proposition 4. Let 2 C R? be a bounded open set with C' boundary. Assume | log €|* <
ge K €2, Acex € H}! (A'R3) such that there exists Aoy € H) (A'R3) such that

loc loc
A i )
A= 0 inHNA'R?) :=({A e HY(A'R?) :d*A=0}). (1.18)
A/ 8¢

Let (ue, Ac) minimize F¢ in H! (2; C) X [Acex + H*] (A1R3)]. Then there exists some
Ap € [Aex + Hl and vy € L*(Q2; A'R?) such that

Ac

— Ao — 0 weakly in H(A'R?), (1.19)
A/ 8¢ *
jAEue . 2,41
== — —~ g — Ay weakly in L“(A" Q). (1.20)
v/ 8e

Moreover, (vy, Ao) minimizes the functional

- 1 1
F.4) =l + 3 1dA = Hexl 2 poes (1.21)

2
_A”LZ(AIQ) )

in L2(9; A'R3) x [Aey + H!1.

It is clear that in this case (vg, Ag) = (Aex|Q, Aex) 18 the unique minimizer of F.In
particular, this implies that for a uniform applied field He ., = C()\/g_ealx1 A dx? corre-
sponding t0 A¢ ox = /e %0 (x1dxy — x2dx1) with g as above, the limiting vorticity is
given by dvg = codx| A dx;, corresponding to an asymptotically uniform distribution
of vortex lines throughout the sample, regardless of its geometry or topology. Analogous
results have been obtained in [24] by different methods.

Remark 7. In higher energy regimes g. = €2 corresponding to further critical fields,

as established in the 2d case (see [17]), different phenomena are expected to take place

(for example surface superconductivity), so that the reduced functional Fis no longer
expected to give information in this case.

1.2. The Gross-Pitaevskii functional. The second main object of study in this paper is
a variational problem that describes a Bose-Einstein condensate with mass m, confined
by a smooth potential a : R? — [0, co) such that

a e C®[R, a(x) > +00 as|x| — +oo, (1.22)
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and subjected to forcing @, that in general depends on a scaling parameter €. In the
model case corresponding to rotation about the z-axis, ¢ := %ce (xldx2 — xpdx1), and
a(x) grows quadratically or faster.

We will study the functional in the scaling regime

Ge(u) /1|v 2 jur M M
u) = —|Vu|* — &¢ - ju+ —=(— +a(x)—),
¢ o 2 Tty 2

where &, = |log €|® for some fixed  and
j) = %(udﬁ — udu).
We introduce the function space
Ha1 (R3: C) := Ha1 := completion of CSO(R3; C) with respect to || - ||z, (1.23)

where the norm || - |, is defined by [lul|? := [gs [dul* + (1 +a)|u|*. We also define
H! (R C) = H), = {ucH : /|u|2 — ).

We will study the behavior of minimizers of G in H, al m» Which describe condensates in

the ground state. We start by rewriting the functional. Define

p(x) =K —a)*, wx):= O —a(x))”, for such that /} pdx =m.
R;
(1.24)

The last condition clearly determines A uniquely. The function p is called the Thomas-
Fermi density in the physics literature, and gives to the leading-order condensate density
in the limit € — O.

By completing the square we find that

u*  u® 1 o L, 1A
—ta— = —-(p — — —p += + —ul”.
1 a5 =gl 7P+ Swlul™+ S ul
Since fklu|2 = amforall u € Hal,m, it follows that ¥ minimizes G in Hal)m if and

only if # minimizes

1 . 1 w
Geu) = /RS§|V’4|2—¢e'JM+E(P—|M|2)2+ﬁ|M|2 (1.25)

in Hal!m. We will henceforth write the Gross-Pitaevskii functional in the form (1.25),

which is more convenient for our analysis.
Throughout our discussion of the Gross-Pitaevskii functional we will use the notation
Q={xeR: px) >0} (1.26)

We will always assume that A is a regular value of a, so that |[Da| > ¢ > 0 on 9€2, and
hence w > 0 in R3\Q, and

|V,0()c)|2 +p(x)>c>0, px)=>cdist(x, 02), forallx € Q. (1.27)
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1.2.1. Results: Bose-Einstein condensates Our results for the Gross-Pitaevskii func-
tional parallel those we obtain for the Ginzburg-Landau functional: we identify a limit-
ing variational problem, see (1.28), (1.29) below, characterize when minimizers of the
limiting problem are vortex-free to leading order, and obtain a description of minimizers
of the limiting problem as solutions of a sort of nonlocal vector-valued obstacle problem.

We start by proving a theorem that characterizes I'-limits of the Gross-Pitaevskii
functional, see Theorem 14 in Sect. 4. This is parallel to Theorem 4 from [7] for the
Ginzburg-Landau functional, and the proof relies on results from [7] on the reduced GL
functional (i.e. without magnetic field). An immediate consequence of Theorem 14 is
the following.

Proposition 5. Assume that . = |loge|®, with ® € L} (A'R?) and that |®(x)|?> <
Ca(x) outside some compact set K.
Assume that uc minimizes Ge in H .. Then

uel = pin L*®R?)
for p defined in (1.24), and there exists jo € L3 (A'Q) such that
loge| ™ jue — jo weakly in L4/3(R3).
g J J

Moreover, jo = pvg, where v is the unique minimizer of

Gv) = vl? o+ 128
(U)-—/QP(T—U' +§| U|) (1.28)

in the space
L3 (A'Q) = [v el (A'Q) : /Q,o|v|2 dx < oo] . (1.29)

(We set G(v) = +00 if dv is not a Radon measure or if p is not |dv|-integrable.)

For a range of higher rotations, we obtain a limiting functional (j ,in a sense similar
to Proposition 5, where G(v) = % fQ plv — ®|?. Thus it is immediate that the unique
minimizer of G is ®. Arguing along these lines, we will prove

Proposition 6. Assume that &, = /gD for | 10ge|2 & ge < €72, and assume that
D, a satisfy the assumptions of Proposition 5. Assume also that ue minimizes G¢ in H a] e

Then luc| — p in L*(R3) for p defined in (1.24), and g;ljue — p® weakly in
L4/3 (RS)

Remark 8. In particular, Proposition 6 implies that for a supercritical rotation around the
(vertical) x3 axis, corresponding to & = ,/ge %0 (x1dxy — xpdx1) with g, as above, the
limiting rescaled ground-state vorticity is given by dvg = codx; A dx3, corresponding
to an asymptotically uniform distribution of vortex lines throughout the condensate,
regardless of its geometry or topology. This generalizes to 3 dimensions results obtained
in [15] in the 2d case.

For even higher forcing regimes g. > €~ -, as in the case of superconductivity, this
picture is expected to be no longer true, as suggested by the 2d phenomenology (see
Sect. 1.2.2).

2
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We next identify a necessary and sufficient condition on ® and p for minimizers of
the limiting functional G to be vortex-free, by which we mean that dvg = 0 in Q2. For
this result, it is useful to note that the space L}%(A1 2) defined above is a Hilbert space
with an inner product and norm that we will write as

(mwnﬁiépvwmm, Il = (v, v)}/%.

We will sometimes use the same notation to denote the p-weighted L? inner product or
norm for k-forms with values of k other than 1; the meaning should always be clear from
the context. We let P, denote the orthogonal projection with respect to the LIZ) inner
product, onto (ker d),, where

(kerd), := L2-closure of {¢ € C*(A'Q) :dp =0, ||p], <o0}.  (1.30)
We will also write PpL for the complementary orthogonal projection. Note that if w €
Image(P;-) = (kerd)L, then f(pw) -¢ = 0 forall ¢ € (kerd), D kerd. Thus

pw € (kerd)*, and so it follows from the standard unweighted Hodge decomposition
(see Sect. 2.2, and in particular (2.7)) that
/uwﬁ wl2.

(1.31)

Vw € (kerd),, 3B € Hy(A*Q) such that w =

Thus if ® € L%, there exists S¢ € HJ{, such that d*B¢ € L% and

d*
®=P,d+ Po. (1.32)

We now state

Theorem 7. Suppose that Q is a bounded, open subset of R® and that p € C'(Q) and

[ONS L?OC(A1R3) N L% (A'Q) are given, with p satisfying (1.27).
Let B € H]{, (AZQ) be such that P;-QD = d*fd’, and let By minimize the functional
d* 2
"Bl (1.33)
in the space
1,22 d*p 2,41 1
B € Hy(AQ) : e €LI(AQ), [IB—PBalpx < 3 (1.34)

where
|81l px := sup [/ B-dw: we CW(AIQ),/ pldw| < 1]. (1.35)
Q Q

Then vg = P, ® + & ﬂo is the unique minimizer of G(-) in L% (ALQ).
Moreover,

1
./wrwwdw=§/mww (1.36)
Q Q

Finally, dvg = 0 if and only if || Bo || p+ < %
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Note that (1.36) states that the action of the vorticity distribution dvy on the potential
Bo — Ba is the largest possible given the constraint (1.34). Similar considerations apply
to (1.12) and (1.9) in the case of superconductivity.

Remark 9. Since P,® € (kerd),, it can be further decomposed into a harmonic part,
corresponding to permanent currents possibly present for multiply-connected domains,
and a global phase, or equivalently a gradient part. In the 2d case the relevance of those
different contributions has been pointed out in [1,18,19]. Our formulation has the virtue
of automatically incorporating permanent currents and a global phase, without the need
for any special consideration.

Remark 10. 1t is known from earlier work on the 3d Gross-Pitaevskii functional, see
[3,21], that the bulk vorticity associated to a wave function u. is naturally identified
with dve, where ve = uc/fe and fc is a vortex-free minimizer of G, see Step 3 of the
proof of Theorem 14 for the definition and a discussion. Since fe — ./p uniformly on
R3 ([27] Lem. B.1), it follows from Proposition 4.2 and Theorem 7 that the leading-order
vorticity vanishes, that is,

|loge|'dve — 0 in W P(K) forall p <4/3, K CC Q (1.37)

if and only if [|Bollp+ < % (One could also formulate inhomogeneous W~=LP norms,

incorporating f. as a weight, such that the above convergence holds on all of R3.)
In particular, parallel to Remark 4, for a uniform rotation about the x3 axis, one easily
checks that the leading-order critical rotation is given by

Doy = (A +o(1))|logel(x1dxz — x2dx1), Aep = ——.
2||,8<1>1 ”p*
As in Remark 4, it is expected that the leading-order critical rotation agrees (to lead-

ing order) with the actual critical rotation. For a special class of potentials, a form of this

assertion follows by combining our results with those of [3,21]. Indeed, these authors
show (formally in [3], rigorously in [21]) that for

(1.38)

3
a(x) = Zu),-xi2 with w; > 0, D, = Alloge|(x1dxy — xadx1),  (1.39)
i=1

the vorticity vanishes when A < A, in the sense that dve — 0 in various weak norms’

as € — 0. The techniques used in [21] give essentially no information about minimizers
for A > A,. A paper of Montero [27] extends some results of [21] to the larger class of
trapping potentials a and forcing terms &, considered here. Although it was not done
in [27], these results could in principle be used to prove that dve — 0 for subcritical
rotations in this generality, strengthening (1.37).

Remark 11. Parallel to Remark 6, note that determining a numerical value for A, as
defined in (1.38) requires solving the variational problem implicit in the definition of
the || - || o+ norm, and this problem does not in general admit an explicit solution. The var-
iational problem in question can be rephrased as one of finding a relatively closed curve
0 in © that minimizes y +—> (fy pds)™! fy * . For the model case (1.39), in which ©
is an ellipse, this equivalent problem is studied in [2]. In particular, it is shown that

1 A still more satisfactory statement that “the vorticity vanishes when A < A¢;” would show that |ve| is

bounded away from O for this range of rotations, at least in the interior of €2. This would yield a stronger
characterization of A, as the first critical rotation.
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o If w3 > max(wi, w2), so that Q is a “pancake-shaped” ellipsoid, then the optimal
curve )y is a vertical diameter of the €2. Then || B¢ || p«, and hence A, can be computed
explicitly.

o If w3 < /2/13 max(w1, wz) (which occurs for example if €2 is sufficiently “cigar-
shaped”), then the the vertical diameter is not an optimal curve, and there is presum-
ably no explicit formula for A, .

Remark 12. There canexist B € Hy (A>Q) satisfying % € Lo(A'Q)and || B« < o0,
but such that g is not |dw|-integrable for some w € L% (A'Q) such that f,oldw| < 1.
Hence the restriction to smooth 1-forms w in the supremum that appears in the definition

of the || - || p» norm.

1.2.2. Related results about 2d BEC. We do not know of any source in the literature that
establishes 2d results analogous to Proposition 5 and Theorem 7. Such results however
can be established by arguing exactly as in the proofs we supply here in the 3d case,
but taking as a starting-point results from [23] about I"-limits of the reduced Ginzburg-
Landau functional in 2d, rather than the analogous results about the same problem in
3d from [7], which (together with very general convex duality arguments) are the chief
input in the relevant proofs.

In particular, limits of sequences of minimizers in 2d are described, in the same sense
as in Proposition 5, by a functional G on L% (') of exactly the same form as in (1.28),

for a suitable 2 C R?. More generally, this functional can be obtained as a I'-limit of
the scaled 2d Gross-Pitaevskii energy, completely parallel to Theorem 14. Moreover,
this limiting functional admits a dual formulation as functional with constraints, parallel
to that in Theorem 7, and from this one can easily determine a necessary and sufficient
condition for the limiting vorticity to vanish.

On the other hand, for more extreme rotation regimes in anharmonic trapping poten-
tials in 2d, a quite detailed analysis has been carried out recently in [14,15,28].

In a different direction, the critical rotation has been derived in certain highly sym-
metric domains in for example [1,18,19]. These references also examine the behavior
of minimizers for slightly supercritical rotations.

The main difference between 2 and 3 dimensions is the form of the constraint in the
limiting variational problem. In particular, in 2d, as in 3d, it is the case that if vo mini-
mizes G, then dvg = d (d*%), where the potential Sy minimizes the functional (1.33),
subject to the constraint (1.34), where the norm in the constraint is defined as in (1.35).
The difference is that in 2d, the potentials 8 are 2-forms on R2, and so can be identified
with functions. And since it is not hard to check that {dw : fQ pldw| < 1} is weakly
dense in the set of signed measures p such that fQ pd|n| < 1}, the 2d constrained
problem reduces to minimizing (1.33) in the set

1 1
[ﬂ e H'(A’Q): ||;(ﬁ —Bo)llL> = St (1.40)

This is a classical (weighted) 2-sided obstacle problem; for many ®, using the maximum
principle it in fact reduces to a one-sided obstacle problem.

Thus we view the problem in Theorem 7 as a nonlocal, vector-valued analog of the
classical obstacle problem.
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2. Background and Notation

2.1. Differential forms. If U is an open subset of R"”, we will use the notation
WLrP(AKU) to denote the space of maps U — AFR" (that is, k-forms on U) that
belong to the Sobolev space W!7. A generic element w € W7 (AKU) thus has the
form

Z Wudx® A - A dx® 2.1)

{1 <ay<--<ag<n}

withw, € WP (; R) for every multiindex «. We use the notation L? (AKU), C®(AXU),
and so on in a parallel way.

For an open set © with nonempty boundary and w € C%(A*Q), we define wT and
wy in CO(A*IQ) by

wT = i*w, wherei : 9Q — € is the inclusion; oN = 0lyg — OT.

One refers to wT and wy as the tangential and normal parts of w on 2. We will use
the same notation wT, wy to refer to the tangential and normal parts of (the trace of)
a form w € W'?(AKQ), which one can define by noting that for example the map
® — wT, well-defined on a dense subset of W17 (A¥Q), extends to a bounded linear
map WHP(AKQ) — LP(AK3Q), or equivalently by applying the pointwise definition
of wT, say, to the trace of w at a.e. point of 9€2.

If w, ¢ are elements of LZ(Q; AK R™), written as in (2.1), we will write w - ¢» to denote
the integrable function defined by

w-¢p= Z Wy P -

{a:l1<a)<--<ap<n}

This allows us to define an L? inner product on spaces of differential forms in the obvi-
ous way. We write d* to denote the formal adjoint of d, so that [dw - ¢ = [ - d*¢
when w is a smooth k — 1-form and ¢ a smooth k-form for some &, and at least one of
them has compact support. Then

d*¢=(—DFxdx¢ if pisak-form,
where in R?, the » operator, mapping k-forms to (3 — k)-forms, is characterized by
WA KX =*w A @ =a)~<]5d)c1 Adx? Adx3.

(In even dimensions one must be more careful about signs.)
We will use the notation

WP (A*Q) := (w € WP (AFQ) - w7 =0},
Wyl (AKQ) = {w € WP (AKQ) : wy = 0},
and
HT(A*Q) == {w e W'P(AFQ) : w1 = 0,dw = d*w = 0},
Hy (A Q) := {0 e WP (A*Q) i wy =0, dw = d* o = 0}.

In fact forms in H]% and H’]‘V are known to be smooth.
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Gauge-invariance implies that the set of minimizers of JF. is noncompact in
HY(Q;C) x [Aex + H' (A'R?)]. In order to remedy this, we will often restrict F,
to a smaller space. Thus we introduce

H R AR = H! = (A e H' R} A'R3) : d*A =0} (2.2)
with the inner product (A, B)H,}(AIH@) = (A, B)y = (dA, dB)Lz(Ast). This makes
Hi (A'R3) into a Hilbert space, satisfying in addition the Sobolev inequality

||A||L6(A1R3) =< C||A||H£(A1R3)'

In view of standard results about the Hodge decomposition, given any 1-form A such
that A € Acox + H (R3 le) we can write B 1= A — Acex € H'! in the form

B=B+dp, where Be H' anddgp € H'(R>; A'R?).

Thus given any pair (i, A) € HY(; C) x [Apx + H! (A1R3)], there exists an equivalent
pair (u, A) = (le™ %, A — d¢) in HY(Q;C) x [Acex + H*l], so that in restricting F¢ to
H! (2, C) x [Acex + H*l], we do not sacrifice any generality.

2.2. Hodge decompositions. We will need several Hodge decompositions. First, on a
bounded open domain 2 with C! boundary, we have, for every integer k € {0, ..., n}
the decompositions

L2(A*Q) = dH' (A*1Q) @ d* H}, (A'Q) ® Hy (AFQ) (2.3)
and
L2(A*Q) = dHE(AF1Q) @ a* HY (AM1 Q) @ HT(AFQ). (2.4)

These are known from work of Morrey (see also [20], Thm. 5.7). The first of these, for
example, means that every w € L2(A*Q) can be written in the form w = da +d*B +y,
where o € HY(AK71Q), B € d*H}(A*'Q), and y € HK,, and moreover da, d* B, and

y are mutually orthogonal in L?.
‘We will sometimes use the notation

kerd = HY(Q) @ Hy(A'Q),  (kerd)! = d*HY (A*Q). (2.5)

This is justified by the following considerations. First, we claim that for v € L2(A'Q),
dv =0 as a distributionon @ <= v e dH' Q) HN(A1 Q). (2.6)

Indeed, to prove that v € dHY Q) ® Hy(ALQ), it suffices by (2.3) to verify that
v L d*H]{,(AZQ). Fix any g8 € H]{,(A2S2), and let x. € C2°(2) be a sequence of

functions such that x¢ = 1 in {x € Q : dist(x, 9R) > €}, [Vxelloo < Ce. Then the
assumption that dv = 0 in €2 implies that

0=/v~d*(xeﬁ)=/xev-d*ﬂ+/v'*-(dXeA*ﬂ)
Q Q Q
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for every €. Thus

/v~d*,6=lim/Xev-d*ﬂ:—lim/v-*(dxé/\*ﬁ)zo,
Q e—=0 /g =0 /o

where the last equality follows from the fact that Sy = 0. This proves one implication
in (2.6), and the other is obvious.
Similarly, the Hodge decomposition implies that if @ € L?(A*<Q), then

wed HL,(AY'Q) /a)-¢=0 V¢ € H'(AFQ) with dg = 0. (2.7)
Q

We also define
P = L2(A1§2) orthogonal projection onto d* WJ{,’Z(AZQ) = (ker d)J‘. (2.8)

Given A € H'(A'R?) for example, we will generally abuse notation and write P A}
instead of P(Aj|q). We remark that
1P B

=inf{||[B+ ]2, :v € H'(Q).dy =0}. (2.9)

(%)) (9]

For applications to Bose-Einstein condensates we will need a Hodge decomposition
in the weighted Hilbert space L% (A*). In particular, in the notation from the introduc-

tion (compare (1.29), (1.31)), we may decompose2 ¢ € L%(AIQ) as

d* d*
d=w+ p’g, w = Pyp € (kerd),, p

e L2(A'Q).

For refined results assuming p and ¢ sufficiently smooth, see [27].

2.3. Duality. We will frequently use the following basic result, whose proof can be
found for example in [16].

Lemma 8. Assume that H is a Hilbert space, and that I : H — (—00, 00] is a convex
function and that I (x) < oo for some x € H.

Let G(x) = I(x) + |x|1%,.

Let I'* denote the Legendre-Fenchel transform of I, so that

I°(8) = sup (6, x)p — I (x)).

xeH
Then if we define G'(x) 1= I*(—x) + |x|[%, the following hold:

(1) There exists a unique xo € H such that G(xg) = ming G(-).
(2) The same xq € H is the unique minimizer of G in H.
(3) G() +GT(y) = 0, and G(x) + G(y) = O if and only if (x, y) = (x0, X0)-

2 Notice that our notation is inconsistent, with P, = projection onto (ker d),, for Bose-Einstein, and P :=

projection onto (ker )t for superconductivity. These conventions are convenient however, and we do not
think they can lead to any confusion.
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3. Vortex Density in 3d Superconductors

3.1. A dual variational problem. We start with the proof of Theorem 2, in which we
identify a variational problem dual to that of miminizing J, which describes the limiting
density of vortex lines in a superconducting material subjected to an applied magnetic
field. We then use this dual problem to prove Theorem 3, giving a necessary and sufficient
condition for the limiting vorticity to vanish.

In the next section we present several different and, actually, simpler derivations of
(an equivalent but different-looking characterization for) the critical field. The approach
presented here, although a little more complicated, has the advantage of yielding the
dual problem of the statement of Theorem 2, which clearly generalizes, in an interesting
way, the obstacle problem identified in the 2d literature, see [32].

Proof of Theorem 2. Step 0. Let us write £ = A|g — v and { = A — Agy, so that in
terms of the &, ¢ variables,

1 1
.ﬂmA>=—/|a?waf—s+Amn+—/ dg|? = F(&, ).

2 Q 2 R3

Also, let H := L2(A!'Q) x H*l Note that H is a Hilbert space with the norm
1, ONF = 1€ + 1dE 172 g5,
and the corresponding inner product. We next define
1
1(,¢) = 5/ |d(¢ — &+ Acx)l
Q

so that

1
F@J)=§M&CW§+I@J)

As usual, 7 is understood to equal +oo if d({ — & + A,y ) is not a Radon measure. Let
I* denote the Legendre-Fenchel transform of 7, so that

¢, 0= sup {((6,0),E N —1E )
E*.0)eH

Let us further write

T _l 2 *

Step 1. As remarked in Lemma 8 above, (§o, {o) minimizes F' if and only if (—&o, —%o)
minimizes F". To compute /*, note that for (¢,¢) € H,

1
I"(¢,¢) = sup [((&C), ("= Aex)+Aex, £ 0 — 5/ Id(C*—(S*—Aex))I]
(§*,6%)eH Q

1
= (&, Aex) 2@+ sup [((E, ), (&, K*))H—E/ Id(;“*—é*)I] S ERY
(§*,6%)eH Q
It is clear the supremum on the right-hand side equals zero if (&, ¢) satisfies

1
/ It - £ +d¢ -di* < —/ ld(¢* — &%) forall (6%, ¢%) € H, (3.2)
R3 2 Ja
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and if this condition fails to hold, then (by homogeneity) the sup in (3.1) is infinite. Thus

e | A)ag  if (32) holds
6.0 = ’+OO if not.
It follows that
Fre. oy = [ 21€+ A Ol = 314elfaq,  if (3:2) holds
’ +00 if not.

Step 2. We want to rewrite F T in a more useful form. To this end, we first claim that
(&, ¢) € H satisfies (3.2) if and only if

/d§~d§* < l/|d¢*| forall ¢* € H'(A'R?) (3.3)
R3 2 J)a

and
¢ €HA.NH!, and d*d¢+1gé =0. (3.4)
Step 2a. First assume that (3.2) holds. Note that since (&, ¢) € H.

1 .
(&, 0), E*, ¢ < E/Q ld(¢* —£%)|  forall (£,¢) € L2 (A'Q) x HY(A'RY).

This follows from (3.2), since we can write (§*, ¢*) € L2(Q) x H' (R3) as (6%, ¢') +
(0,¢"y with (6%, ¢’y € Hand ¢” L H]}, so thatd¢” = 0.

Now we immediately obtain (3.3) by taking (§*, ¢*) of the form (0, £*) in the above
inequality. Similarly, by choosing (§*, ¢*) of the form £(¢*|q, ¢*) we find that

/ dC-dc*+1gE -¢*) =0  forall¢* € HY(A'RY). (3.5)
R3

Since d*¢ =0 forall ¢ € I-'I*l, we see from (3.5) that —A¢ + 1€ = 0 as distributions,
and hence from elliptic regularity that ¢ € Hﬁ) . (R3) and that d*d¢ + 1qg& = 0 a.e. in
R3, so that (3.4) holds.

Step 2b. Conversely, suppose that (3.3), (3.4) hold. Clearly (3.4) implies (3.5), so for
(X*, %) € HY(A'R?) x H'(A'RY),

/s-x* +/ d;-d;*@/ de -d(C* — X%
Q R3 R3

331
= 5/ (" — X*)].
Q

Thus (3.2) follows whenever &£* is the restriction to Q of some X* € HY(A'RY).
We next deduce from this that (3.2) holds whenever £* € LZ(A'€2). We may assume
that d&* is ameasure, as otherwise the right-hand side of (3.2) is infinite and there is noth-
ing to prove. Then, given (£*, ¢*), itsuffices to find (X%, ¢¥) € HY(A'R}) x HY (AL(R?)
such that
X*|q — £* weakly in L>(A'Q),
deF — dr* weakly in L>(A'R?), and

/|d(c€*—X:>|A/ (" — ).
Q Q

(3.6)
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To do this, we start by fixing, for all € sufficiently small, a C 1 diffeomorphism
W, : R? — R3 such that

Y. ({x € R : dist(x, Q) < €})) C Q, W(x)=x if dist(x,dQ) > /€ (3.7
and
IDWe — 100 < C/e, DU, — I < CVe. (3.8)

For example we may take W, in {x € R? : dist(x, 9Q) < J/€} to have the form
W (s) = x — fe(d(x))v(x), where v(x) is the outer unit normal to d€2 at the point of
02 closest to x, and d(x) is the signed distance (positive outside €2, negative in 2) to
0%, and f. is a nonnegative function with compact support in (—4/€, /€) such that
|l = Cyeand fe(e) > .

Next, let £* denote some extension of £ to an element of L2(A'R3), and let v be
a smooth nonnegative radially symmetric mollifier with support in B(0, €/2) and such

that [ ¢ = 1.
Then we define

XEi= e x (WEE), and = e % (WECH).

Then the verification of (3.6) follows by a reasonably straightforward, classical argu-
ment. (See for example the proof of Lemma 15, at the end of Sect. 4.1, where similar
computations are carried out in detail in a somewhat more complicated setting.)

Step 3. In view of (3.4), we can eliminate £ from the expression for F to find that

I (=d*dt + Aex. O = 31 Aexl}s g, if (3:3), (3.4) hold

+00 if not.

Fi¢g o) = [

We now rewrite everything interms of A = ¢ + Agy, v = Alg — & = (C + Aex)lo — &,
and B =d(A — Aey) = d¢.

First, the constraints (3.3), (3.4) are equivalent to the conditions appearing under part
1 of the statement of the theorem, that is,

BeC, and d*B+1q(A—v) =0, (3.9)

where the constraint set C is defined in (1.9).
Second, it follows from Lemma 8 that
(vo, Ag) minimizes F in L>(2) X [Aex + Ho]
& (Ap — v, Ag — A,y) minimizes F in H
< (v9 — Ag, Aex — Ag) minimizes F' in H,
<= (vo, Ap) minimizes F' in L2(Q2) x [Aex + Hol,

where FT(v, A) := FT(v— A, Aex — A) + %||Aex||iz<9)~
Thus

31— A+ Aex, Aex — A%, if (3.9) holds, and
+00 if not.
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Rewriting F ' in terms of B := d(A — A,,), it follows that (vg, Ag) minimizes F' if
and only if conditions 1 and 2 from the statement of the theorem hold. Remark finally
that (1.12) follows from (1.11) and the relation

1
—/ |dvg| + /(vo—Ao)'v():() 3.11)
2 Ja Q

which in turn follows by stationarity of F (v, Ag) with respect to variations v, = e’ - vy
aroundz =0. O

3.2. First characterization of the critical applied magnetic field. We next want to prove
Theorem 3, which gives a necessary and sufficient condition for the vorticity of a mini-
mizer of F to be nonzero. Recall that this criterion involves the minimizer of an energy
Eoinaspace C’, defined in (1.15). We first establish some facts about C’. Given a function
v defined on €2, we use the notation 1qv to denote its extension to the function, defined
on R3, that vanishes away from .

Lemma 9. Assume that B € H' (A’R>)NdH'(A'R3). If B € C', then supp(d*B) C ,
and (d*B)|q € d*HY(A’Q) = (kerd)*. Conversely, given any ¢ € d*H) (A’Q),
there exists By € C' such that d* By = 1q¢ Finally,

cc () wrc )L (3.12)

I<p=2 %<q§6

Remark 13. The proof will show that By = d(— A)"1(1qe), where (—A)~! denotes
convolution with the fundamental solution for the Laplacian on R3, with (—A)~! (1g¢) €
m1<p§2W2’p C Ny=3L".

Proof. Step 1. We first claim that if B € C’, then

/ d*B-v=0 forallve L?>(A'R3) such that dv = 0 in Q. (3.13)
R3

(Recall that by definition of C’, this identity holds for v € H'(A'R?) such that dv = 0
in 2.) To see this, define a diffeomorphism W, : R3 — R3asin (3.7), (3.8), and let Ve
denote a symmetric approximate identity supported in B(0, €/2). Given v € L*(A'R?)
such that dv = 0 in €2, define ve = VY, * (\I’fv) e HY(A'R?). Clearly ve — v in
L%(R3), as € — 0, and we also claim that dv, = 0 in §2. To see this, note that for any
¢ € Cla’Q),

/ dve -¢=/ Ve -d*¢=/ W (Ye % d*p) =/ Vo Ad x (Y * $).
Q Q R3 R3
Since \Ilfv Adx (Ye x @) = \Ilf[v A (\115_1)#(41 * (e * ¢))], it follows that

/dv€-¢>= vAd(wgl)#(*(we*qs)).:/ v-d* * e (3.14)
Q U, (R3) R3
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for ¢ := (W 1* (x(¢ * ¢)). The definitions of W, and v imply that ¢ has compact
support in Q. Thus [, dve - ¢ = [, dv - pe = O forevery ¢ € C1(A2Q), and it follows
that dve = 01in Q. Then if B € C,

/ d*B -v = lim B -dv. =0.
R3 e—0 JR3

Step 2. Now for B € C',if x € C2°(R3\Q), then xd*B € L>(A'R*) and d(xd*B) = 0
in 2, so ng x1d*B|?> = 0 by (3.13). Hence supp(d*B) C . Then (3.13) implies that
forany v € L?(A'Q) such that dv = 0,

0 =/ d*B-(lgv):/d*B~v.
R3 Q

Thus (d*B)|g € (kerd)t = d*H\ (A%Q).

Step 3. Now, given ¢ € d*HJ,(Aw), let ¥ = (—A)"!(1g¢), and let By := d.

Then the fact that ¢ € d*H), implies that d*(1g¢) = 0 on R3. It follows that
d*y = 0, and hence that d*By = d*dy = (d*d + dd* )y = —Ay = 1g¢. In
particular supp(d*vy) C Q.

Finally, to see that By € C', observe that 1g¢ € ﬂlspgle’(AlR3), so elliptic
regularity and embedding theorems imply By, € ml<p52W1’p C M3j2<q<6L?, By €
H'(A’R3) NdH'(A'R3), and in addition (3.12) holds. It is clear that supp(d* By) =
supp(lgp) C Q,s0 B, €C'. O

We need one more easy fact about C’.

Lemma 10. If By, By € C/, then there exists Y| € ﬂl<p52W2”’(A1]R3) such that

dyry = By and
/ Bi-By = / Yy -d* Bs.
R3 Q

Proof. Let Y| = (—A)~1d*B, so that in view of Remark 13,

/Bl-Bz=/ dlﬂl-32=/ lﬁl-d*32=/1/f1-d*32
R3 R3 R3 Q

where the integration by parts is easily justified in view of the decay properties recorded
in (3.12) and Remark 13. O

Now we give the

Proof of Theorem 3. Step 1. We first assume that || By|x < % Then, recalling (1.11),
and recalling that d By = 0 since By = d(Ap — Aex), we must show that

0=dvy=dd*By+dAy =dd*By+ By + H,, inQ.

Since By and B, minimize & in C and C’ respectively, and since C C (', it is clear that
By = By if and only if B, € C, which holds if and only if || By|[« < % So it suffices to
check that

dd*By+ B, + H,y =0 in Q. (3.15)
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To do this, we take first variations of &y in C’ to find that B, satisfies
/R3 B*~B+/Q(d*B*+Aex)~d*B:0 forall B €C'. (3.16)
By Lemma 10, we may rewrite this as
/Q(w+d*B*+Aex)-d*B =0 forall B e C',

where v = (—A)’ld*B*, so that dyy = B,. Then we conclude from Lemma 9 that
(Y +d*By + Aex)|q € ((kerd)1)T = ker d, and hence that d(y + d* B, + Aex) = 0 in
2, which is (3.15).

Step 2. Now we assume that dvg = 0 in 2. We will show that in this case, &y (By) =
Eo(By). Since B, is the unique minimizer of & in C" and By € C C C’, this implies that
By = B, and hence that B, € C or equivalemtly, that || By||« < %

First note that

/ vo-d*B =0 forany B € C/, (3.17)
Q

since d*B € d*Hli,(AZQ) = (kerd)* by Lemma 9. Applying this to B = By and
recalling that vg = d* By + Ag = d* By + (Ag — Aex) + Ay in 2, we obtain

0Z/(d*BO""(AO_Aex)"'Aex)'d*BO
Q
=/ (d"Bo+ (Ao — Aex) + Aex) - d* Bo
R3
:/ |d* Bo|? + | Bo|*> + Aex - d* Bo.
R3

(The integration by parts is easily justified using (3.12).) Using this to rewrite the defi-
nition of &y yields

fo(Bo) = [ A "B+ lAes P (3.18)
Step 3. Next, taking B, as a test function in (3.16), we obtain
/R3 |Bol? +1(|d*B.|* + Ay - d*B) = 0.
It follows that
Qo) = 5 [ @B e+ 1Aul), (3.19)
From (3.16) we also have

0= / B, - Bo+1a(d* By + Auy) - d* By = 0. (3.20)
R}
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On the other hand, again using (3.17), we compute
0= [ wo-d"B= [ @ Bo+ (Ao = Ac)+ Ace)- 4",
— | @ Bo+ (A= Ac) +1aAc) B,
_ /R d*By-d*By + By - By + 1Ae, - d* By,

recalling that d(Ag — Aex) = Bo. And by comparing this and (3.20), we find that

/ Ay - d* By =/ Ay - d*By.
Q Q

This, together with (3.18) and (3.19), shows that & (Bx) = &y(By), completing the
proof. 0O

3.3. An alternate characterization of the critical applied field. Our next result gives a
different characterization of the critical field.

Theorem 11. Let (vo, Ag) minimize F in L>(2; A'R3) x [Ax + H!1.
Further, let

1
Ei(A) = E/ 1g|PA)> + |dA — H,.|* dx, (3.21)
R3
where P is defined in (2.8), and let A| minimize £1 in Aqy + HY(R3; AR, Let o €
HY(Q: AZR?) be such that
d*a; = PAy, doy =0 inQ, aiy=0 ondQ. (3.22)
(Such an oy exists by definition of P.) Note that A1 and hence a1 depend on A.x.
Then dvy = 0 if and only if
lloeg |l := sup / dv-op <1/2. (3.23)
ldv[()=<1/Q
Moreover, if dvg = 0 then Ag = Ajy.

3.3.1. Theorem 11 via a splitting of F. We will give three proofs of this theorem. We
first present the most direct proof, which does not use convex duality at all.

First proof of Theorem 11. Recall from (2.6) that for v € L?(A'Q), dv = 0in Q if and
only if v e dH' () ® Hy(A'Q) = kerd, see (2.6). Define

jz'(v, A) :=inf{F(v+y,A) :y €kerd}
29 1

[/ |dv| + | P(v — A)|>dx +/ |dA—Hex|2dx]
2 Q RS

(Note that the definition (3.21) of £ can be rewritten £ (A) = F(0, A).) It is clear that

(vo, Ag) minimizes F < (v+ y, Ap) minimizes F for some y € kerd.
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Since we are interested here in dvg, we may consider F instead of F. We rewrite
Fv, A) = E(A) + %/Q |dv| + |Pv|> —2Pv - PAdx.

Since A| minimizes &y,

/R3 1gPA; - PB+(dA] — H,y) -dBdx =0 (3.24)
forall B € H'(R3; A'R?), so that

EI(A1+B) = &1(A) + %/Ra 1o|PB|*> +|dB|* dx
for B as above. Given any A, let us write A = Aj + B. Then
F(v, A+ B) =51(A1)+%/Q|PB|2dx + /R3 |dB|* dx
+ %/9 |dv| + | Pv|*> —2Pv - (PA, + PB)dx

1 , 1 5 1
=— [ |PB=v)?+= [ |dB*+ | =|dv|— Pv- PA;.
2 Q 2 R3 522

For « as in the statement of the theorem,

/Pv-PAl = / Pv-d*a; dx = /dv~a1 dx, (3.25)
Q Q Q

where the boundary terms arising from integration by parts have vanished due to the fact
that oy y = 0. Thus

- 1 1
F(v, A)=51(A])+—/ |dB|2+IQ|P(U—B)|2+/(—|dv| —dv-ay). (3.26)
2 R3 Q 2

If condition (3.23) holds, then fg(%|dv| —dv-ay) > 0forall v e L?(R), and thus
ﬁ(v, A) > E1(A)) for all (v, A). Moreover, if (vg, Ag) = (vg, A; + Bg) attains this
minimum, then 3 [ps [dBo|? + 1| P(vo — Bo)|* = 0, and this implies that dvy = 0.

And if (3.23) fails, then there exists some v; such that fQ —dv; - a1 + %|dv1| < 0,
and then it is clear that F Ay, A < E1(A)) = F (0, Ap) for all sufficiently small
A > 0. Thus F(vg, Ag) < E1(A) for any minimizing (vg, Ag), and then (3.26) implies
that dvg # 0.

Finally, if dvy = O then it is clear from (3.26) that (0, A;) = £1(A]) = min F,
and and hence that Ag = A|. O

3.3.2. Theorem 11 via partial convex duality. We next prove Theorem 11 by a duality
computation that differs slightly from the one used in the proof of Theorem 2. The result
of this computation is summarized in the following
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Lemma 12. Let
1
N = [g € LX) : (£, &) 2 < 5/ ldg| foralle € LX)},  (3.27)
and define
3 o 1 2 2 1. 2
FHA) = E/]R3(|d(A = Ae)* + 1g|AP) dx — 2 disty, o (A, N).  (3.28)

Then (v, Ag) minimizes F in L>(Q2; A'R3) x [A.x + H}] if and only if

1. Ao minimizes F* in [Aey + 1-'1*1], and
2. A()|Q — g € N, and ||A0 - vO”LZ(Q) = diStLZ(Q)(A(), N)

It is clear from the definition that N C (kerd)* = Image(P), and it follows that
Fra) = » A(A — Ay P + 1| PAPR) dx — + dis?, . (PA, N
( )_ E R3(| ( - ex)| + Ql | ) x_E IStLZ(Q)( ) )
1 .2
=E&1(A) — 3 dist )(PA, N). (3.29)

L2(Q

[T L)

Proof. We will compute the convex dual of F with respect to the “v” variable only,
treating A as a parameter. Thus, let§ = A|qg — v, and write F(§; A) = F (v, A), so that

_ e 1 ,
F@;A):E/Qm +|d(A—s)|+5/R3 (A — AP

Let

- 1 1
1§ A) = E/Q ld(A —&)| +ca, cA = 5/11%3 |d(A = Ae) .

Then F(&; A) = 1(¢; A) + 1€ 3.
Next, let

e )= sup {6,620 — 1E M)
tel?

A short computation like that in the proof of Theorem 2 shows that

(E*,A) —ca if&E*eN

+00 if not (3.30)

I*(E% A) = {
for N as defined in (3.27). Now let
- - 1
FHES A) = T* (€% A) + Ensnz

_ [ (& A+ 5E1P—ca ifEFEN

T ] +o00 if not

_ [ 31E = AP = 5 Jpe(d(A — Ap) P +10]A?) dx ifE* € N
+00 if not.
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Then it is clear that

—i?*f FHE* A) = FHA)

as defined above, and that the infimum is attained by a unique &, the closest point to A
in the (closed convex) set N. Recall from Lemma 8 that £ minimizes F'(-; A) if and only
if it minimizes F*(-; A), and moreover that ming F(-; A) = — ming F¥(:; A). Thus

‘}},‘f}f(”’ ) mznmvmf(v, ) mf{ﬂ( min (&, A) m/;nf( )s

and (vg, Ag) minimizes F if and only if Ag minimizes F* and vg = Ag|q — &, where
&o is the closest pointin N to A. O

Now we use Lemma 12 to give a

Second proof of Theorem 11. Fix (vg, Ag) minimizing F, and A; minimizing &. By
Lemma 12, Ag minimizes F f,

We write £y = Aglq — vo as above, so that & is the closest point to Ag in N. From
the definition (2.8) of P we know that d PAy = d Ag, so that

dvo=0 <= d(PAy—£&) =0 inD'(Q).

Also, PAg — & € (kerd)* = d*WI{,’Z(AZQ), since the definitions of N and P imply
that N C (ker )" and Image(P) = (ker ). Then (2.6) implies that d(P Ao — &) = 0
in D' if and only if PAg — & € d*Wy*(A2Q) N (dH'(Q) ® H(A'RQ)) = {0}. In other
words, dvg = 0 if and only if PAg = &p. But since & is the closest point in N to Ao,
and hence to P Ay, we conclude that

dvgp=0 <= PAgeN. (3.31)

Next, note that A > F i(Agx + A) is strictly convex in HJ, so that the minimizers
Ag of F¥ and A; of & are unique. Also, (3.29) implies that if PA € N and A’ € H*l,
then

FHA+A) < E(A+A) < FHA) + CIA 15 < FHA) +CIA |7,

()

Thus any critical point A of € such that PA € N must also be a critical point of F#,
and conversely.

PAop € Nifandonlyif PA; € N. (3.32)

It follows along the same lines that if dvg = 0 then Ag = A;. Finally, recalling the def-
initions (3.22) of «; and (3.27) of N, and integrating by parts as in (3.25), we conclude
that

1
PA1eN <= |ails = >

By combining this with (3.31) and (3.32), we conclude this proof of Theorem 11. O
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3.3.3. Equivalence of Theorem 11 and Theorem 3. In Theorem 3 and Theorem 11,
we have derived two necessarily equivalent but rather different-looking necessary and
sufficient conditions for the vorticity dvy of a minimizing pair (vg, Ag) to vanish. In
this section we elucidate the connection between the auxiliary functions B,, defined in
Theorem 3, and o1, defined in (3.23).

Proposition 13. Ifdvy = 0in @, then PA| = d*a; = (d*By)|q, and |||« = || Bs ||«
This can be seen as a third proof of Theorem 11.

Proof. 1If dvy = 0, then Pvg = 0, and we have seen that Ao = A; and By = B,. As a
result,

(d*By)|@ = (d*Bo)lq = P(d*By) = P(Ag —vg) = PAg = PA| = d*«
by Theorem 3, Lemma 9, and (1.11). Thus for every v € H'(A’R?3),

/ dv-B*z/ v-d*B:/v-d*B:/v~d*a1=/dv-a1.
R3 R3 Q Q Q

Now the conclusion follows from the definitions of the norms || - || and || - ||+, see
(1.10) and (3.23). DO

4. Vortex Density in 3d Bose-Einstein Condensates

In this section we use the results of [7] to prove convergence as € — 0 of Gross-Pitaev-
skii functional G, defined in (1.25) to the limiting G, defined in (1.28). We also establish
some results describing minimizers of G.

4.1. T'-convergence. Our first theorem makes precise the sense in which G is a limiting
functional associated to the sequence of functionals (Ge)ee(o,1]. The statement of the
result uses some notation that is introduced in Sect. 1.2.

Theorem 14. Assume that . = |loge|® for ® € L} (A'R?) and that |®(x)]* <
C(a(x) +1) forall x € R3.

(i) Compactness. Assume that (ue)ec0,1] C Ha‘_’m and that there exists some C > 0
such that

Ge(ue) < Clloge>  foralle € (0,1/2]. 4.1)

Then there exists j € L*3(A'R?), supported in Q, such that if we define v = %j lQ
and pass to a subsequence if necessary, we have

Jue
g e]

— j = pv weakly in L**(R?), and v € L2(A'Q) with / pldv| < oo.
Q
(4.2)

(ii) Lower bound inequality. There exists a sequence of numbers (ik¢) such that if we
assume the above hypotheses and (4.2), then

lim inf | log €] 72 (Ge (1) — k) > G(v). (4.3)
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(iii) Upper bound inequality. Given any v € L%(AIQ) such that dv is a measure on
Q with fQ pldv| < oo, there exists a sequence u. € HJ’m such that (4.2) holds
and lime_, o |log €| ™2 (Ge (ue) — ke) = G(v).

Remark 14. Actually, we have k. = G.(fe), where the real-valued function f, mini-
mizes G in Ha1 (R3: R).

The theorem states that the functionals | log e|_2(g€( ) — k) converge to G in the
sense of I'-convergence, with respect to the convergence (4.2). As remarked in the
Introduction, Proposition 5 is a direct corollary of Theorem 14 and basic properties of
I"-convergence.

Remark 15. In fact we prove a more general result than Theorem 14, since we also allow
higher rotations ®, = /ge®, with |loge|?> « g <« €~ 2. In fact we show that for

JUe

such @, if Gc(ue) < Cge, then after passing to a subsequence, NG — j weakly in
LY3(A'R?), with j = 1gpv for some v € L2(A'Q), and

5 2
g7 (Ge() —k) 5> GO, where G(v) = /Q o (”7 - v) . (4.4)

Proposition 6 and Remark 8 in the Introduction follow as immediate corollaries.
The proofs rely at certain points on Theorem 2 in [7].

Proof of Theorem 14 and Remark 15. Let G (uc) < Cge, for |loge|? < ge <« €2, and
let &, = /g P.

Step 1. First we control the potentially negative term in G, (u¢). To do this, recall our
assumption that |®|2 < C(a+1). Since | ju| < |u]| |dul, it follows that

1 1 1
| - jucl = S8l ®Pluf? + Sldul® < Cgela+Dlul + Sldul.
But (1.24) implies that a(x) = w(x) — p(x) + A < w(x) + A, so it follows that
. 2, 1 2
| D¢ - jue| < Cge(w+ A+ 1)|uc] +§|due| .

Integrating this over R? and recalling that ||u, I|% = m, we obtain

/ |®c - jite] < CGe(ue) + Cge(h+ 1)/ lue)* < Cge.
R3 R3
It follows from this that

1 2 1 22, W 2 .

- §|due| + E(ﬂ — |ue|”)” + F|ue| = Ge(ue) + - D, - jue < Cge.
4.5)

In particular |u |2 — pin L2(R3).
Step 2. Next,

4 202 2 2 2 2
luellaggsy = Il luel”l72 = CAl uel” = pll72 +lIoll72) = € +€°Ge(ue) < C,
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and Step 1 implies that ||du¢| ;2 < C./ge- Since || juc| a3 < lluel pallduel 2, we con-
clude that {\/;gi jue} is uniformly bounded in L*/3(R?), and it follows that there exists

some j € L*3(R3) such that
Jue
8e

— j weakly in L3 along some subsequence. (4.6)

Step 3. Now let fe denote the minimizer in Ha1 (R3: R) of G.(-), where Ha1 (R3: R) is
defined by analogy with Ha1 (R3; ©), see (1.23).

Note that when f is real-valued, jf = 0, so the forcing term @ - jf vanishes on
Ha1 (R3: R). It is standard that fe does not vanish, and we will assume that f, > 0. Then
forany u € Hal’m we may define U := u/f,, and it is known that

Ge W) = Ge(feU) = Ge(fe) + He(U) + /R3 [P0 jU, (4.7)

where H,(U) = H.(U; R?), and for a measurable subset A C R? we write

fe

462(|U|2 — 1% dx. (4.8)

. ._ fez 2
H (U; A):= | ==1dU* +
A 2

See Lemma 3.1 [27] for a proof in exactly the situation we consider here,? following ideas
that originated in [25] and have been used extensively in the literature on Bose-Einstein
condensates. It is also known that ff — p uniformly in R3, see [27], Lem. B.1.

Step 4. Now let ' denote a subset of € such that Q' CC £, so that p > 2¢" in &’ for
some ¢’, and hence ff > ¢/ for all sufficiently small €. Let U, = uc/fe, and note that
Step 1 implies that H, (Uc) < Cgc. Thus the functional

5 1 2 1 / ¢ 2 2
H.(Ue) = EIdUeI +€7W(M) < Cg.,  where W(U) = Z(IUI -1,
Q/

verifies in €' hypothesis (H,) of Theorem 2 in [7], for ¢ = 4. Hence Theorem 2 of
[7] (or arguments such as those in Steps 1 and 2 above) imply that there exists some

v’ in L2(A'Q') such that, after passing to a further subsequence if necessary, f/l;i —
€

v’ weakly in L*3(A'Q"). Since u. = f.U,, one easily checks that ju, = f€2 JjUe, and
then it follows from (4.6) and the uniform convergence f> — p that j = pv’ in ’, and
hence that v/ = j/p =: v in ' and is independent of Q’. It also follows that the chosen
subsequence is independent of €'. Let moreover

L1,
e = — | z1dUc|” + W (u) ) dx,
2 €?

8e

be the energy density of H., and notice also that fQ, We is uniformly bounded, so that
after passing to a subsequence, we may assume that there exist a measure pg €’ such
that . — po weakly as measures in Q' It then follows from Theorem 2 and Remark

3 That is, the Gross-Pitaevskii functional on R? with a rather general trapping potential @ and forcing term
®, considered in the function space Hal,m. The Gross-Pitaevskii integrand is written in a slightly different
way in [27], but this is purely a cosmetic difference.
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4in [7], that, in the case ge < C|loge|?, no = 2(|v[>dx + |dv]), in the sense that |dv|
is a Radon measure, and

1
po(U) > E/U('”'zd“'d“')

for every open U C £/, while for |loge|2 & ge < €% we have py > %|v|2dx. In
either case we deduce (using basic facts about weak convergence of measures) that

hmlnf —HE(UG, Q) = 11m1nf/ fE e > / PO 4.9)
8e
which yields
1
hmmf—He(UE, Q) > —/ o(Jv|> dx + |dv|) if ge < Clloge|2,
Q/

e—0

(4.10)

and

1
11m1nf—HE(U€,Q)>—/ plvfdx  if|loge]? € ge € € 2. (4.11)
€e—~>0 g¢ ’

Since this holds for all Q' C €, it follows in particular that v € L% (A'Q) and (in case
ge < C|logel?) that dv is a measure on all of Q with Jq pldv| < 00, nearly completing
the proof of (4.2). (We still need however to prove that j is supported in £.)

Step 5. We next claim that

1
—/ f€2d>e~jU€—>/ o -v. (4.12)
8e JR3 R3

To prove (4.12), since . = /g P and
L*3(), it is clear that

f]ue =

1
—/f3<1>e-jue—>/p<b-v,
8e JQ Q

and we only need to show that
/ o.M 0.
R3\Q A/ 8¢

Since p = 0 outside €2, in this set we have

ﬁff jUe — j = pv weakly in

1 3¢l/3
1jwe)l < luel ldue| < —lucl* + \due|*?

4e

1 2 2
= — — +
1 (luel” = p)
whence, for any compact K C R3, we see from (4.5) that

/ el = € (ev/8e + (evED'").
K\Q

1
/8¢
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Thus 5;;6 — 0in L'(A'(K\)) for any compact K. This implies that j = 0 outside
Q, so that the identity j = pv holds in all of R3, finally completing the proof of (4.2),
and it also implies that

1 . Jue
— D¢ - jue = o . —0
8e JK\Q K\Q /8¢

for K compact. Next, due to (1.22), (1.24) and the assumption that |®|> < C(a +1), we
can find a compact K such that |®|?> < Cw outside of K, so that (arguing as in Step 1)

€ w
|® - jue| < —|dul* + — |u|*> outside of K.
2 2e

It follows from this and Step 1 that

1
— |Pe - jue| < Ce.
8e JRI\K

By combining these inequalities, we obtain the claim (4.12).

Step 6. We now complete the proof of the lower bound inequality. Note that, by com-
bining (4.12) with (4.10) and recalling (4.7), we find that, in case g < C|loge |2,

1 1
liminf ———=(Ge(ue) — Ge(fe)) = —/ p(|v]* + |dv]) —/ pP-v
e—0 |loge| 2 Jor Q

for any open ' compactly contained in 2. Taking the supremum over all such €', we
obtain (4.3) with k. = G¢(f¢). Analogously, in case | log e|2 K ge K e 2, using (4.11)
in place of (4.10) we obtain the lower bound part in (4.4),

| v|?
liminf — (Ge (ue) — Ge(fe)) = / P (u - U) .
e—=0 g Q 2
Step 7. Let us prove the upper bound inequality in case g¢ < C|loge|?. The proof in
the case |loge|> <« ge <« €2 follows the same lines and hence is omitted. We will use
the following lemma.

Lemma 15. Suppose that v € L% (A'Q) and that dv is a locally finite measure with
fQ pldv| < oco. Then for every § > 0, there exists vs € CSO(AIR3) such that

/Plva—v|2 < /,Oldval < /p|dv|+a. 4.13)
Q Q Q

The proof is given at the end of this section. Now we use the lemma to complete the
proof of the theorem.

Fix v and vs as in the statement of the lemma.

Itis proved in [27], Lem. B.1, that the (positive) function f, appearing in the decom-
position (4.7) satisfies || fe|| Lo R3) = €0, for ¢g independent of € € (0, 1], and moreover

there exists R > O suchthat Q CC Bg,and 0 < fe(x) < Ce_R/EZ/3 whenever |x| > R.
Now for every § > 0, it follows from Theorem 2 and Remark 4 in [7] that there exists
a sequence Uf € Hl(BR+1; C) such that Holﬁer‘S — vs weakly in L4/3(BR+1), and
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1

1 1
—| UZP+ (U = D? ) = S(lsl® + ldvs)) (4.14)
|loge| 4e 2

weakly as measuresin Bgyp. Lete’ := coe,andletué = fefo,,Wherex € CX(Br+1)

is a function such that y = 1 on Bg and |d x| < C. Also, set uﬁ :=0on R3\BR+] . Then
as in (4.7), and recalling that . = |log €| ®, we have

| 1o

The second term on the right-hand side converges to ng xp® - vs = ng p® - vs as
€ — 0. The proof of this statement is like that of (4.12), but easier. We break the other
term into two pieces. The first is

He(xU;%;BR)=%/ fé( dU? ? f€ = (USP —1))

loge?

(I +o(1)) 2 512 512 2
<27 5 f (§|dU€,| +46—/2(|U6,| —1?).

|loge’|?

1 Sy _ _ 1 ) 1 / cr78
g6|2(g€(u€) gG(fG)) - |10g6|2H€(XU6/)+ |10g€|2 Xfe JUg"

Tog e 2

Then, since supp(p) C € CC Bg, it follows from (4.14) and the uniform convergence
fe2 — p that

. 1
lim sup s He (U2 By) < /P(|v5|2+ dvs)).

e—0 |

And from properties of x and exponential smallness of f, outside of Bp, it easily follows
that Hc (x Uf/; R3\Bg) — 0 as € — 0. By combining the above inequalities, we find
that

e—0 |

1
lim sup m(ge(ui) —Ge(fe)) =G(vs) = G(v) +C3.

Note also that
5

.8
Jhe _ = (1+o0())(fe X) — pvs weakly in L4/3(R3

|loge| €'l

Conclusion (iii) now follows by setting u, := ue(é) for 6 (¢) converging to 0 sufficiently
slowly. O

We conclude this section with the proof of the approximation lemma used above.
Proof of Lemma 15. We introduce some auxiliary functions. First, for r € (0, 1], let
= {x e R? : dist(x, Q) < r}, Q_, = {x € Q: dist(x, 902) > r}.
Next, for sufficiently small ¢ > 0, let ¥, : Q, — < be the wloeo diffeomorphism
given by

’

R N O N L N P A
A I itxeQ,_ s
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where v(x) is the outer unit normal to d<2 at the point of 9€2 closest to x, and d(x) is
the signed distance (positive outside €2, negative in €2) to 9€2. Note that

IDV, — o < C/o, IDW, ! — I < C\/o, (4.15)

where I denotes the identity matrix. In addition, p (W, (x)) > p(x) for all x, whenever
o is sufficiently small, since Dp(y) = —c(y)v(y) for y € 9L, with c¢(y) > ¢ > 0 for
all y, by (1.27).

Next, let x, € C° (R3) be a nonnegative function such that o = 1in Q4 /4 and x,
has compact support in €234 /4. Finally, for T € (0, 1] let n, be a smooth nonnegative
even mollifier with support in B(0, 7) with [, = 1.

We define vs := 1, * (xo - W¥v), where 7, o will be fixed below. Here W# v denotes
the pullback of v by W,, which is a one-form on €2,, and the product y, - \Ilﬁv I
understood to equal zero on R3\ Q.

Note that x, - \IJﬁv is integrable on R3, so that the convolution in the definition of
vs makes sense. Indeed, (4.15) implies that |‘-Ilﬁv(x)| < (1 + C/o)|v(¥,(x))] for all
X, so that by a change of variables,

[oewioi= [ wiisc[ o<
R3 Q35 /4 W, (Q230/4)

The final estimate follows from v € L%, as well as the fact that p is bounded away from
0 in Wy (£235/4), since this set is compactly contained in €2.

We will take T < /4, so that vs = ¢ * W¥v in Q. Then

/plvg—v|2§2/ p|r;,*\llfv—\11ﬁv|2+2/ ,0|\IJ§v—v|2.
Q Q Q

The definition of W,, implies that U¥v — v = 0 if dist(x, R*\Q) > o, and |[W#v —v| <
C|v], so that the second term on the right-hand side tends to 0 as ¢ — 0, by the domi-
nated convergence theorem, and can be made less than §/2 by choosing o appropriately.
Then we can clearly make the first term on the right-hand side less than /2 by taking t
smaller if necessary.

To estimate f pldvs|, we consider the action of dvs on some ¢ € C;’O(Azﬁ). Exactly
as in (3.14), we can rewrite

/ P - dvs =/ v d*x (W ek (p % ).
Q Vs (£2)
Since d* x (\Ifg_l)#(n, * (p * ¢@)) is smooth, and thus continuous,
/ po-dvs = / dv - +(W; ) G1e % (0 % ),
Q Vs ()

where the right-hand side indicates the integral of the continuous function x(\W_ ! )
with respect to the measure dv. It follows that
| plau
Q

1 —1\#
;(‘Ifa ) (e * (0 x ) (x)

/p¢~dva < sup
Q

xeW, (Q)
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And for x € W, (R2), since | x ¢ (x)| = |¢(x)]| for all x,

1 415 (1+C
— (WY (e % (0 x ) ()| < (1+CVo) (e * 1p * @)W, (x))
Y p(x)

(1+C/0)
—(
p(x)

<1+Cﬁ)(

o(x)

< llglloo e * p) (¥, (x)

< [#lloo sup p). (4.16)

B (W5 ' (x))

And writing y := \110—1 (x), if o is small enough then Dp - v < —c < 0 in the set where
W, is not the identity, so it follows from the mean value theorem and the definition of
W, that p(Ws (¥)) > p(¥) +c/o(d(y) + /o —0)*, where (- - -)* denotes the positive
part. Thus

! p(y) +Ct
————supp ) < ,
p (Yo () (B;(y) ) P(Y) +c/o(d(y) + /o —o)*

We insist that ¢ < 1/16 (in addition to other smallness conditions), so that in Q\Q_,
we have the inequality d(y) + /o — 0 > /o — 20 > %ﬁ In this set, then,

p(y)+Ct o(y)+Ct _
0(y) +c/a(d(y) + Jo — o) = 20 + (€/2)0 <1 for 7 sufficiently small.

By taking t small enough, we can make Ct/p(y) as small as we like in the set Q_,
where p > co. Thus by taking t still smaller, if necessary, we can guarantee that the
right-hand side of (4.16) is bounded by (1 + §)||¢|lco. Inserting this into the above
estimates, we conclude that

/Pd"dvsf ||¢||oo(1+5>/p|dv|
Q Q

forall ¢ € C° (A2€2), and hence that vs satisfies (4.13). O

4.2. A dual problem and critical forcing. In this section we give the proof of Theorem
7. We will use notation introduced in Sect. 1.2.

Proof of Theorem 7. Step 1. We first formulate a dual problem. Let

1 1
Io(w) ::—/pr'<1>+5/ﬂp|dw| = —(w,@)p+§/§2p|dw|

so that G(v) = Ip(v) + 5[[v]%. Then

I§(v) :== sup ((v, w), — Io(w))

2
weLﬂ

1
= sup ((v+<l>, w)p——/ p|dw|).
wel? 2/
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It is clear that if (v + ®, w), — % fQ pldw| > 0 for any w, then the supremum on the
right-hand side above is unbounded, so we conclude that

0 ifv+® e N (defined below)
+00 if not,

I (v) =[
for
N = [g e L3(A'Q): (5. w), < %/ pldw| forall w € Lf)(Alsz)]. (4.17)
Q

Then it follows from basic facts about duality, see Lemma 8, that the unique minimizer
vo of G in L% is also the unique minimizer of

)2 ife—veN

4.18
+00 if not. ( )

1
') =I5 (—v) + S5 = [

Step 2. We next rewrite the dual problem. It is immediate from the definition (4.17) of
N and (1.30) that N C (kerd )j. Hence, writing P, for L%-orthogonal projection onto
(kerd),, it follows that

®—veN ifandonlyif P,®=P,v and P} ®—PlveN,

In particular,
I _ 1 PN R
Sl = SIP @l + SNPvl" ifd—veN

so that minimizing the Lf, norm of v, subject to the constraint  — v € N, is equivalent
to minimizing the L2 norm of P;-v, subject to the constraint P;-d — P;-v € N.

Now recall from the description (1.31) of (ker d)f; = Image(Ppl) that every element
of (kerd) ’f can be written in the form d*Tﬁ for some d*B8 € H 11,(A2Q). In particular, if

* *
we write Pj@ = % and Pjvo = @, then

d*
v =P, P+ Fo where Sy minimizes
1 d* d* —
B3l ﬂlli in [ﬂ e HL(A’Q) Tbo =P N] . (4.19)
o p

As usual, we understand || d%ﬂ I, to equal +o0 if d%ﬁ does not belong to le) (A'Q).

We now rewrite the constraint by noting that for any smooth w € C*(A'Q) and for
B € HY(A>Q) such that % e L2(A'Q),
(

d* —
(Bo ﬁ)’w)p :/d*(ﬂcb—ﬂ)'w :/(Igd,_ﬁ)-dw.
P Q Q
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Here the boundary terms vanish due to the fact that (8¢)y = By = 0. Then the defini-
tion (4.17) of N and facts about density of smooth functions established in Lemma 15
imply that

d*(Bo — B) N e (d*(ﬁcb—ﬂ) w
o o ’

A

1 i}
) < 5/ pldw| forallw e C®(A'Q)
Q

IA

— /(ﬂ<1>—ﬁ)-dw >
Q

1 o0 1A
— [ pldw| forallw e C™(A Q)
Q

= lBo = Bllpx = (4.20)

N =

where we recall the definition
1l = sup{/ ydw : weC¥AQ). / pldw] < 1),
Q Q

Now by combining (4.19) and (4.20), we obtain the characterization of vy appearing in
Theorem 3, see (1.33), (1.34), (1.35).

Observe further that, by stationarity of (1.28) with respect to variations ¢ — e’vg
around ¢ = 0 we obtain

1
5/ pldvg| +/ pvg - (vg — P) = 0. 4.21)
Q Q

Recalling that & = P, + d*f“’ , we have p(vg — @) = d*Bo—d*Be. Inserting in (4.21)

yields (1.36) after integration by parts.

Step 3. It remains to check that dvg = 0 if and only if || Bo |l p+ < %
The global minimizer of the functional g + 1| dTﬁ |2 in Hy (A?Q) is attained by
B =0, and this satisfies the constraint (4.20) if and only if || Bo o+ < %

Thus if || Bl px < %, then vg = P,® € (kerd),, and in this case clearly dvy = 0.

*
On the other hand, if || Bo || o+ > %, then vg — P, ® = % is a (nonzero) element of

(ker d)*, and hence in this case 0 # d(vy — Py®) =dvy. O
5. Further Remarks

5.1. Symmetry reduction. In the presence of rotational symmetry, the functionals we
study in this paper reduce to simpler 2-dimensional models. We discuss this first for the
functional G, defined in (1.28), arising in case of Bose-Einstein condensates.

Lemma 16. Consider the functional G(v) = fQ P (% —v-d+ %|dv|), and assume

that there exist some Q2 C [0, 00) X R and some p : Q— (0, 00) such that

Q= {(rcosa,rsina,z): (r,z) € Q,a € R},
p(rcosa,rsina, z) = p(r,z) Ya € R.

Assume moreover that there exists some ¢ : Q — R such that

d(rcosa, rsina, z) = ¢(r,2)d0  forall a.
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Then the unique minimizer vy of G is given in cylindrical coordinates by vg = wq(r, 2)d6,
where wo minimizes the functional

)
G () = 1/ 5 (le|+(w—¢)) drdz (5.1)
2 Ja r

in the space of functions w : Q@ — R such that fQ g w? drdz < oo.

We set G"¢4(w) = +oo if dw is not a Radon measure in 2 or if 75 is not |dw/|-inte-
grable.

As noted in the Introduction, G"¢? is exactly a (weighted) version of a functional that
has been studied in the context of image denoising, see for example [29,10].

Proof. 1. Let Ry : R? — R3 denote rotation by an angle o around the x3 axis. Equiv-
alently, in cylindrical coordinates, Ry, is the map (r, 8, z) +> (r, 6 + «, z). Then our
assumptions imply that

Ry(Q)=Q, poRy=p, Ri®@=0

for all «. It easily follows that G (sz) = G(v) for all v and «. By uniqueness of the
minimizer vy of G, which follows from strict convexity, we conclude that

we L2 = {ve 2(a'Q) : Riv=vforalla].

It is then immediate that vy minimizes G in Z% (A'Q).
2. Anyv € Z%(AIQ) can be written in polar coordinates as

v =07(r, 2)d0 + V" (r, 2)dr + v¥(r, 7)dz. 5.2)
We claim that for any such v,
G(v) = G(do) =276 () — C(®). (5.3)

Clearly, this together with Step 1 implies the conclusion of the lemma. To prove
(5.3), note that if v is smooth and has the form (5.2), then

ldv| = [8,v%dr A d6 +0.v%dz A dB + (8,v° — 8.v")dr Adz| > |d(v7de)|.

In the general case, the same conclusion follows from the density of smooth func-
tionsinv € L%(Alﬂ) in the sense of Lemma 15. Itis also clear thatif v € L%(Alﬂ)
and ® = ¢(r, 7)d0O, then

o _ 12 0 _ 4\2
v— @ = (”r—f’)+(vf)2+(zﬂ)2 > (”r—f’) — |v0d6 — o

pointwise, so that

vf? [ 2 2 o>
/Qp<7—vod>>—/95(|v—d>| —|<1>|)z/9p<T—<v do) - ®).

Combining these estimates, we conclude that G (v) > G(v?d#) forallv € Z%(Alﬂ).
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Finally, the identity
G(de) =21 G4 (%) — C (@), C(®) = / §|<I>|2
Q

is clear if v” is smooth, and in the general case can be verified either by a density argu-
ment similar to the one given above, or by directly relating the definitions of the total
variation measures associated with d(v?d#) in Q and Vo7 in Q, respectively. O

Remark 16. As in Theorem 7, one can use duality to rewrite the problem of minimizing
G as a constrained variational problem. For example, one can verify that vy minimizes
G"ed if and only if it minimizes the functional

wis | Lwldrdz (5.4)
ar
subject to the constraint
~ | 3
/ B(qﬁ —w) drdz < —/ olVe| forall ¢ € C*(R2), (5.5)
Qr 2Ja

analogous to (4.18). One could also reformulate this as a problem of minimizing a
weighted Dirichlet energy of a 1-form on € with a nonlocal constraint like that of
(1.34), but in this setting this seems to us less natural, since the formulation in terms of
functions rather than 1-forms seems simpler.

Remark 17. For velocity field represented by the 1-form v = w(r, z)d#0, the associated
vorticity 2-form is dv = d,w dr A dO + 3, w dz A dO. The vorticity vector field, that is,
the vector field dual to dv, is then %(8, w e, — d,w ), where ¢, and ¢, denote unit vec-
tors in the (upward) vertical and (outward) radial directions respectively. It is natural to
interpret integral curves of this vector field as “vortex curves”. Since the vorticity vector
field has no ¢y component and is always tangent to level surfaces of w, we conclude
that, formally, vortex curves have the form “6 = constant, w = constant” (at least for
regular values of w).

Thus in the reduced 2d model, we interpret level sets of a minimizer wg, or more
precisely sets of the form d{(r, z) : wo(r, z) > t}, as representing vortex curves.

For similar reasons, one should think of the “vorticity measure” as being given by
V4w, rather than Vwy.

Similarly, we have

Lemma 17. Consider the functional
1 1
Fv, A) = —/ vl + v — A + —/ |d(A = A
2 Q 2 R3

and assume that there exist some Q2 C [0,00) x Rand ¢ : Q — R such that

Q= {(rcosa,rsine,z): (r,z) € Q, o € R},
Aex(rcosa, rsina, z) = ¢(r,z2)d0  forall a.

Then the unique minimizer (vo, Ao) of F is givenin cylindrical coordinates by (vy, Ag) =
(wo(r, 2)d6, by(r, 2)d6), where (wo, bo) minimizes the functional
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1 —b)? 1 Vb— )
Fred (w, b) ::5/ wul+ D s o 5/ NVO=OF 442 (56
Q r

R r

in the space of (w, b) : R > R2 for which F¢d(w, b) is well-defined and finite, where
R? :={(r,z) : r > O}.

We omit the proof, which is extremely similar to that of Lemma 16.

5.2. Contact curves and vortex curves. It is interesting to ask whether one can define a
useful analog of the “contact set” (as normally defined for classical obstacle problems)
for the variational problems with nonlocal constraints formulated in Theorems 2 and 7.
We address this question first for Bose-Einstein condensates in the presence of rotational
symmetry, as discussed immediately above. Thus, we assume that wg : € — R min-
imizes the functional (5.4) subject to the constraint (5.5). An approximation argument
starting from (5.5) shows that if E is a set of locally finite perimeter in €2, then

0 1
/§(¢ — wo)lp dr dz < E/ﬁwm. (5.7)

We say that dE is a contact curve if equality holds in the above (where 9 E should be
understood as the 1-dimensional set that carries |V1g]).

Lemma 18. For a.e. t, 0{wqg > t} is a contact curve.

As argued in Remark 17, it is natural to interpret d{wgo > ¢} as a “vortex curve”, so
the lemma states, heuristically, that every vortex curve for wy is also a contact curve.

Proof. By using rotational symmetry to reduce (1.36) to the (r, z) variables, or by using
the fact that 0 = %g”d (e'wp) |t:0, we find that

- )
§/p|Vwo|+/§<wo—¢>wo drdz = 0.

Using the coarea formula, we rewrite this as

0 71 B ~
/ (E/p|v1{wo>,}| +/£(wo—¢)l{w0>,} drdz) dt = 0. (5.8)
—00 r

It follows from (5.7) that

1 ) ~
5/:0|VI{wo>t}| +/§(w0_¢)1{w0>t} drdz >0

for every ¢, and then (5.8) implies that in fact equality holds for a.e. . O

It is almost certainly not true that every contact curve for the minimizer wy is also a
vortex curve, in the generality that we consider here, due to the possibility of degenerate
(nonlocal) obstacles, as in the classical obstacle problem. One might hope, however, that
the vortex curves and contact curves coincide under reasonable physical assumptions
(for example, ® = r2do, corresponding to rotation of a condensate around the z axis,
probably also with some conditions on p.)
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The situation is more complicated for Bose-Einstein condensates in a general domain
Q c R3 without rotational symmetry, since in this case the analogs of vortex curves
and contact curves may not in fact be curves and do not in general admit a very easy
concrete characterization. Abstractly, they may be described as follows: if we write Z
to denote the closure (in the sense of distributions) of

(de o e Lz(AIQ),/ pldal < 1},
Q

then one can think of the set extr Z of extreme points of (the convex set) Z as analogous
to the objects — distributional boundaries of sets of finite weighted perimeter — used
above to describe vortex and contact curves. Indeed, by arguments exactly like those of
Remark 3 of [34], general convexity considerations and a bit of functional analysis imply
that extr Z is a nonempty Borel subset of a metric space, and for any T in the vector
space generated by Z (that is, the space U, oA Z), there is a measure pr on extr Z such
that

T :/ wdur(w), 5.9)
extr Z

/pdm =/ (/ pd|w|) dir (). (5.10)
Q extr Z Q

We remark that in the closely related situation of divergence-free vector fields on R”, a
concrete characterization of elements of the analog of extr Z as “elementary solenoids”
is established in [34].

With this notation, an analog of Lemma 18 is

and in addition

Lemma 19. Let By be the minimizer of the constrained variational problem (1.33),

(1.34), so that vo = P,® + d*% is the minimizer of G(-). Then

1
/(ﬂ@-ﬂo)-da} < 5/ pdlol, 5.11)
Q Q

for every w € Z. We say that w € extrZ is a “generalized contact curve” if the above
holds with equality.

Furthermore, let |14y, denote a measure on extr Z satisfying (5.9), (5.10) (with T
replaced by dvy). Then [iqy, a.e. o is a generalized contact curve.

The proof is exactly like that of Lemma 18, except that (5.9), (5.10) are substituted
for the coarea formula. Then (5.11) follows immediately from the fact that By satisfies
(1.34), and the last assertion is a consequence of (1.36).

A version of Lemma 19 could be formulated for the functional F arising in the descrip-
tion of superconductivity and the associated constrained variational problem described
in Theorem 2, using a measurable decomposition (5.9), (5.10) of the vorticity dvg to
deduce from (1.12) a precise form of the assertion that every (generalized) vortex curve
is a (generalized) contact curve.

It would presumably be rather easy to adapt results of [34] to the closely related sit-
uations considered here, to obtain concrete descriptions of extr Z, or the corresponding
objects relevant for superconductivity, although we are not sure that this would add much
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insight. It would also be interesting to know whether, if we consider the model case of
uniform rotation about the z axis (for Bose-Einstein) or a constant applied magnetic field
(for Ginzburg-Landau), the complexities sketched above do not in fact occur, and the
vortex curves and contact curves for minimizers can in fact be identified with curves of
finite length; this seems likely to us to be the case.
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completed, for the warm hospitality.

References

1. Aftalion, A., Alama, S., Bronsard, L.: Giant vortex and the breakdown of strong pinning in a rotating
Bose-Einstein condensate. Arch. Rat. Mech. Anal. 178(2), 247-286 (2005)

2. Aftalion, A., Jerrard, R.L.: On the shape of vortices for a rotating bose-einstein condensate. Phys. Rev.
A 66, 023611 (2002)

3. Aftalion, A., Riviére, T.: Vortex energy and vortex bending for a rotating Bose-Einstein condensate. Phys.
Rev. A 64(4), 043611 (2001)

4. Alama, S., Bronsard, L.: Pinning effects and their breakdown for a Ginzburg-Landau model with normal
inclusions. J. Math. Phys. 46(9), 095102 (2005)

5. Alama, S., Bronsard, L.: Vortices and pinning effects for the Ginzburg-Landau model in multiply con-
nected domains. Comm. Pure Appl. Math. 59(1), 36-70 (2006)

6. Alama, S., Bronsard, L., Montero, J.A.: On the Ginzburg-Landau model of a superconducting ball in a
uniform field. Ann. Inst. H. Poincaré Anal. Non Linéaire, 23(2), 237-267 (2006)

7. Baldo, S., Jerrard, R.L., Orlandi, G., Soner, H.M.: Convergence of Ginzburg-Landau functionals in 3-d
superconductivity. Arch. Rat. Mech. Anal. 205(3), 699-752 (2012)

8. Bourgain, J., Brezis, H., Mironescu, P.: H 172 maps with values into the circle: minimal connections,
lifting, and the Ginzburg-Landau equation. Publ. Math. Inst. Hautes Etudes Sci. 99, 1-115 (2004)

9. Brezis, H., Serfaty, S.: A variational formulation for the two-sided obstacle problem with measure data.
Commun. Contemp. Math. 4(2), 357-374 (2002)

10. Caselles, V., Chambolle, A., Novaga, M.: Total variation in imaging. In: Handbook of Mathematical
Methods in Imaging. Berlin-Heidelberg-New York: Springer, 2011, pp. 10161057

11. Chapman, S.J.: A hierarchy of models for type-II superconductors. SIAM Rev. 42(4), 555-598 (elec-
tronic), (2000)

12. Contreras, A.: On the first critical field in Ginzburg-Landau theory for thin shells and manifolds. Arch.
Ration. Mech. Anal. 200(2), 563-611 (2011)

13. Contreras, A., Sternberg, P.: Gamma-convergence and the emergence of vortices for Ginzburg-Landau
on thin shells and manifolds. Calc. Var. Par. Diff. Eq. 38(1-2), 243-274 (2010)

14. Correggi, M., Rougerie, N., Yngvason, J.: The transition to a giant vortex phase in a fast rotating Bose-
Einstein condensate. Commun. Math. Phys. 303(2), 451-508 (2011)

15. Correggi, M., Yngvason, J.: Energy and vorticity in fast rotating Bose-Einstein condensates. J. Phys.
A 41(44), 445002 (2008)

16. Ekeland, 1., Témam, R.: Convex analysis and variational problems. Volume 28 of Classics in Applied
Mathematics. Philadelphia, PA: Society for Industrial and Applied Mathematics (STAM), English edition,
1999, translated from the French

17. Fournais, S., Helffer, B.: Spectral methods in surface superconductivity. Progress in Nonlinear Differen-
tial Equations and their Applications, 77. Boston, MA: Birkhduser Boston Inc., 2010

18. Ignat, R., Millot, V.: The critical velocity for vortex existence in a two-dimensional rotating Bose-Einstein
condensate. J. Funct. Anal. 233(1), 260-306 (2006)

19. Ignat, R., Millot, V.: Energy expansion and vortex location for a two-dimensional rotating Bose-Einstein
condensate. Rev. Math. Phys. 18(2), 119-162 (2006)

20. Iwaniec, T., Scott, C., Stroffolini, B.: Nonlinear Hodge theory on manifolds with boundary. Ann. Mat.
Pura Appl. (4) 177, 37-115 (1999)

21. Jerrard, R.L.: Local minimizers with vortex filaments for a Gross-Pitaevsky functional. ESAIM Control
Optim. Calc. Var. 13(1), 35-71 (electronic), (2007)

22. Jerrard, R.L., Montero, A., Sternberg, P.: Local minimizers of the Ginzburg-Landau energy with magnetic
field in three dimensions. Commun. Math. Phys. 249(3), 549-577 (2004)

23. Jerrard, R.L., Soner, H.M.: Limiting behavior of the Ginzburg-Landau functional. J. Funct. Anal. 192(2),
524-561 (2002)



Vortex Density Models 171

24.

25.

26.
217.

28.

29.

30.

31.

32.

33.

34.

35.

Kachmar, A.: The ground state energy of the three-dimensional Ginzburg-Landau model in the mixed
phase. J. Funct. Anal. 261(11), 3328-3344 (2011)

Lassoued, L., Mironescu, P.: Ginzburg-Landau type energy with discontinuous constraint. J. Anal. Math.
77, 1-26 (1999)

London, E.: Superfluids. New York: Wiley, 1950

Montero, J.A.: Hodge decomposition with degenerate weights and the Gross-Pitaevskii energy. J. Funct.
Anal. 254(7), 1926-1973 (2008)

Rougerie, N.: The giant vortex state for a Bose-Einstein condensate in a rotating anharmonic trap: extreme
rotation regimes. J. Math. Pures Appl. (9) 95(3), 296-347 (2011)

Rudin, L., Osher, S., Fatemi, E.: Nonlinear total variation based noise removal algorithms. Physica
D 60, 259-268 (1992)

Sandier, E., Serfaty, S.: Global minimizers for the Ginzburg-Landau functional below the first critical
magnetic field. Ann. Inst. H. Poincaré Anal. Non Linéaire 17(1), 119-145 (2000)

Sandier, E., Serfaty, S.: A rigorous derivation of a free-boundary problem arising in superconductivity.
Ann. Sci. Ecole Norm. Sup. (4) 33(4), 561-592 (2000)

Sandier, E., Serfaty, S.: Vortices in the magnetic Ginzburg-Landau model. Progress in Nonlinear Differ-
ential Equations and their Applications, 70. Boston, MA: Birkhéuser Boston Inc., 2007

Serfaty, S.: Local minimizers for the Ginzburg-Landau energy near critical magnetic field. I. Commun.
Contemp. Math. 1(2), 213-254 (1999)

Smirnov, S.K.: Decomposition of solenoidal vector charges into elementary solenoids, and the structure
of normal one-dimensional flows. Algebra i Analiz 5(4), 206-238 (1993)

Van Schaftingen, J.: A simple proof of an inequality of Bourgain, Brezis and Mironescu. C. R. Math.
Acad. Sci. Paris 338(1), 23-26 (2004)

Communicated by I. M. Sigal



	Vortex Density Models for Superconductivity and Superfluidity
	Abstract:
	1 Introduction
	1.1 The Ginzburg-Landau functional
	1.2 The Gross-Pitaevskii functional
	1.2.1 Results: Bose-Einstein condensates
	1.2.2 Related results about 2d BEC.


	2 Background and Notation
	2.1 Differential forms
	2.2 Hodge decompositions
	2.3 Duality

	3 Vortex Density in 3d Superconductors
	3.1 A dual variational problem
	3.2 First characterization of the critical applied magnetic field
	3.3 An alternate characterization of the critical applied field
	3.3.1 Theorem 11 via a splitting of mathcal F.
	3.3.2 Theorem 11 via partial convex duality.
	3.3.3 Equivalence of Theorem 11 and Theorem 3.


	4 Vortex Density in 3d Bose-Einstein Condensates
	4.1 Γ-convergence
	4.2 A dual problem and critical forcing

	5 Further Remarks
	5.1 Symmetry reduction
	5.2 Contact curves and vortex curves

	Acknowledgements.
	References


