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2032 SONER AND TOUZI
43 1. INTRODUCTION
44
45 A stochastic target problem is a non-classical control problem in

46 which the controller tries to steer a controlled stochastic process into a
47 given target set G by judicial choices of controls. The chief object of study
48 is the set of all initial positions from which the controlled process can be
49 steered into G with probability one in an allowed time interval. Clearly
50 these reachability sets depend on the allowed time. Thus they can be
51 characterized by an evolution equation which is the analoque of the
52 dynamic programming, or equivalently the Bellman, equation of stochastic
53 optimal control.

54 These geometric equations express the velocity of the boundary as
55 a possibly nonlinear function of the normal and the curvature vectors.
56 As a Cauchy problem these equations in general do not admit classical
57 smooth solutions and a weak formulation is needed. Several such formula-
58 tions were given starting with the pioneering work of Brakke.) Here
59 we consider the viscosity formulation given independently by Chen,
60 Giga and Goto!® and by Evans and Spruck.”! The main idea of this
61 approach is to characterize the geometric solution as the zero level set
62 of a continuous function. The level set approach in numerical studies was
63 first introduced by Osher and Sethian!'® and in the physics literature by
64 Okta et al.l'”]

65 In our earlier work,| we have shown that smooth solutions of
66 these geometric equations, when exist, are equal to the reachability sets.
67 Also, under certain assumptions, the characteristic functions of the reach-
68 ability sets are shown to be viscosity solutions of the geometric dynamic
69 programming equations in the sense defined by the first author.'”! In
70 particular, this result implies that the reachability set is included in the
71 zero sub-level set of the solutions constructed in Refs. [6,9].

72 The chief goal of this paper is to give a stochastic characterization of
73 the unique level set solutions of Refs. [6,9] in terms of the target problem.
74 This is achieved by using the mentioned results of Ref. [22] and the
75 techniques developed by Barles et al.” The main result in this direction is
76 stated in Theorem 3.1. We give the proof of this representation in §5 and 6
77 Dby using a one parameter family of target problems whose targets are the
78 sub-level sets of a given initial function. A restatement of the main
79 theorem is given in Theorem 3.2 and the representation result is outline in
80 Subsection 7.1.

81 These results can be interpreted in two ways. From a differential
82 equations point of view it is a Feynman-Kac type of representation of
83 level set solutions of the geometric equations. From the control point of
84 view this gives a unique characterization of the reachability sets.

22,23]
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LEVEL SET EQUATIONS 2033

85 Let us mention that a similar representation theorem was recently
86 obtained by Buckdahn et al.! by different techniques. However, their
87 result is restricted to the level set equation of the codimension-1 mean
88 curvature flow.

89 In this paper we first show that a function w defined in Eq. (3.4) is a
90 viscosity solution of the corresponding geometric level set equation. In this
91 construction, we consider a family of target problems whose targets are the
92 sublevel sets of a given function g. If this equation has comparison as the
93 large class of level set equations discussed in Ref. [6], then the above
94 result shows that the reachability sets are the sublevel sets of the unique
95 viscosity solution of the level set equation. This also provides a representa-
96 tion for the unique viscosity solution. These two results are proved in
97 Theorems 4.2, and 3.2.

98 The paper is organized as follows. The target reachability problem is
99 introduced in the next section. The statement of our main results is reported
100 in §3. Section 4 discusses the dynamic programming principle and the
101 induced class of geometric PDE’s. The stochastic representation of this
102 class of geometric PDE’s in terms of the target problem is proved in §5.
103 The level set characterization of the reachability sets is proved in §6.
104 Examples are given in the final section.

105

106

107

108 2. TARGET REACHABILITY PROBLEM

109

110 In this section, we recall the target reachability problem introduced in
111 Ref. [22] for diffusion processes.

112 We assume that the control set U is a compact subset of R*. The
113 controlled process is a solution of the stochastic differential equation

114

s dZ(s) = (s Z(),u(s)) ds + o(s, Z(s). u(s)) dW(s) . 2.1)
:1? where W is a d-dimensional standard Brownian motion and u is a U-valued
118 progressively measurable map. As usual the drift u is vector-valued and the
119 diffusion coefficient is matrix-valued, i.e.,

120 w0, TIxR"x U — R" and o:[0,T]xR" x U — R™.

121

122 We assume that both w(z,z,u) and o(¢,z,u) are bounded and continuous.
123 For later use, we introduce the set

:zg K(t.2) = {(u(t.z.a).0(t.z,0)) sa e U} forall (1,2) € [0,T]x R".
126 (2.2)

+[12.9.2002-1:47pm] [2031-2054] [Page No. 2033] I:/Mdi/Pde/27(9&10)/120016135_PDE_027_009-010_R1.3d Partial Differential Equations (PDE)



120016135_PDE_027_009-010_R1.pdf

2034 SONER AND TOUZI

127 In this paper, we relax the control problem slightly as in Ref. [11] by
128 admitting all weak solutions of the stochastic differential equation (2.1).
129 This forces us to consider all possible Brownian motions as part of the
130 minimization process as well. This relaxation is needed only to ensure the
131 existence of an optimal strategy and is not needed for the PDE results.

132 Mathematically, this is done as follows. For all initial data
133 (1,z) €[0,T) x R", let U(t, z) be the collection of all elements

134

135 v= (Qva ]:V’ [Fva Pva {WU(S)}SZ > {uv(s)}sz t)

136

where (Q', F",[F’, P") is an arbitrary filtered probability space, {W"(s),

187 >1} is a d dimensional standard Brownian motion, {z"(s),s > 1} is a
138 . .

139 progressively measurable U-valued process on this space. For v € U(t, z),
140 let {Z; .(s)};>, be the solution of Eq. (2.1) with (u", W") substituted for
141 (u, W) and with initial condition Z; .(¢) = z.

142 For a given Borel subset G of R", the target reachability set is given by
143 Vo(r):={zeR": Z} (T) € GP" — a.s. for some v € U(t,z)}. (2.3)
144

145 This set is the chief object of our study. A natural condition for ¥°(7) to be
146 non-empty for any G is the following

147

148 N(t,z,p) #0 forall (t,z,p)el0,T] x R" x R",

149 where for (1,z,p) € [0, T] x R" x R"

150

151 N(t,z,p) = {ue U:o(t,z,up =0}

152 for p#0 and N(t,z0):= U. (2.4
153

154 In what follows, we always assume that this condition holds. As a corollary,
155 if G is smooth, then V'%(¢) is non-empty at least for some ¢ > 0. Although
156 this is a natural general assumption, if we could apriori restrict the reach-
157 ability sets into a smaller class such as graphs or epigraphs, then
158 Assumption 4.1 can be relaxed: see Remark 4.3 below.

159 The stochastic target problem is introduced by the authors in Refs.
160 [20,21] to study the problem of super-replication in mathematical finance.
161 Anapplication to stochastic volatility is given by the second author in Ref. [24],
162 and jump-diffusion processes are discussed by Bouchard.!®! In addition to
163 these examples, forward-backward stochastic differential equations (FBSDE)
164 also can be seen as target reachability problems. We close this section by a
165 brief discussion of these equations.

166

167 Example 2.1. (unconstrained FBSDE’s.) The forward—backward stochastic
168 differential equation is this. Given functions «, 8, a, b, and y (with appropriate
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LEVEL SET EQUATIONS 2035

169 domains and ranges) consider the problem of finding square integrable
170 adapted processes Z = (X, Y) valued in R” x R” and v valued in R? satisfy-
171  ing the differential equations

172

173 dX(s) = a(s, Z(s), v(s))ds + B(s, Z(s), v(s)) dW (s)

174 dY(s) = a(s, Z(s), v(s))ds + b(s, Z(s), v(s)) dW (s)

175

176  together with the initial and final conditions

177

178 X(0)=x and Y(T) = yp(X(T)).

:;z The main point here is that, unlike the deterministic framework, there is an
181 important measurability problem : the processes Z = (X, Y ) and v are
182 required to be adapted to the given filtration F. Note that an initial and a
183 final condition is given and we could solve this only for certain values of x.

The set of initial x for which a solution exists is indeed the projection on the

::: first m coordinates of the target reachability problem for the process
Z = (X, Y) with target

186

:; G = Graph(y) i= {(x,) : y = y(x)}.

189  Further discussion of the connection between the target problems and
190 FBSDE’s is given in Remark 4.3 below.

191 The problem of FBSDE’s has been motivated by applications in finan-
192 cial mathematics, namely the problem of hedging for a large investor.
193 Loosely speaking, (i) the control v is the investment strategy, i.e., the
194 number of shares of risky assets to be held at each time, (ii) the dynamics
195 of the process X, standing for the price process of m risky assets, is
196 influenced by the investment strategy v (large investor), (iii) and the Y
197 component of the state process Z is the amount of wealth implied by the
198 investment strategy v; under the so-called self-financing condition, the
199 dynamics of Y are given by dY = vdX.

200 For the existence of nontrivial solutions, certain restrictions on the
201 coeflicients, especially on b, are needed. We refer the reader to the recent
202 lecture notes of Ma and Yong!'® and the references therein for information
203 on FBSDE’s. ]
204

205 Example 2.2. (constrained FBSDE’s.) Let Z = (X, Y) with a scalar Y be as
206 above and let A be a non-decreasing adapted process with 4(0) = 0. Again
207 we look for Z and v in a certain convex set, satisfying the above differential
208 equations together with the initial and final conditions

209
210 X©O) =x and Y(T) = p(X(T)) + A(T).

+[12.9.2002-1:47pm] [2031-2054] [Page No. 2035] I:/Mdi/Pde/27(9&10)/120016135_PDE_027_009-010_R1.3d Partial Differential Equations (PDE)



120016135_PDE_027_009-010_R1.pdf

2036 SONER AND TOUZI

211 This is again a target reachability problem with target

212 .

213 G = Epi(y) := {(x,) 1y = y(¥)}.

214 The constraint that v taking values in a convex set is the main
215 (difference between this and the unconstrained problem. For this reason
216 the process A4 is introduced. A problem with constraints is considered by

217 Cvitani¢ et al. in Ref. [8]. O
218
219
220
991 3. THE STOCHASTIC REPRESENTATION RESULT
222
293 The main result of this paper is the following representation formula
994 for a partial differential equation. To state the theorem we need to define the
295 nonlinear term in the equation. Let §" be the set of all n by n symmetric
226 matrices.
n n )
297 For (t,z,p,A) € [0, T] x R" x R" x §", define
228 1
e FCzpd)= sw fouzp - Jueeo ana) G
veN(t,z,p)
230
231 where N(t,z,p) is defined in Eq. (2.4).
232 Observe that F(t,z,p, A) is singular at p = 0 because N(z,z,0) = U.

233 1In the sequel, we shall denote F, and F* the lower and the upper semicon-
234 tinuous envelopes of F. Then the equation is
235

236 —w,(t,2) + F(t,z, Dw(1,2), D*w(t,2)) =0 on [0,T) x [R". (3.2)
;2; We consider this equation together with the terminal condition

239 w(T, z) = g(2), (3.3)
240 . . . .

241 where g is a uniformly continuous function. Here we choose to study a
242 terminal boundary value problem as they are more natural in optimal
213 control. However, one could easily reverse time to obtain an initial value
oa4 problem.

245 The main representation result is a consequence of the following
246 theorem which requires a technical assumption, Assumption 4.1, that will
247 be discussed in the next section.

248 . . . .

249 Theorem 3.1. Suppose Assumption 4.1 holds and that F is locally Lipschitz on
250 {p # 0}. Then,

251 w(t,z) == inf esssup g(Z (T, w)) (3.4)
252 vel(1, z) weQ ’
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253 is a discontinuous viscosity solution of Egq. (3.2) satisfying the terminal
254 condition (3.3) pointwise.

255

256 The proof of this theorem will be given in Sec. 6. If the solutions of
257 these equations are unique, then the above theorem provides a stochastic
258 representation formula for the unique solution.

259

260 Definition 3.1. We say that the Eq. (3.2) has comparison if for all functions u,
261 u satisfying

;22 e u is an upper semicontinuous, bounded viscosity subsolution of
v64 Eq. 3.2)on [0,T) x R",

e uis a lower semicontinuous, bounded viscosity supersolution of
265 n
266 Eq. (3.2)on [0,7T) x R”,

e u(T,:) < h < uT,-) for some uniformly continuous function
267 ;

hR" — R,

268
269 we have u <uwon[0,7T]x R".
270
271 In particular, if Eq. (3.2) has comparison and g is an uniformly

272 continuous function on [R”, then there exists at most one continuous viscosity
273 solution to the Eq. (3.2) together with the terminal condition u(7,-) = g.
274 Notice that the requirement that /. is uniformly continuous rules out
275  the non-compact counterexamples to comparison constructed by Ilmanen.!'
276 Comparison results for geometric equations have been first proved in
277 Refs. [6,9] for the mean curvature flow. Also Ref. [6] provides a very general
278 comparison result for a large class of geometric equations. In Sec. 7, we will
279 give two examples of such flows.

280 With the assumption of comparison, Theorem 3.1 provides a
281 stochastic representation formula for the unique solution of Eqgs. (3.2)—(3.3).
282  Our next result provides a characterization of the reachability set V' as the
283 zero sublevel set of the function w.

284

285 Theorem 3.2. Let the conditions of Theorem 3.1 hold. Suppose that g is
286  bounded and uniformly continuous, and Eq. (3.2) has comparison, so that w
287 is the unique bounded continuous viscosity solution of Egs. (3.2)—(3.3).

288 Assume further that the set K(t,z), defined in Eq. (2.2), is closed and
289  convex for all (t,z) € [0, T] x R". Then,

23? VO(t) = {z: w(t,z) <0}

292 with the target set

293

294 G :={zeR":g(z) <0}

+[12.9.2002-1:47pm] [2031-2054] [Page No. 2037]|:/Mdi/Pde/27(9&10)/120016135_PDE_027_009-010_R1.3d Partial Differential Equations (PDE)



120016135_PDE_027_009-010_R1.pdf

2038 SONER AND TOUZI

295 Proof of this theorem is a straightforward application of Theorem 3.1
296 and Propositions 5.1-5.2. Observe that the boundedness of g is by no means
297 a restricting condition, as one can replace g by (1 + ||g||oo)_1g. Also, the
298 boundedness of w is inherited from g, as it is immediately seen from its
299 definition.

300

301

222 4. DYNAMIC PROGRAMMING

304 In this section, we recall several results of Ref. [22], which will be used
305 i the proof of Theorem 3.1.

306 We first start by stating a geometric dynamic programming principle
22; for the target reachability problem.

309 Theorem 4.1.°2 Let G be a Borel subset of R, and t € [0, T). For all

21(1) stopping times 0 € [t, T,
312 Vo) = [zeR":Z].(0) € VeO)P’ — a.s. for some v € U1, 2}
313
314 . . . . .-
315 This principle is proved in Ref. [22] for general target reachability
316 Problems. While the inclusion of V°(7) in the right hand side of the above
317 expression is obvious, the reverse inclusion is technical, and relies mainly on
31 & measurable selection argument.
319 As in classical optimal control theory, the infinitesimal version of the
320 dynamic programming principle yields a second order partial differential
321 equation. This is also the case here. Indeed, in Ref. [22] it is proved that
322 the characteristic function of the complement of the reachability sets
323 : G

0 ifze V(¢
24 902 =1~ L) = Fe @i
325 1 otherwise
326 s a viscosity solution of the geometric dynamic programming equation.
2;; This is proved under the following assumption.
329 Assumption 4.1. (Continuity of N (z,z, p).) Let N be as in Eq. (2.4). We
330 ssume that for any (19,29, po) € S x R" and uy € N(ty, 29, po), there exists
22; amap :S x R" — U satisfying,
333 ﬁ(t0720ap0) = Uy,
334 i(t,z,p) e N(t,z,p) forall (t,z,p)e S xR",
335

336 and that # is locally Lipschitz on {(¢,z,p) : p # 0}.
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337 A possible relaxation of this assumption is discussed in Remark 4.3
338 Dbelow. The following is proved in Ref. [22].

339

340 Theorem 4.2.°2 Suppose that Assumption 4.1 holds and that F is locally
341  Lipschitz on {p # 0}. Let G be a Borel subset of R". Then, the support func-
342 tion of its reachability sets v¢ is a discontinuous viscosity solution of the
343  dynamic programming equation (3.2).

344

345 We refer the reader to Refs. [7,11] for information on viscosity
346 solutions.

347 By a discontinuous viscosity solution, we mean that the lower (resp.

348 upper) semicontinuous envelope (vG)* (resp. (v9)*) of v¥ is a viscosity super-
349 solution (resp. subsolution) of Eq. (3.2) with F* (resp. F,) substituted to F.
350 While the proof of the supersolution property follows from judicial changes
351 of measure, the subsolution property turns out to be a surprisingly technical
352 proof. The complication is mainly related to the above-mentioned singularity
353 of Fatp=0.

354

355 Remark 4.1. Although Eq. (3.2) is a second order partial differential
356 equation, it admits a discontinuous function v¥ as a solution. Uniqueness
357 of discontinuous solutions to level set equations is not always expected due
358 to the fattening phenomenon. This is studied extensively in the paper by
359 Barles et al.l’! where the characteristic functions were first used as solutions
360 of level set equations. Indeed when the target is a level set of a given func-
361 tion, then the reachability set V9(r) is a subset of this “fat” level-set.
362 However, V9(7) is the equal to the whole level-set under mild assumptions
363 asdiscussed in Proposition 5.2 and Theorem 3.2 provides an exact statement

364 towards this problem. ]
365
366 Remark 4.2. The nonlinearity F has the following two important properties
367
368 F(t,z,c\p,c; A+ copp™) = ¢ F(t,z,p, A) Ve >0,0€eR, (4.2)
369
370 F(t,z,p,A+ B) < F(t,z,p, A), v B>0. 4.3)
371

372 The second property means that Eq. (3.2) is degenerate elliptic, while the
373 first implies that it is geometric; see Ref. [2]. Note that the geometric
374 property implies that Eq. (3.2) is degenerate along the gradient direction

375  which is the normal direction to the level sets of v°. O
376
377 The latter observation was the starting point of Ref. [23] where a

378 stochastic representation of a class of smooth geometric flows in terms of
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2040 SONER AND TOUZI

379 target reachability problems is provided. In contrast with the technical
380 proofs in Ref. [22], the stochastic representation of Ref. [23] relies on an
381 easy application of Itd’s lemma together with the use of the square distance
382 function to the family of submanifolds.

383

384 Remark 4.3. Assumption 4.1 is restictive for the forward backward AQ1
385 stochastic differential equations discussed in the previous section. Still our
386 techniques apply to FBSDE’s. Indeed the variable p in A stands for any
387 possible normal vector of the reachability set, and in FBSDE’s the reach-
388 ability sets are either graphs or epigraphs of functions of the form
389 Y =¢(s,X). Therefore for these examples we need N(s,z,p) to be
390 nonempty only for p’s which are normals to graphs. To illustrate this
391 point consider the Example 2.1 with X e R”, Y ¢ R!, = f(s,z) and
392 b(s,z,v) =v € R'. Then the driving Brownian motion is one dimensional.
393 Moreover, a normal p to the graph of any function y = ¢(x) has the form
394 p =2 (g, —1) for some scalar A and ¢ € R". For such a p,

395 . .

396 o’ (s,z,v)p = A [B(s,2)g — v].

22; So v = B(s, z)q belongs to N (s, z, p) whenever p is normal to a graph. In
399 particular, N'(s, z, p) is nonempty for normals. Although the Assumption 4.1
200 does not hold for every p, this is enough to use the techniques of the
201 preceeding sections.

:g; This example shows how to relax the Assumption 4.1 depending on
102 the possible geometries of the reachable sets.

405

406

407 5. TARGETS AS LEVEL SETS

408

409 In this section, we provide a convenient alternative expression for the

410 function w of Eq. (3.4). Then, as stated before, Theorem 3.2 follows from
411 Theorem 3.1 and the results of this section.

412 In the context of this paper, we would like to see the target G as the
413 zero sublevel set of some function g : R" — R, i.e.,
414 L
G={zeR":g(z) <0}.
415 { g(z) =0}

416 where g is an uniformly continuous function on R". This is not a
417 restriction as we could always take g to be the signed distance to the
418 boundary of G.

419 In order to prove Theorem 3.1, we need to derive an alternative
420 expression of the function w defined in Eq. (3.4). For parameter @ € R,
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421 define the target

422 Y
423 G, ={zeR":g(z) <a},
424
425 together with the associated target reachability problem:
426
127 VO(r) .= {zeR":Z) (T) € G,P" —as. for some v € U(1,2)}.
428
429 Set
430 G
431 W(t,z):= {oz eR:zeV ”(Z)}. (5.1
432
433 Then,
434
435 Lemma 5.1. For all (t,z) € [0, T] x R", we have
436 :
(1, z) = inf W(t,z2).
437 w(t,z) = inf W (t, z)
438 Proof.
439 . . .
440 (1) We first prove that w(t,z) < inf W(¢t,z). Take some arbitrary
441 a>inf W(t, z). By definition, this means that, for some v € U(¢, z),
442 g(Z] (T)) < a P—a.s. or equivalently esssup, .o g (Z; (T, w)) <
443 a. Hence w(t, z) :=inf, ¢y - esssup,, . o 8(Z; .(T,w)) < a, and the
444 required inequality follows by sending « to inf W (t,z).
445 (i) To see that the reverse inequality holds, take an arbitrary
446 o > w(t,z). Then, g(Z;".(T)) <a P—a.s. for some v, € U(t,z), or
447 equivalently ze ye (). Hence a>inf W(t,z), and the required
448 inequality follows by sending « to w(t, z). O
:gg Observe that V%(f) c V(1) whenever « < . Hence
451 (w(t,z),00) C W(t,z) C [w(t,z),00) forall (r,z) € [0, T] x R".
452
453 The following result expresses the target reachability sets 9(-) as the
454 level sets of w(:,z). Its proof is straightforward and it is omitted.
455
456  Proposition 5.1. For any t € [0, T']
457
458 (zeR":w(t,2) <0} C Vo) C{z e R": w(z,z) < O}.
459
460 If in addition W(t,z) is closed for all z € R", then
461
462 Vo) ={zeR" : w(t,z) <0} forall 1e[0,T].
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2042 SONER AND TOUZI

463 Hence, in order to deduce Theorem 3.2 from Theorem 3.1, it remains
464 to prove that W is a closed interval. This closedness property is the main
465 reason for the relaxation of the stochastic reachability problem by means of
466 weak solutions. In our previous paper,** the filtered probability space and
467 the Brownian motions were fixed, and the controlled process Z” was defined
468 as a strong solution of Eq. (2.1). However, such a setting requires stronger
469 conditions in order to guarantee the closedness of W(t,z). The following
470 result is almost an immediate corollary of the results proved by
471 Haussman,!"" and by ElKaroui et al.'” AQ2
472

473 Proposition 5.2. Fix a point (t,z) € [0, T') x R" with w(t, z) < 00, and suppose
474  that the set K(t, z), defined in Eq. (2.2), is closed and convex. Assume further
475 that the function g, defining the target, is lower semicontinuous. Then, W(t, z)
476 is a closed interval, i.e., there exists a control v € U(t, z) such that

477

478 g(Z;’:Z(T)) < w(t, Z)Pa —a.s..

479

480 Moreover, there exists a Borel measurable U-valued function u such that
481 () =i(t, Z) )(t), P'— a.s.

482

483 Proof. We shall briefly recall the compactification method of Ref. [14].
484 Assertions of the Proposition follow easily from this compactification
485 method.

486 1. We first rewrite the reachability set problem using the canonical
487 gpace Q = C([0,00),RY), F(1) = o{w(s),s < 1}. Then we identify a weak
488  solution of Eq. (2.1) with its induced measure; see Ref. [14]. With this
489 jdentification, the set of (measure) controls is compact in the weak topology
490 of Proposition 3.1 of Ref. [14].

491 2. Since w(t, z) < co by assumption, the set of controls is non-empty.
492 Now let (v,), be a minimizing sequence for the optimization problem
493 yy(1,2), ie.

494

495 g(Z"(T)) <w(t,z)+1/n P —as. forall n>1.

496

497 Let P, be the measure control associated to v,. Then, there is some
498 (measure) control P, identified to v € U(t,z), such that P" —> P weakly.
499 By the definition of the weak convergence, this implies that zZ"(T) -
500 Z” (T)P — a.s. along some subsequence. Since g is lower semlcontmuous
501 we pass to the limit in the above inequality, to obtain g(Z AT)) <
502 w(z,z)P'—a.s.

503 3. The final claim in Proposition 5.2 is proved in Lemmas 3.4, 3.5
504 and Proposition 3.2 of Ref. [14]. U
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505 6. LEVEL SET EQUATION
506
507 In this section we prove Theorem 3.1 which states that the function w,

508 defined in Eq. (3.4) (or Lemma 5.1), is a viscosity solution of the geometric
509 dynamic programming equation (3.2) together with the terminal condition

510 (3.3).

511 We start the proof with a straigtforward observation. Recall that v* is
512 defined in Eq. (4.1).

513

514 Lemma 6.1. For any B, the semicontinuous envelopes of v°* satisfy

e @) 09, = Loy and () < Ly,

517 (11) WI(Z’ 7)< = (vG’*):(t, z) =0,

E18 (1)) w'(t,z) > B= (v'*)(t,z) = 1.

2;2 Proof. We shall only prove the statements cpncerning the lower 'semi(fontin-
5y UOUS envglopes. The statements concerning the upper semicontinuous
522 envelopes is proved exgctly the same way.

£23 1. Let W be as in Eq. (5.1). Then,

22; vOr(t,2) = Liggway forall (1,2) €[0,T]x R". (6.1)

526 Suppose that 1y, ; --g = 1. Then, w(z,z) > w,(¢,z) > B. and this implies
527 that B & W(t,z). By Eq. (6.1), we conclude that v*(z,z) = 1. Since 1. -p
528 and v“* are valued in {0, 1}, this proves that 1y op < vO# . Moreover, | P

529 is clearly lower-semicontinuous. Hence 1y, .5 < (vGﬁ)*.

530 2. Next, suppose that (vGﬂ)*(l, z)=1. Then v* =1 on some
531 neighborhood B, of (¢,z). By Eq. (6.1), 8 <w and consequently 8 < w,
532 on Bj. O
533

534 Remark 6.1. From the above lemma, it follows that:

535 G G\ *

536 (V ﬂ)* = 1{w*>ﬁ} on {W* 7é IB} and (V ﬁ) = l{w*zﬂ} on {W 75 /3}

g; Moreover, Part 2 of the proof provides that

539 (%), > 14,5 = (19, Z9) is a point of local minimum of'w,.

540

541 A similar statement holds for (v¥#)*.

542

543 We first prove the w solves the geometric PDE.

544

545 Proposition 6.1. Under the conditions of Theorem 3.1, w is a discontinuous
546  viscosity solution of Eq. (3.2).
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547 Proof. We first prove that w* is a viscosity subsolution of the dynamic
548 programming Eq. (3.2) by applying Theorem 4.2 to V' with a carefully
549 chosen sequence of «,,.

550 1. Let (19,29) €[0,7) x R" and ¢ € C*([0, T'] x R") be such that
551

552 0= (" — )1, 20) > (W — )1, 2)

553 for all (¢,z) € [0, T) x R"\(¢y, z9). (6.2)
554

555 Note that w* < ¢. We need to show that

556

557 _¢I(t0320) +F>k(t()a 205 D¢(IO’ZO)7 DZW(thZO)) EO (63)
558 Set

559

560 o= w (g 20) = 9l 20), and @, := a—1/n.

22; By Lemma 6.1 (i), we see that

563 ((VG“H)* - (p)([: Z) = (I{W*ZD!”} - (p)([’ Z)

564

565 = (1 - w)l{w*za,,}(ta Z) - §01{w*<ot,l}(ts Z)

566 = (l - W*)l{w*za,,}(t’ Z) - (pl{w*<utn}([’ Z)

567

568 = (1 - an)l{w*za,,}(ts Z) - (pl{w*<a,l}(ts Z)'

569

570 INOW if w* < a,, then the right hand side of the above inequality is equal to
571 —¢ which is by the continuity of ¢ is less than —«, on some bounded
572 neighborhood B, of (¢j,zy). In the opposite case, the right hand side is

573 equal to 1 —«,. So in any case, there exists a bounded neighborhood B,
of (¢, zg) such that

574

o (O — e <(-a,) on B, (6.4)
577 On the othfr hand, since w*(¢y, zg) = @ > q,,, it follows from Lemma 6.1 (iii)
578 that (v ) (19, zo) = 1 for every n. Hence

579

580 (%) = Pt z) =1~ < 1 —a, (6.5)
581

582 2. Let (¢,,z,) be a maximizer of (v*)* — ¢ on cl(By), i.c.,

583 Gy o\ Gy, \*

584 (") = o)y, 2,) = sup ((7)" — o).

585 ’

586  We claim that

587

588 (tn> 20) —> (19, 29) as  n — oo. (6.6)
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589 Indeed, let (7,Z) be the limit of some converging subsequence of
590 (t,,z,),, that we rename (7,, z,). After possibly choosing a smaller neighbor-
591 hood B,
592
593 (vG“rf)*(tn,zn) =1 for all large n. 6.7)
594

895 This follows from the fact that (v%)*(zy, z) = 1 together with the smooth-

596 ness of ¢. Hence,
597

0% lim (v7)" = @)(1,,2,) = 1 — ¢ (1. 2). (6.8)
599 n—0oQ

600

601 By Egs. (6.4) and (6.5),

602 Gy, \k Gy, \*

603 1 —a= ((V a”) - (,0)([0,20) =< ((V u”) - (p)(tnazn) = 1 -y,

604

605 so that Eq. (6.8) yields ¢(7,z) = a. Using again Eq. (6.7) together with
gos Lemma 6.1 (i), we conclude that w*(,,z,) > «,. Therefore,

607 % - -

608 w" —9)(t,2)

609 = hm Sup(w* - (p)([n’ ZH)

610 n—00

611 Ehmsul) an_go(tnazn):a_(p(t’é)zo'
612 o

613 In view of Eq. (6.2), this proves that (7, Z) = (f, zy) and the proof of Eq. (6.6)
614 is complete.

615 3. By Eq. (6.6), (t,, z,) is a local maximizer of (v?)* — ¢) on By, for
616  gsufficiently large n. Also, by Theorem 4.2, v’ is a discontinuous subsolu-

617 tjon of the dynamic programming equation. Hence
618

619 2

620 _Qot(tns Zn) + F(ln: Zns D(p (tns Zn)a D (p([m Zn)) = 0:
621

We now take liminf as n approaches to infinity to arrive at Eq. (6.3).

222 So w is a discontinuous viscosity subsolution of the dynamic program-
ming equation.
624 £

(i1) It remains to prove that w, is a viscosity supersolution of the

625 dynamic programming equation. This part of the proof is very similar to (i).
223 4. Let (t5,20) €[0, T) x R" and ¢ € CX([0, T'] x R") be such that
628

o 0= (1, = @)1os 20) < (0, = @)(1,2)

630 for all (z,z) €[0,T) x R"\(¢, z9)- (6.9)
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631 Observe that w, > ¢. Set f, =a+ 1/n where « is as in Step 1.
632 Argueing as in Step 1,
633 G
634 ((V 5,,)* - <p)(t> Z) > (1{w*>ﬂ,,} - Qﬂ)(f, Z)
635 = (1 - (p)l{w*>ﬁ,,}(l9 Z) - (pl{w*sa,,}(tn Z)
636
637 = (1= @)y 2 p,)(5,2) = Wil <p,)(1:2)
638 = (L= p,)(52) = Bulp,<p,) (1, 2)
639 > =By (6.10)
640

641 on some bounded neighborhood B, of (¢, z)). On the other hand, since
6a2  Willo,29) = a < B, it follows from Lemma 6.1 (ii) that

o ((+7), = 9)(t0.20) = —ot > =B, (6.11)
645 5. Let (£, z,) be a minimizer of (v*), — ¢ on cl(By), i.e.
646 .
647 (), = )t z0) = inf ((+9),—9).
0
648
649 As in Step 2, we claim that
650
651 (lna Zn) - (l[)a ZO) as n— oQ. (612)
652

We argue as before. Let (z, Z) be the limit of some converging subsequence of

653 (ty,24),> that we rename (¢,,z,). Observe that after possibly choosing a
654 smaller neighborhood By,

655

656 (v") (tysz,) =0 for large n. (6.13)
657

658 This follows from the fact that (vG"")*(tO, zy) = 0 together with the smooth-
659 ness of ¢. Then,
660

o6 Tim ((v7), = @)t 2) = — 9 (7, 2)- (6.14)
222 We now use Egs. (6.10) and (6.11) to conclude that
664 —0= ((VGﬁ”)* - 90)(t0920) z ((‘;Gﬂ”),,< - §0)(tn,2n) z _ﬂn'
%85 Hence by Eq. (6.14), ¢(f,Z) = a. Using again Eq. (6.13) together with
666 .
667 Lemma 6.1 (i), we see that w,(z,,z,) < B8,. Therefore,
668 (W, — @)(t,2) = liminf (w, — @)(,,2,)
669 n—oo _
670 <liminf 8, — ¢(t,,z,) =a — ¢(t,2) =0,
n—oo
671

672 which shows that (¢, z) = (1), zy), in view of Eq. (6.9). This proves the claim.
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673 6. By Eq. (6.12), (¢,,z,) is a local minimizer of ((vG””)* — @) on B,
674 for large n. Since v¥# is a discontinuous subsolution of the dynamic
675 programming equation, this proves that

676

677 _(pt(tn’ Zn) + F(tn’ Zns D(p (tns Zn)a Dz(p(tna Zn)) = O’

678

679 Letting n tend to infinity we obtain

680

681 —o(to. 20) + F*(tg. 20, D (19, 29), D> (t9, 29)) = 0.

682

g3 Hence w is a discontinuous viscosity supersolution of the dynamic
gg4 programming equation. O
685

686 In order to conclude the proof of Theorem 3.1, it remains to show

gg7 that w satisfies the terminal condition (3.3). In preparation of this, we
ggg start with

689
g90 Lemma 6.2. For any initial data (t,z) € [0,T) x R", there exists v € U(t, z)

691 such that
692

_ 2 _
693 ‘z;Z(T) — z) < C(T — 1 +(T — D]P° — as.,

694

695 for some constant C depending on ||t] o and ||o||s-

696

697 Proof. Fix (,z) and a small constant § > 0. Let u, be an arbitrary control in
698 74, and construct processes 7 and Z := Z;.so that for all s € [1, T],

699

;g? ii(5):= () = ug() 1 7)oy gy + 8(5: Z(5), Z() — 2)1, 30 .1y

702

where # is as defined in Assumption 4.1. Clearly for any arbitrary filtered
703 probability space (2, F, [, P) equipped with an R?-valued Brownian motion
04w 5= (Q,F,F,P,W,Z,i) € Ut,z).

705 Set f(s) := Z(s) — z, for s > ¢, and apply It&’s rule to | f(s)|*,
706

707 dIf () = [21(5) (s, Z(s), ii(s)) + trace{oo™ (s, Z(s), i(s))}]dt
708

709 + 21 (s)*a(s, Z(s), i(s)) dW(s).

710

711 Since i(s) € N(s, Z(s), ii(s)) whenever | f(s)| > 8, the stochastic term in the
712 above equation is equal to zero. Hence, for |f(s)| > §,

713 ,
714 dIf(®” = C(f$)I+ D,
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715 for some constant C, depending on the bounds of u and o. This proves that
716

s
MR S8 C [ A OD s s
718 t
719 2 C( . .»
<§&+Cls—0+— ds.
ne <8+ Ce=n+5 [P
721 .
722 We now use Gronwall’s Lemma to arrive at
723 ) )
Ky 1f(s)]? < 82£C106=0 4 5(e<C/<‘>(H> — 1) for sel[,T]
725 R . .
726 Choosing § := T — ¢ yields
- AT = |Z(T) 21 < “UT — 1 +(T — 1),
729 The following result completes the proof of Theorem 3.1.
730

731 Proposition 6.2. For all z € R", we have w, (T, z) = w*(T,z) = g(2).

732

733 Proof. We shall prove that w,(7T,-) > g and w*(T,-) < g, then the required
734 result follows from the trivial inequality w* > w,.

735 1. We first prove that w.(7,-)>g. Fix z€R" and consider a
736 sequence (t,,z,), such that

;2; (ty,z,) = (T,z) and w(t,,z,) = w(T,2).

;ii With 8, := w(t,, z,) + 1/n, it follows from the definition of w that

741 g(z]". (T)) < B,P" —as. for some control v, € U.

742

Vn

743 Since the functions u and o are bounded, it is easily seen that Z;" . (T') —
744 zP —a.s. and therefore

745 , ) ,
746 g(x) = lim ¢(Zy1 . (7)) < lim B, = w.(T.2)

747 o

748 by the continuity of g.

749 2. We now prove that w*(T,-) < g. Let € > 0 be given. By Lemma
s50 0-2, there exists 7, < T such that for any z € R", 7 € [t, T'] there exists a
751 control v € U(t, z) satisfying

;:z g(Z‘l.(T)) <g(z)+¢e forall re[t, T]P' —as.

754 By the definition of w, this yields

755

756 w(t,z) < g(z)+e forall relt,T]
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757 Then we obtain the required inequality by taking limsup as (¢, z) approaches

758 to (T, zo) and using the continuity of g. ]
759
760
761 7. EXAMPLES
762
763 . .
764 7.1. Stochastic Representation of Mean Curvature
Type Geometric Flows
765
766 . . . . .
767 In this subsection we outline the above results with a view towards
768 finding the stochastic representation.
269 1. Suppose that a level set PDE is given with a nonlinearity as in
770 Eq. (3.1). Then Theorem 3.1 or Theorem 3.2 provide the desired representa-
771 tion. Of course, we need a uniqueness result for this equation together with
77 the boundary condition.
773 For initial value problems, we need to reverse time in order to apply
174 OUr results. Indeed if the coefficients u, o are independent of ¢, then this
reversal is easy:
775
776 w(t,z) = inf esssup g(Zp (1, w)).
777 vell(t,2)  weQ '
778 , ,
779 2. Given a target problem we showed that the corresponding level

780 set equation is Eq. (3.2). However, it is not always possible to find
781 a corresponding geometric equation written purely in geometric quantities.
782 The difficulty lies in the fact that the dimension of the reachability sets may
7g3 change. Still formally, the geometric equation is

784 o

265 (e, x) = inf{u(t, 2) + Hy o 2 v € KA z)} for zel(r), (7.1)
786 R

787 where v is the normal velocity vector, and H, ., is the mean curvature
788 vector at (¢,z) using the metric generated by the quadratic form of the
789 matrix a(z,z,v) := oo’ (¢, z,v), and

790

791 K(t,z) := {v € U : Normal space at (¢,z) C Kernel a(t,z)}.

792

793 When the solution has co-dimension one, the normal space is one-

794 dimensional. Then, assuming further that ¥, u and H are directed along
795 the normal, the above infimum has to be understood as the infimum of
796 scalar quantities obtained after taking the dot-product with the outward
797 unit normal vector. However, in the general case, the above infimum is
798 just a formal writing which needs a serious geometric study in order to be
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799 justified rigorously. In the subsequent section, we provide examples where
800 the above geometric equation is fully justified.

801 3. Given a level set equation to obtain its stochastic representation,
802 we need to express the equation as in Egs. (3.1)—(3.2). Of course this is not
803 always straightforward. When the coefficients © and o are linear functions
804 of v, it is possible to deduce u and o by the Fenchel transform. See Example
805 7.3 below.

806

807

808

809 7.2. Codimension-k Mean Curvature Flow

810

811 In this example we will show that with appropriate choices of u and o
812 we can obtain the level set equation of the mean curvature flow in any
813 codimension. The geometric equation for this flow is

814

815 v=H,

816 _

817 where v is the normal velocity vector and H is the mean curvature vector.
818 The corresponding level set equation in any codimension is obtained by
819 Ambrosio and Soner.!!!

820 Let U, be the set of all projections matrices onto a n — k dimensional
821 unoriented plane in R". Let the control set U = U, and for v € U,

822

823 uw=0, o(s,z,v) = V2.

824 . . . . . .
825 Then the nonlinear term in the dynamic programming equation (3.2) is
826 F(p, A) = inf{trace [Av] : v € Uy, vp =0}

827

828 In Ref. [22], it is shown that

829 .

830 (S

631 F(p.A) = ; Al p. A),

832

833 where A((p,A)<---<A,_1(p,A) are the eigenvalues of the matrix
834 [I — (pp*)/1pl*] 4 [I — (pp*)/| pI*] with eigenvectors orthogonal to p. This
835 is exactly the nonlinearity in the level set equation of codimension & mean
836 curvature flow as studied by Ambrosio and Soner.!! The codimension one
837 case is also included in the above formulation and agrees with level set
838 equation of Refs. [6,9],

839
840 —w, = Aw — (D*wDw - Dw)/|Dw|*.
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841 Note that we are considering this PDE in [0, T') x R" with final data at time
842 T, and this accounts for the minus sign in front of w;,.

843 Comparison for the above codimension-k mean curvature flows falls
844  in the generality of the comparison result established by Chen et al.'! Hence,
845 Theorem 3.2 applies and provides a representation of the flow as the target
846 reachability set of {g(z) < 0}.

847

848

849

850 7.3. Inverse Mean Curvature Flow

851

852 The second example is a nonlinear function of the curvature. It
853 provides a guideline how to construct the target problem starting from a
854 geometric equation.

855 The geometric equation is only for codimension one, mean convex
856 surfaces, i.e., for surface with positive mean curvature at every point. The
857 equation is

858

859 v=—1/H,

860  where v is the normal velocity and H is the mean curvature. Note that we are
861  requiring that the solution should have H > 0 everywhere. This equation is
862 recently used by Huisken and Ilmanen!'” to prove the Riemanian positive
863 mass conjecture of general relativity.

864 The staring point of the connection between the inverse mean curva-
865  ture flow and the target problems is the Legendre transform of the concave
22‘75 function —1/x restricted to positive x:

868 —1/x=inf{a2x—2a:a20}, x> 0.

869

g70 The level set equation for the mean curvature flow is

871 w; 1 | Dw|

872 — =_ - = > 5 - (7.2)
673 |Dw| D-(Dw/|Dw|)  Aw — D*wDw - Dw/|Dw|

874 We now multiply the equation by |[Dw]| and then use the expression for —1/x
875 to arrive at

876

877 —-w, = ing {az[Aw — D’wDw - Dw/|Dw|2] — 2a|Dwl|}.

878 “=

879 We are now in a position to define the target problem. We first
880 note that

881

882 [Aw — D*wDw - Dw/|Dw|2] = inf{trace [Av] : v € U, vDw = 0},
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883 and any v el is of the form v=[I —7n'] for some vector i € S" '
884 So instead of using projection matrices from {,, we could use S"~'. With
885 this identification, we set U = §"! x [0, c0) and

886 R o - -

887 u(n,a) = —an, o(n,a) = V2a [ —nn'].

888 By a direct calculation we can show that the nonlinear term F is given by
889

890 F(p. A) = inf{d’(trace[d] — Ap - p/| pI*) = 2al pl}
o o
- -

894 Notice that Eq. (7.2) is exactly equal to the dynamic programming equation
895 (3.2) with the above F.

896 In this example, the controls take values in unbounded set.
897 Consequently, Theorems 4.2 and 3.2 do not apply to this context. The
898 representation result needs to be proved for this specific case. Notice that
899 a representation result for smooth inverse mean curvature flows is proved
900 in Ref. [23].

901

902
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