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SUPERREPLICATION UNDER GAMMA CONSTRAINTS*
H. METE SONER' AND NIZAR TOUZI*

Abstract. In a financial market consisting of a nonrisky asset and a risky one, we study the
minimal initial capital needed in order to superreplicate a given contingent claim under a gamma
constraint. This is a constraint on the unbounded variation part of the hedging portfolio. We first
consider the case in which the prices are given as general Markov diffusion processes and prove a
verification theorem which characterizes the superreplication cost as the unique solution of a quasi-
variational inequality. In the context of the Black—Scholes model (i.e., when volatility is constant),
this theorem allows us to derive an explicit solution of the problem. These results are based on a
new dynamic programming principle for general “stochastic target” problems.
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1. Introduction. We study the problem of superreplicating a contingent claim
under a gamma constraint. This is a constraint on the unbounded part of the hedging
portfolio.

To explain this constraint and the idea of superreplication, let us first consider
the classical Black—Scholes framework with one riskless asset which is normalized to
S% = 1 and one risky asset whose price process evolves according to the stochastic
differential equation dS(t)/S(t) = udt + cdW (t). Then given a European contingent
claim of the type g(S(T)), the unconstrained superreplication cost v2(0,5(0)) is
defined as the minimal initial capital which allows us to hedge g(S(T")) through some
portfolio strategy on the assets S and S. It is known that the solution of this problem
coincides with the Black—Scholes arbitrage price of ¢(S(T)) and therefore it is given
by vB9(t,s) = EX[g(S(T))|S(t) = s]. Here E¥(.) is the expectation operator under
the equivalent martingale measure, i.e., ) is the probability measure equivalent to P
under which the process S is a martingale. Then the optimal hedging strategy consists
of holding A(t, S(t)) := vP9(t,S(t)) units of the risky asset at each time ¢ € [0, T].

In practice, traders are faced with shortselling, borrowing, or another type of con-
straint. These restrictions render this optimal strategy impossible to use in practice,
and the notion of superreplication is introduced to replace the no-arbitrage price of
Black and Scholes, in the presence of such constraints. We refer to Jouini and Kallal
(1995) and Cvitani¢ and Karatzas (1993) for the superreplication problem with general
portfolio constraints. They provide a characterization of the minimal superreplica-
tion cost as the value of a stochastic optimal control problem. Broadie, Cvitanic,
and Soner (1998) observe that, for a contingent claim of the type ¢g(S(7T')), this con-
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trol problem can be explicitly solved by proving that the minimal superreplication
cost is the unconstrained Black—Scholes price of a modified claim. For the stochastic
volatility model, a similar explicit solution is provided in Cvitani¢, Pham, and Touzi
(1999).

Another problem which in practice faces traders is the variation of the optimal
hedging strategy. The gamma associated to the optimal hedging strategy is defined
by (¢, S(t)) := vB(t,S(t)) and describes the variation of the holdings in S, in the
optimal hedging strategy, with respect to an infinitesimal change of the process S.
Since traders act only in discrete-time, a large v induces an important risk exposure
between two transaction dates. This problem was raised by Broadie, Cvitani¢, and
Soner (1998) who provided an upper bound for the superreplication cost under gamma
constraint, as well as the associated hedging strategy. However, they did not formulate
a precise statement of the problem.

The chief goals of this paper are first to define the superreplication problem under
a gamma constraint and then to obtain an explicit solution.

Formulation of the problem is obtained by observing that the gamma constraint
is equivalent to a bound on the variation of the hedging portfolio. We then provide
a simple solution to this problem. To describe this solution, let § be the smallest
function greater than g which satisfies the gamma constraint. Then the minimal
superreplicating cost with a gamma constraint solves a variational inequality with
terminal condition §. When the volatility is a given constant, the solution of the
problem is given by E?[g(S(t))], i.e., the Black and Scholes no-arbitrage price of the
contingent claim §(S(T")). We explicitly calculate the § function for several standard
options such as European calls, puts, and digital options.

Previously, the convex duality argument was used to characterize the minimal su-
perreplicating cost. In this approach, the dual formulation of the problem is obtained
by suitable changes of measure. However, in the case of gamma constraints, it seems
that the diffusion coefficients need to be modified in order to follow a similar tech-
nique. Since this cannot be accomplished by equivalent changes of measure, we were
not able to use the convex duality arguments. Instead, we introduce a dynamic pro-
gramming argument to identify the superreplication cost as the viscosity solution of a
differential inequality. To our knowledge, this is the first use of dynamic programming
in this context. We believe that this is a powerful tool in analyzing “stochastic target”
problems and establishing the connection between the backward-forward stochastic
differential equations and viscosity solutions as developed in an accompanying paper
by the authors Soner and Touzi (2000).

A technical contribution of this paper is a result on the behavior of double stochas-
tic integrals with respect to Brownian motion. This is needed because our formulation
of the problem involves a nonclassical constraint on the unbounded variation part of
the portfolio process, which is itself the integrand of the martingale part of the state
process.

This paper is organized as follows. Section 2 describes the general problem. We
introduce the modified terminal data in section 3 and state the assumptions in section
4. After stating the dynamic programming in section 5, we state and prove the main
result in section 6. Section 7 focuses on the constant coefficient (i.e., the Black—
Scholes) case, and several examples are discussed in section 8. The remainder of
the paper is devoted to technical results: section 9 proves the viscosity property, a
comparison result is proved in section 10, and finally a property of stochastic double
integrals is proved in section 11.
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2. Problem. We consider a financial market which consists of one bank account,
with constant price process SY(t) = 1 for all t € [0, 7], and one risky asset with price
process evolving according to the following stochastic differential equation:

BSusl) _ o 5, ()t + o(u, Syg()dWO(),  t<u<T.

Sis(t)=s and S

Here W0 is a standard Brownian motion in R defined on a complete probability space
(92, F, P%). We shall denote by F = {F(t), 0 <t < T} the P%-augmentation of the
filtration generated by WP. The drift and the volatility functions su(t, s) and so(t, s)
satisfy the usual Lipschitz and linear growth conditions in order for the process S o
to be well defined; we also assume that o(¢,s) > 0 for all (¢,s) € [0,T] x (0,00) and

T
t, So.s(t
£ _/ :u’( ) O,S( ))dwo(t) _ 17
o ot So,s(t))
where EP”(.) is the expectation operator under the probability measure P? and &(.)
is the Doléans—Dade exponential martingale, i.e.,

T T 1 T
£ ( /0 b(t)dWO(t)> = exp ( /O b(t)dWO(t) — 3 /O b2(t)dt> .

As usual, the assumption that the interest rate of the bank account is zero can
be easily dispensed with by appropriate discounting.

Consider now an economic agent, endowed with an initial capital x at time ¢,
who invests at each time u € [¢,T] an amount Y (u)S(u) of his wealth in the risky
asset and the remaining wealth in the bank account. The process Y = {Y(u), t <
u < T} represents the number of shares of risky asset S held by the agent during the
time interval [t, T]. Then, by the self-financing condition, the wealth process evolves
according to the stochastic differential equation

EF

Xt)== and dX(u) =Y (u)dS(u), t<u<T.

The purpose of this paper is to introduce constraints on the variations of the hedging
portfolio Y. We consider portfolios which are continuous semimartingales with respect
to the ﬁltration F. Since F is the Brownian filtration, we define the controlled portfolio
strategy Y, sy DY

(2.1) Vi) =y,
dSt s(u)
o,y ) < <
d}/tsfl/( ) ( )du+ ( )St,s(u) ) t—U_T7

where y € R is the initial portfolio and the control pair («,~) takes values in
D, := (L*°([t, T] x Q; Lebesgue ® PY))2.

Hence a trading strategy is defined by the triple (y, «,y) with y € R and («,7) € D;.

Then the associated wealth process, denoted by X", .y satisfies

tsy

(2.2) Xils y(u _$+/ Y5 (r)dSes(r), t<u<T.
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We shall formulate the gamma constraint by requiring that the process v be
bounded from above. Before making this definition precise, we give a formal discus-
sion. Formally, we expect the hedging portfolio to satisfy

Y (u) = vs(u, St s(w)),

where v is the minimal superreplication cost. Indeed, this is true in the classical Black—
Scholes theory as well as in the case of portfolio constraints; see Broadie, Cvitanic,
and Soner (1998). Assuming enough regularity, we apply the It6 formula. The result
is

dY (u) = A(u)du + o/(u, Sp.s(u))Sp,s (W) vss (1, Sp.s(u))dW (u),

where A(u) is given in terms of derivatives of v. Compare this equation with (2.1) to
conclude that

'Y(u) = St,S(u) USS(% St,S(u))-

Therefore a bound on the process v translates to a bound on svss. Notice that, by
changing the definition of the process v in (2.1), we may bound v instead of svss.
However, we choose to study svss because it is a dimensionless quantity, i.e., if all the
parameters in the problem are increased by the same factor, svss remains unchanged.

We now formulate the gamma constraint in the following way. Let I" be a constant
fixed throughout the paper. Given some initial capital x > 0, a trading strategy
(y,,7) is said to be z-admissible if it satisfies the gamma constraint y(u) < T’
for all t < u < T almost surely (a.s.) and the associated wealth process X oyl
nonnegative. We shall denote by

Aps(z):={(y,a,7) eRxDy:4(.) <T and X/, ()>0}

tmsy

the set of all admissible trading strategies.

We consider a European-type contingent claim ¢(S; s(7T")) defined by the terminal
payoff function g. Given such a contingent claim, we then consider the infimum v(t, )
of initial capitals z which induce a wealth process Xf z.s,y through some admissible
trading strategy (y,a,7) such that X', = hedges g(SnS( ), i.e.,

(23)  w(t,s) =inf{z: 3 (y,0,7) € Ars(x), X730, (T) > g(Sts( a.s.}.

Note that if g is convex so is v in the s-variable; hence, in this case, gamma is bounded
from below as well.

Our goal is to prove that function v(t, s) solves a variational inequality and that
its terminal value is given by some function § dominating g. When we focus on the
constant volatility case, these observations allow us to derive an explicit solution of
the hedging problem (2.3): v(t, s) is the (unconstrained) Black and Scholes price of
the modified contingent claim §(S; s(7")). This function § can be easily computed and
several examples are provided in section 7.

Throughout this paper, we shall introduce a probability measure P ~ P° defined
by

_ pP°
P(4)=E a(t, Sos(t))

14E (— /OT /M"S(mdwo(t)ﬂ for all A € F.
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We shall denote by E(.) the expectation operator under the probability measure P.
By Girsanov’s theorem, the process W defined by

W(u) :== WO(u) + /tu ZE:’ i:gg;dr’

is a Brownian motion under P. In terms of the Brownian motion W, the risky asset
price process is defined by

t<u<T,

(24) Sis(t)=s and dgts((;;) =o(u, Sy s(u)dW(u), t<u<T.

3. Modified terminal data. Due to the constraint, the limit of the value func-
tion v(t, s) of (2.3), as ¢ tends to the terminal time 7', may not be equal to the con-
tingent claim g. Indeed the determination of this limit is an important step toward
the solution of the problem.

We will show in the following sections that the following function g is equal to
the limit

g(s) := h"(s) + 'sln(s), s> 0,

where h(s) = g(s) —T'sln(s) and h°"° is the concave envelope of h, i.e., the smallest
concave function greater than h. In other words, function §(s)—TI'sIn (s) is the concave
envelope of function g(s) — I'sln (s). The chief property of ¢ that we will use is the
following.

LEMMA 3.1. § is the smallest function satisfying the following two conditions:
(i) § > g and (ii) g(s) — T'sln(s) is concave.

Proof. Clearly, g satisfies these conditions. Let u be another function satisfying
both of them. Set w(s) := u(s) — I'sln(s). Clearly w > h. Since w is concave and
w > h, by the definition of the concave envelope of h, w > h®"¢. Therefore,

u(s) =w(s) + Tsln(s) > h°"(s) + T'sln(s) = g(s). |

In section 6 below, we will show that the terminal data of the minimal super-
replicating cost are equal to §. The formal reason for this is that if v is sufficiently
smooth, we formally expect v(t,s) to satisfy the gamma constraint svgs(t,s) < T.
This is equivalent to the statement that v(t,s) + I'sln(s) is concave. Therefore we
formally expect the terminal data limy;r v(T, s) to be the smallest function satisfying
the two conditions of the previous lemma.

4. Assumptions. We always assume that
(4.1) function g is nonnegative and lower semicontinuous.

We start with several assumptions on the payoff function ¢ and §. In sections 7
and 8 below, we will verify that all these assumptions are satisfied by standard claims
in the Black—Scholes model, i.e., in the case of a constant volatility function o(t, s);
see section 7 below.

Assumption 4.1. We assume that ¢ is finite and there exists a nonnegative,
strictly concave function ¢ € C? with lim, .., ¢(s) = oo such that

. gem(s) — E[g°m(St,s(T))]
(4.2) hfiigp 5(5)

< 0Q.
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Remark 4.2. Any function g which is growing at most linearly at infinity satisfies
G°°"°(.) < oo. Indeed in this case, h(s) < H(s) := K —I'sln(s)/2 for some constant
K. Since H is concave, h®°"¢ < H, and therefore § is finite.

The main use of Assumption 4.1 is to prove a comparison result. The statement
and the proof of this result are given in section 10.

Our final assumption is the existence of a smooth solution to the variational
inequality

(4.3) min {—Lu; T — suss} (¢,8) =0 on [0,T) x (0,00)
together with the terminal condition
(4.4) u(T,s) = g(s) for all s > 0,

where L is the parabolic operator related to the infinitesimal generator of the stock
price process,

o 1 0?
L= En + 502(t,s)s2@.

We will prove in section 6 that this solution is equal to the minimal superreplication
cost.

Assumption 4.3. The variational inequality (4.3)—(4.4) has a C12 ([0,T), (0, 00))
solution v satisfying

(i) o(¢,0) = g(0) for all t € [0,T7,
(ii) © is polynomially growing in its s variable at infinity,
(iii) s0ss, LU are bounded,
(iv) v, is a W12 function with generalized derivatives satisfying £9, bounded.

In section 7, for the constant volatility model, we verify this assumption by pro-
viding an explicit solution.

Remark 4.4. By a classical comparison theorem for the equation Lv = 0 (see, for
instance, Friedman (1964)), we see that 0(¢, s) > E[§(S.,s(T))]. Since g is nonnegative,
so is g; therefore we have

0(t,s) > E[3(Ses(T)] =0 forall (¢ s) € [0,T] x (0,00).

5. Dynamic programming. The following is the analogue of the principle of
dynamic programming which is standard in the theory of stochastic optimal control
theory first proved by R. Bellman.

LEMMA 5.1. Let (t,8) € [0,T) x [0,00) and consider an arbitrary stopping time
0 wvalued in [t,T]. Suppose that X' (T) > g(S;,s(T)) P-a.s. for some (a,7) €
Ay s(x), y € R, and initial wealth x € R. Then, for the value function v of (2.3), we
have

X (0) >0(0,5.50)), P-as.

t,z,8,y
Proof. Let x, y, 0, and (a, ) be as in the above statement. Set & = X7, (9),

t2,8,y

Si.s(0), 4 = Y, (0). Clearly Vi o,y = Yp s 5. By definition of the wealth process

§ =
(2.2), this provides
X000 (1) = X0 (T).

t,%,8,y T 2,89
Also, by uniqueness of the solution for the stochastic differential equation defining
the stock price S, we have S; s = Sps. Since X, (T) = X;27, (T) > g (S:.s(T))

0,z,3,9 t,z,s,y
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= ¢(Sps(T)), it follows that & > v(6,8) by definition of the control problem
v(8, §). 0

Remark 5.2. As in optimal control theory, the second part of the dynamic pro-
gramming is also available. A systematic study of dynamic programming is given in
an accompanying paper by the authors. Since we do not need the second part of the
dynamic programming in this paper, we refer the reader to Soner and Touzi (2000)
for a discussion of the full dynamic programming.

6. Main result. Let ¢ be the solution of the variational inequality (4.3)—(4.4)
introduced in Assumption 4.3.

THEOREM 6.1. Let Assumptions 4.1 and 4.3 hold. Then, the value function v
of the hedging problem (2.3) is equal to the unique smooth solution of the variational
inequality (4.3)—(4.4), i.e.,

v =1.

Notice that the variational inequality (4.3)—(4.4) was not assumed to have a
unique solution satisfying the requirement of Assumption 4.3. Uniqueness is obtained
as a consequence of the above theorem.

Let v, be the lower semicontinuous envelope of v:

6.1 vi(t,8) := liminf w(¢,s).
(6.1) (t,s) (t,vs,)é(m)( )

We prove the theorem after assuming two properties of the value function v.
P1. Function s — v, (¢,s) — I'sln (s) is concave for all ¢ € [0,T).
P2. v, is a viscosity supersolution of the equation —Lu = 0 on [0,T") x (0, 00).
These properties will be verified in section 9 below.
Proof. We start with the inequality v < 0. For ¢t <u < T, set

y=10s(t,s),  alu)=Lo(u,Sw),  y(u) = Sis(u)iss(u, S(u)).
Since Lo <0,

9(51.5(T)) < g (5:,5(T)) = 0 (T, 5:,5(T))

ot ) + /t L (u, St () )du + b, (1, St,5 (1)) AS (1)
T
Sﬁ(t,S)Jr/t Y (u)dSt s (u);

in the last step we applied the generalized 1t6’s formula to vy € W12, (See Krylov
(1980, Theorem 1, p. 122) for It6’s formula with generalized derivatives.) By Assump-
tion 4.3, («,7y) € D;. Furthermore, since o solves the variational inequality (4.3), v(u)
< T for all u € [t,T]. By Remark 4.4, 0(u, Sy s(u)) = X', ,(u) > 0 with z = 0(t, 5).
Hence (y, o, 7) € Ay s(0(t,s)), and by the definition of the minimal replicating price,
we conclude that v < 0.

We now prove the reverse inequality. Fix (¢,s) € (0,7) x (0,00), and § > 0. By
the definition of v, there exist an initial wealth x € [v(t,s),v(f, s) + 6) and a trading
strategy (v, at,v") € A; s(x) satisfying

X (T) > g(Se(T))  P-as.

t,z,s,yt
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Therefore,
T Oét t
6+ v(t,s) —l—/ Vi (WdSes(u) > g(Ses(T))  P-as.
t

By the definition of A, s(z), the local martingale { [," Yta; ’J: (r)dSi,s(r), u >t} is
bounded from below and is therefore a supermartingale. We take the expected value

in the last inequality and then use this fact. The result is
6+u(t,s) = Elg(Ses(T))]-
Since 6 > 0 is arbitrary and g is lower semicontinuous, Fatou’s lemma yields

v(T,s) = liminf wv(¢,s") > g(s for all s > 0.
(T.s) = liminf o(t.5)) > g(s)
In view of the property P1, v, (T, -) satisfies both conditions stated in Lemma 3.1, and
therefore v, (T, ) > §(s).

By dynamic programming, for any (y,a,vy) € As,(z) satisfying X', (T)
9(Se,s(T)),

Y

X0 (w) > v(u, Sts(u)) for all u € [¢,T].

t,x,8,y
Since we have shown that v.(T,s) > §(s), by taking the limit as u tends to T, we
conclude that

X7 (T) > §(Se,5(T)).

t,x,s,y

Therefore, any strategy that dominates g also dominates §. Since § > g, this provides
(6.2) w(t,s) =inf{z:3 (y,0,7) € Ars(x), X3, (T) > g(Ss(T)) as.},

i.e., v is the minimal superreplication cost for the claim §. By definition, the Black—
Scholes price (i.e., unconstrained superreplication cost) is always smaller than the
superreplication cost with gamma constraint,

(6.3) u(t,s) > E[§(Se.s(T))]  for all (¢,5) € [0,T) x (0,00).

Moreover, by (6.2), v(t,04+) = §(0) for all ¢ € [0,T). Therefore, v.(¢,0) < v(t,0) =
§(0). Also (6.3) together with Fatou’s lemma yield v, (¢,0) > §(0). Hence v.(¢,0) =
3(0).

In view of Lemma 9.2 below, v, is a lower semicontinuous viscosity supersolution
of (4.3)—(4.4). By Theorem 10.1, v, > ©. This completes the proof of the theorem
since v > . 0

Remark 6.2. In the first part of the above proof, the optimal hedging strat-
egy (y,a,7y) is expressed explicitly in terms of the derivatives of the minimal super-
replication cost function 9.

Remark 6.3. In the proof above, it is shown (without appealing to Theorem 10.1)
that the (unconstrained) Black and Scholes price of §(S; +(T")) is a trivial lower bound
for v

v(t,s) > E§(S:s(T))] forall (t,s) €[0,T) x (0, 00).

We shall use this lower bound in the proof of the comparison Theorem 10.1.



SUPERREPLICATION UNDER GAMMA CONSTRAINTS 81

7. The Black and Scholes model. In this section, we focus on a discussion of
the Black and Scholes model in which the volatility function o(t, s) is constant, i.e.,
o(t,s) = o for all (¢,s) € [0,T] x (0, 00).

We shall provide an explicit solution to the hedging problem (2.3) under the
following condition.

Assumption 7.1. Function s —— h®"¢(s) — Csln(s) is convex for some con-
stant C.

Remark 7.2. Suppose that function g is such that s — g(s) + Asln (s) is convex
for some constant A. Then, since h(s) = g(s) + Asln(s) — (T' 4+ A)sln (s), it follows
from the construction of the concave envelope that Assumption 7.1 is satisfied by C
=I'+ A

THEOREM 7.3. Let Assumptions 4.1 and 7.1 hold. Then, Assumption 4.3 holds
and the value function v of the hedging problem (2.3) is simply the unconstrained Black
and Scholes price © of the contingent claim §(St s(T)), i.e.,

v(t,s) = 0(t,s) = E[§(Se,s(T))]  for all (t,s) €[0,T] x (0,00).

Proof. Denote o(t,s) := E[§(Sts(T))]. Then o is a classical solution to the
equation

—Lu=0 on[0,T) x (0,00) and u(T,s) =g(s), s>0.

Furthermore, by the definition of g,

(7.1) o(t,s) — TsIn (s) = B [h°"(S; s(T))] + %UQ(T —t)I's.
Since h°°"° is concave and Sy ¢(T) is linear in s, this proves that for all ¢ € [0,T],
function s — o(t, s) — I'sln (s) is concave, and therefore svs5(t,s) < T for all (¢,s) €
[0,T) x (0,00). A similar argument using Assumption 7.1 shows that sv,s(t, s) > C.

Consequently © = o is a classical solution of the variational inequality (4.3)—
(4.4). By Friedman (1964, Theorem 10, p. 72), function o, is C1'?, which provides
all the regularity required in Assumption 4.3, except the property (iii). To verify
Assumption 4.3 (iii), we differentiate the equation £ = 1;(¢, s) + 025%0s(t, 8) = 0 to
obtain L (t,s) = 02s04(t, s). Since we have already proved that si,s is bounded, so
is L0. 0

Remark 7.4. Observe that Assumption 4.1 is only used in the proof of the com-
parison Theorem 10.1 which is needed to show that v < v. Since in the Black and
Scholes case (¢, s) = E[§(St,s(T))], the variational inequality (4.3) reduces to the lin-
ear equation —Lv = 0. Then we can appeal to the standard comparison theorem for
this equation, and Assumption 4.1 can be relaxed by requiring only that g(.) < oco.

8. Examples.

European call option. Let g(s) = (s — K)T, s > 0. Since g is convex, As-
sumption 7.1 is satisfied; see Remark 7.2. Next, it is easily checked that the concave
envelope of function h(s) = (s — K)T —I'sln (s) is given by

hconc(s) _ h(S), S (O, OO) \ [517 32]’
h(s1)+ h'(s1)(s —s1), S € [s1,52],
i.e., h®°"° coincides with h outside the interval [s1, s3] and is defined by a straight line
in [s1, s2]. The values s; and s are characterized by

51 < K < sah'(s1) =h'(s2) and  h(s2) = h(s1) + h'(s1)(s2 — s1)-
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A direct calculation yields

K Ket/!
S v R e
Therefore,
R (s — K)T, s € (0,00) \ [s1,52],
9(s) = F(slni—&—sl—s), s € [s1,82].
Since §°°"¢(s) = s for all s > 0, Assumption 4.1 is clearly satisfied and Theorem 7.3

applies.

European put option. We now consider the case g(s) = (K —s)*, s > 0. As
in the previous example, g is convex, and therefore Assumption 7.1 is satisfied. The
concave envelope of function h(s) = (K — s)* — T'sln (s) is given by

conc _ h(s)’ s € (O’ OO) \ [517 82])
h(s) = { h(s1) + h'(s1)(s —s1), s € [s1,52],

i.e., h®°"¢ coincides with h outside the interval [sy, s3] and is defined by a straight line
in [s1, s2]. The values s; and s, are characterized by

s1 < K < sgh'(s1) =h'(s2) and  h(s2) = h(s1) + h'(s1)(s2 — s1).
We directly calculate that

K Kel/T
S1 = 71_‘(61/1_‘ — 1) and So = 7F(61/F — 1)

(the same values as in the first example) and
X (K —s)™, s € (0,00) \ [s1, 52],
g(s) = K—5+F(slni—|—sl—s), s € [s1, s2].
Since g is bounded, Assumption 4.1 holds and therefore Theorem 7.3 applies.

Straddle option. We now study the contingent claim defined by g(s) = (s—K)*
+ (K —s)™, s > 0. The same argument as in the previous examples yields

o (s —K)tT+ (K —s)T, s € (0,00) \ [s1, 52],
g(s) = K—erF(slniJrsl—s), s € [s1, s2),

where s; = % and so = s1€2/T.

Digital option. Our last example is the contingent claim defined by g(s) =
lis>k}, s > 0. Then, it is easily seen that the concave envelope of function h(s) =
lss i — I'sln(s) is given by

conc _ h(S), s € (0700)\[8*"[{}7
h (5) - { h(s*) +h/(8*)(8—8*)7 < g < [(7

where s* is the unique solution of

1
0<s*<T and s*len(s*):Klen(K)+f.
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Clearly, the above function satisfies Assumption 7.1. This provides the candidate for
the hedging problem under the gamma constraint:

0, s < s,
g(s) =< Tsln(s) + h(s*) + h'(s*)(s — s*), s*<s <K,
1 s > K.

3

Since § < 1, we have §°°*° < 1 and Assumption 4.1 holds. Then, Theorem 7.3 again
applies.

9. Viscosity property. In this section, we prove properties P1 and P2 of sec-
tion 6.
THEOREM 9.1. v, is a viscosity supersolution of the variational inequality

(9.1) min {—Lu(t,s), T — suss(t,s)} =0

on (0,T) x (0,00).
Proof. For e € (0,1], set

Pa(@) = {(y,0,7) € Ars(2) : la( ) + () <e7'},
and
0¥ (t,s) = inf {z: I (y,0,7) € A ((x), X730, (T) > g(S1s(T)) as.}.

Let v be the lower semicontinuous envelope of v¢; cf. (6.1). It is clear that v° also
satisfies the dynamic programming equation of Lemma 5.1.

First we will show that vZ is a viscosity supersolution of (9.1). Let ¢ € C*°(R?)
and (tg, sp) € (0,T) x (0, 00) satisfy

vs — ) (to, So) = min vs — @)(t, 8).
(i = ©)(to, s0) (t,s)e(O,T)X(O,oo)( ©)(t,s)

We need to show that
(92) 7,C<p(t0, 50) Z 0 and SQQDSS(to, So) S F

We may assume that (v — ¢)(to, s0) = 0 so that v > ¢.

Choose (tn,, $n) — (to, o) so that v (t,, s,) converges to v<(tg, sp). For each n, by
the definition of v¢ and the dynamic programming, there are x,, € [v° (¢, $n), v (tn, Sn)+
1/n] hedging strategies (Yn,n, vn) € Af, g, (7n) satisfying

X mon (tn + 1) — v (tn + £, S, 5, (tn +1)) >0

tn,Tn,Sn,Yn
for every t > 0. Since v¢ > v > o,

tn+t
- / YR (u)dSy, (1) — @(tn 4t Spy (b + ) > 0.
t

n

Set

Bn =T — @(tvu Sn)

and observe that 8, — 0 as n — oo, since @(t,, $n) — ©(to, s0) = v<(to, S0), |Tn —
VE (tn, 8n)| < 1/n, and v°(ty, $n) — vE(to, S0)-
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By It6’s lemma,
(9.3) M, (t) < Dy (t) + B

for every t > 0, where
t
Mn (t) = /0 [QUS (tn + U, Stnasn (tn + u)) - }/tiltgzjlyn (tn + u)] dStn75n (tn + u)?

¢
D,(t) = —/0 Lo(ty +u, St s, (tn +u))du.

For some sufficiently large positive constant A, define the stopping time ¢,, + 6,, by
Op :=1inf {u > 0:|In(Sy, s, (tn +u)/sn)| > A}

and observe that the sequence of stopping times (6,,) satisfies
. 1
liminft A0, > =t ANBy P-a.s.
n—oo 2

for all ¢ > 0; see Remark 11.2. By the smoothness of Ly, the integrand in the
definition of M,, is bounded up to the stopping time 6,, and therefore, taking the
expectation in (9.3) provides

-

A0y,
/ Lo(tn +u, S, s, (tn + u))du] > —bn.
0

By sending n to infinity, we obtain

-F

tAOg
/ Lo(to + u, Sty s, (to + u))du} >0
0

by dominated convergence and continuity of L. Then, dividing by t and taking the
limit as t \, 0, we get by dominated convergence

—,Cgo(to, So) > 0,

which is the first part of (9.2). It remains to prove the second inequality.
By another application of It6’s lemma, it follows that

t u u
Mo (t) = /0 (zn + /O o (r)r + /0 b (1)dASh o, (tn + 7“)) dSs. . (bn + ),

Zn = @s(tna Sn) — Yn,
an(r) = Los(tn + 7,5, 5, (tn + 7)) — an(tn + 1),
’Yn(tn + 7‘)

bu(r) = @ss(tn + 7, 5,5, (tn + 7)) — St (tn + 1)

nsSn

Observe that the processes a, (. A6,) and b, (. A6,,) are bounded uniformly in n since
Lips and g are smooth functions. By (9.3),

My (tAN6y) < Dyp(tABy) + Bn < CEAO, + Bn
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for some positive constant C'. We now apply the results of Propositions 11.5 and 11.6
to the martingales M,,. The result is

lim y, = ¢s(to, o) and liminf b(t) <0,
n—oo n—oo, t
where b is the L? weak limit of the sequence (b,). The remaining inequality in (9.2)

is obtained after recalling that ~,(t) < T.
Hence v¢ is a viscosity supersolution of (9.1). Since

wltyo) = limnf o"(t,5) = _ Miml ) ")

the Barles—Perthame technique implies that v, is a viscosity supersolution of (9.1) as
well. 0
The following result completes the proof of the properties P1 and P2 of section 6.
LEMMA 9.2. Let f be a lower semicontinuous function defined on (0,00). Then, f
is a viscosity supersolution of T' —sfss(s) > 0 if and only if f(s)—T'sln(s) is concave.
Proof. Suppose that h(s) := f(s) — I'sln(s) is a concave function and a smooth
test function ¢ and sy > 0 satisfy

0=(f=®)(so) =min { (f =¢)(s) : 5s=0}
Set ¥(s) := ¢(s) — I'sln(s), so that for any § > 0,
¥(so+6) +(so — 6) — 2¢(s0) < h(so+ 6) + h(sg — ) — 2h(sp) < 0.

We divide by 62 and let § go to zero. The result is @gs(sg) < I'/so. Hence, f is a
viscosity supersolution of —sfgs(s) +T' > 0.

Now suppose that f is a viscosity supersolution of —sfss(s) +T' > 0. We need to
show that

h(s+6) + h(s—6) —2h(s) <0
for any 6 > 0. Suppose that there exist sg and é > 0 such that
a = h(sg+ 6) + h(sg — 6) — 2h(sp) > 0.

Set

h(SO"_é)_h(sO_é) i(sis )2
26 o

0(s) = h(so) + =

(s —s0) +

Then, (h —1)(sg) = 0 and

(h — ) (so £6) = = [h(s0 + &) + h(so — 6) — 2h(s0)] — % —

N

1
2
Hence, (h — 1) attains a local minimum in (sg — 8, so + ). Set v(s) := ¥ (s) +'sIn(s)

so that (f — ¢) attains a local minimum in the same interval, say at s*. We calculate
that

I'— s"pss(s*) = =" — < 0.

This contradicts the supersolution property of f. 1]
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10. The comparison result. This section is devoted to the proof of a compar-
ison theorem which was used in the proof of our main result. We refer to Crandall,
Ishii, and Lions (1992) and Fleming and Soner (1993) for the definition and the prop-
erties of viscosity solutions.

THEOREM 10.1. Let Assumption 4.1 hold. Suppose that the variational inequality
(4.3)~(4.4) has a solution © € CH2([0,T] x (0,00)) which is polynomially growing and
has bounded L0. Let u be a lower semicontinuous viscosity supersolution of (4.3)
satisfying w(T,-) > g, u(-,0) > 0(-,0), and u(t,s) > E[§(St,s(T)]. Then,

u >0 on [0,T] x (0, 00).

We start with deriving an upper bound for the solution ¢ of (4.3)—(4.4).

LEMMA 10.2. For all (t,s) € [0,T] x (0,00), 0(t,s) < §°"(s).

Proof. To prove this result, we first show that ¢ is related to some stochastic con-

trol problem. Let A be the set of all bounded nonnegative progressively measurable
processes. For all v € N, consider the controlled process S¢ s defined by

dSys(u) _ [ v(u)
Sta(u) (14 57(u)

1/2
+ 02 (¢, st(u))] dW (u).

Notice that the random function s — s [v(1 4 s)~" 4 02(t,s)] "2 i Lipschitz uni-
formly in ¢ and therefore the process S is well defined. Next, for some small parameter
1 > 0, define the stochastic control problem

u(t,s) := sup F

veN 1—"_‘91?/,5(

o qu 1 g St s(u)
52T = 50 =) [ vl
and consider the approximating problems

u"(t,s):= sup E
veN™

N (1
3(87,(T)) — %<F =) /t V() 1+st(<)u> d“]

with A" consisting of elements in A which are bounded by n. Clearly, for every n
we have u"(t,s) < u(t,s) for all (¢,s) € [0,T] x (0,00). By classical arguments, it is
easily checked that u™ is a viscosity solution of the Hamilton-Jacobi-Bellman (HJB)
equation

150 5 v 1 s _
sup {wt—i—zs (O’ (t,s)—l—m)wss 5(1" n)u1+s}—0

0<v<n

which can be written as

1
(10.1) —Lw — Qn%ﬂ[swss —C=n)] =0 on[0,T) x (0,00).
Now recall that © is a classical solution to (4.3).
Case 1. sbss < T, then L& = 0 and therefore —L0 — %nﬁ[s@ss —(T—-n)t <o.

Case2. stss =T, then L0 > 0 and —LH— %n%ﬂ[sﬁss —(D=n)]" < —Lo—inn s
< 0 for sufficiently large n; recall that £0 is assumed to be bounded uniformly in (¢, s).
We have then proved that ¢ is a subsolution of the HJB equation (10.1) for
sufficiently large n. Since 0(T,s) = u™(T,s) = §(s), it follows from the comparison

theorem (which will be verified at the end of this proof) that & < u™ and therefore

0(t,s) <wu(t,s) forall (¢,s) € [0,T] x (0,00).
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We then have

o(t,s) < sup E [§(S7,(T))] < sup E [§°°"(S} (T))] -
veN veN

By the Jensen inequality and the martingale property of the process Sy ;, this provides

’IA)(t, S) S 52’5}7601&0 (E [S:S(T):I) — gconc(s).

It remains to prove the comparison theorem for (10.1). Let m be the growth rate
of 9, i.e., O(t,s) < C(1+s™) for some constant C. Take some A\ > m(m+1)o?(t,s)/2
(recall that s — so(t,s) is Lipschitz uniformly in ¢ and therefore o is bounded).
Choose a minimizer at (to, so) of

U(t,s) = eMu(t,s) — e Mo(t, s) +es™ T

where ¢ is a small positive parameter. Since u™ > 0 and ¢ is growing at the rate
m, ¢ attains its minimum. If sg = 0 or o = T, then ¥(tg, o) > 0 by the boundary
conditions. Now, suppose that sg > 0 and tg < T'. Since u" is a viscosity solution of
(10.1) and ¥ is a classical subsolution of (10.1), it follows that

1
)\6>‘t0 [’U,n(to, 80) — 'IA}(tO7 80)] —+ 550—2(t0, So)m(m 4 1)§(7)7L(Tn+1)

> e”og - io {[500ss (o, $0) — T]* — [s00ss(to, 50) — e~ 0T — em(m + 1)s7]* }
S0

> 0.

Then (¢, sp) > 0 from the choice of the parameter A\. By sending ¢ to zero, we
obtain the comparison result for (10.1). O

Proof of Theorem 10.1. Fix some positive scalar A and set w(t,s) = 0(t,s)e”
and w(t, s) = u(t, s)e= for all (t, s) € [0, T] % (0,00). Then w is a C12([0,T) x (0, 00))
solution of the variational inequality

min {Mb — Lib; Te ™ — sy} =0 on [0,T) x (0, 00),
(10.2) W(T,s) = g(s)e T, s>0,

and w is a lower semicontinuous viscosity supersolution of the above equation. Given
e > 0, define the test function

o(t,s) = w(t,s) —ep(s), (t,8)€10,T) x (0,00),

where ¢ is the function introduced in Assumption 4.1; recall that ¢ is positive, C?
is strictly concave, and limg_,o ¢(s) = 4+o0o. By Remark 6.3, we have v(t,s) >
E[§(S;,s(T))]. Moreover, since g is nonnegative, we have § > 0 and by the definition
of the concave envelope, it follows that g > §°°"¢ — C for some positive constant C.
Then, from Lemma 10.2 together with condition (4.2), we can conclude that
liminf(w — ¢)(t,s) > Uminf {E [§(S: s(T))] — §°°"°(s) + ep(s)} = +0

§— 00 §— 00

for all ¢t € [0,T]. Then there exists (tg, s9) € [0,T] x [0,00) such that

(w — ) (to, s0) = [O’T?;l[l(}m)(w - ).
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In order to prove the required result, we have to show that
(10.3) (w — ¢)(to, s0) > 0,

which implies that w(t, s) — (¢, s) +e@(s) > 0 for all (¢,s) € [0,T] x (0,00) and the
result of the theorem follows by sending ¢ to zero.

Inequality (10.3) is trivially satisfied if so = 0 or tc = T. We then concentrate on
the case tg < T and sg > 0. Since (tg, o) is an interior minimum, it follows from the
viscosity supersolution property of w that

(10.4)  Aw(to, s0) — Lp(to,s0) >0 and Te Mo — s0044(to, 50) > 0.
Recalling the definition of ¢, the second inequality provides
Le Mo — sqabs(to, S0) > —€dss(s0) > 0.

By (10.2), we then see that Lw(tg,sg) = Mb(to, o). Plugging this into the first
inequality of (10.4) provides

Aw — @) (to, 50) > € [Ad(s0) — %UZ(to, 50)¢ss(to, s0)| >0,

which is the required inequality (10.3). d

11. Appendix: Properties of stochastic integrals. In this section we prove
several properties of double stochastic integrals with respect to Brownian motion.
The key idea in our analysis was provided by Professor F. Delbaen. Our main result
is Proposition 11.6 below.

It is known that if

tAO
(11.1) / h(u)dW(u) < Ct A0 for all t > 0,
0

for some continuous adapted process h(-), standard Brownian motion W (-), positive
stopping time 6, and a constant C', then h(0) = 0. This result is contained in Soner,
Shreve, and Cvitanic (1995).1

In the analysis of gamma constraints, in particular in proving the viscosity prop-
erty of the value function in section 9, we are led to study a similar situation for
double stochastic integrals such as

(11.2) / / r) dW (u) < Ct.

In this section, we analyze several inequalities of the type (11.2) ordered by increasing
difficulty.
First, suppose that the process b(-) in (11.2) is equal to a constant by. Then,

bO[W2 — ] // r) dW (u) < Ct.

1Here is an alternative simple proof of this result. Given an arbitrary v € R, introduce the
exponential martingale Z¥ = £(wW). Then, multiplying both sides of (11.1) by Z¥(t A 0), and
taking expectations, it follows from the optional sampling theorem that vE[ZY (¢t A 6) ft/\g h(u)du] <

CE[ZY (tN0)(tA0)]. Dividing by ¢, sending ¢ to zero, and recalling that the process h(.) is continuous,
and the stopping time 6 is positive P-a.s., we see that vh(0) < C. By arbitrariness of v, this proves
that h(0) =0
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Hence, by < 0 by the law of iterated logarithm.
Next, suppose that b is a bounded, progressively measurable process and (11.2)
holds for all ¢ € [0, 7] where 7 is a positive constant. Delbaen proved the following:

(11.3) P [ inf b(u) > c} <1 forallc>0, t <.

0<u<t

Suppose to the contrary, i.e., suppose that there are ¢ > 0,¢ < 7 such that b(u) > ¢
for all u € [0,¢]. Let Z(t) := exp (vW (t) — (v?t/2)). A direct calculation shows that

E [Z”(t) /Ot /Ou b(v)dW(v)dW(u)} =1’F [/Ot /Ou b(v)Z”(v)dvdu] > c’t?/2.

By (11.2),

E {Z"(t) /0 t /O ’ b(v)dW(v)dW(u)} <t

Hence, cv?t?/2 < Ct for all v, which cannot happen. This proves (11.3).

We continue the analysis when (11.2) holds only up to a stopping time.

LEMMA 11.1. Let 6 be some bounded positive stopping time and {b(t), t > 0} be
a bounded progressively measurable process satisfying (11.2) for all t < 6. Then,

11.4 liminf b(¢) < 0.

(11.4) im in (t) <

Proof. Suppose to the contrary. Then, there exist a positive stopping time 7 and
a constant ¢ > 0 such that b(t A 7) > ¢ for all . Rename the stopping time 7 A 6 to
be 6.

Step 1. We employ a time change and then use standard properties of Brownian
motion to obtain a contradiction. Set

t
h(t) :== / b(u)? + 1gysey]du, t>0,
0

so that h is a continuous strictly increasing function on [0, 6]. Let

Wit) = /O Y ), ¢,

and G = {G;, t > 0} be given by G; := Fj-1(;). Then the time-changed process (W,G)
is a standard Brownian motion. By the time-change formula (see, e.g., Karatzas and
Shreve (1991, Proposition 4.8, p. 176)), we rewrite (11.2) as

tAO u tAO
CtAe> /O /0 b(r) dW (r) dW (u) = i W (h(w)) dW (u)

h(tA0) R ~
- / H(w) W (u) AWV (1)

1 [hne) . ) 1 [hEn9)
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where ¢(u) := 1/b(h~1(u)). Since b is bounded away from zero, ¢ is bounded and
h(tA0) .
(11.5) /’ S dW (W2 < CEAD, >0,
0

for some constant C”.
Step 2. By the law of iterated logarithm, there exists a sequence of bounded
positive F-stopping times (7, ), converging to zero such that

W(Tn)Q

Tn

— 400 P-a.s.

Set
O, :=0ANDh (1) .
Since 6 is positive, for sufficiently large n, h(6,,) = h(h=1(7,)) = 7. Hence,

W (h(9.))”

(11.6) W)

— 400 P-a.s.

Step 3. Choose M so that |b] < M. Let ¢ be as in Step 1. Since b > 0 on [0, 6],
we have ¢ > 1/M on this interval.

Set £ :=liminfy |, 2 fot [¢(u) — 2 ]d[W?(u)], and let (,)n be a sequence of positive
stopping times converging to zero P-a.s. such that

[ o = 5wz < .

Direct calculation provides

A@pw—&hwmﬂ:Euﬁhw_&hﬂzg

This proves that ¢ > 0, and consequently

i i Jo O@AV (@ 1
t10 W (t)2 M

(E[¢,]) > E

Let 0,, be the sequence constructed in Step 2. Since 6,, tends to zero as n ap-
proaches to zero,

) gwyd W w)?) 1
(11.7) hnn_l>1£f W (h(@ A ) > iU

Step 4. Since b(0 A t) > ¢, the definition of h implies that
lim 1(0n)

n—oo Qn

> 2.

Combining this inequality with (11.6) and (11.7), we arrive at

lim su h(@n) W (h(@n))z foh(en) ‘ZS(U)d[W(U)Z] =+
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Step 5. By (11.5), we have

h(Ba) W (h(8))* Jy' ™ o)dlV (0] _ 6,
On  h(On W (h(6,))? T 0

Clearly this is in contradiction with the previous step. |

Our next generalization is to replace W in (11.2) by the stock price process.

We introduce some notation that will be used throughout this section. Let (¢, $y,)
be a sequence converging to some (to, sg) € [0,7) x (0,00). To simplify the notation,
we set

Sn(t) = St () and  Gn(t) = i, s, (D)0 (£, 5,5, (1)) -

Since the processes S,, may take very large values, we need to introduce a sequence
of stopping times defined as follows. For a large constant A > 0 let

(11.8) T = inf {t > b, ¢ |10 (Sn(£)/50)] = A}

In our notation, we do not show the dependence of 7,, on .
Remark 11.2. The sequence of stopping times (7,,),, satisfies

1
llminft AT, > =t A Ty P-a.s.

n—oo 2

Indeed, since (t,, s,) — (to, So0), it follows from Protter (1990, Theorem 37, p. 246)
that for almost everywhere (a.e.) w € Q, we have

S — Siy.so  uniformly on [tg, o + ¢],

nsSn

which implies the announced claim.
LEMMA 11.3. Let b, 8, C be as in Lemma 11.1. Suppose that

A0
/ / ) dSo(r) dSo(u) < CtANO  forallt > 0.

Then, b satisfies 11.4.
_ Proof. We follow the proof of Lemma 11.1. We replace ¢ by the stopping time
0 := 0 A Ty and the time-change function h by

) = [ BPo)? + 1

We define the time-changed Brownian motion W in the obvious way. Then, the
time-change formula implies that

tAO  pu thG h(tnG) R )
/ / b(r)dSo(r) dSo(u) = W(u) dSo(u) = / P(u)W (u)dW (u),
0 0 0 0

where ¢ = 1/[b(h~1)]. We then proceed as in Lemma 11.1. O
Remark 11.4. The conclusion of Lemma 11.1 is still valid if ¢ is substituted for
t A6 in the right-hand side of inequality (11.2). This is easily checked by going through
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the proof. The same observation prevails for Lemma 11.3.
Finally, we provide two results which deal with a slightly general double integral:

tn+tAO, u u
M, (tNOy,) := /t <zn +/t an (r)dr +/t bn(r)dSn(r)> dS, (u) < B,+Ct.

(11.9)

We will first show that if 3, tends to zero, then z, also converges to zero. This is a
slight generalization of the result on single stochastic integrals stated in the beginning
of this section. The second result provides information on the limit behavior of the
sequence (by, ).

ProposSITION 11.5. Let ({an(u), u>0}), and ({bn(u), u>0}), be two se-
quences of real-valued, progressively measurable processes that are uniformly bounded
in n. Suppose that (11.9) holds with real numbers (zp)n, (Bn)n, and stopping times
(0n)n. Assume further that, as n tends to zero,

Bn — 0 and tNO, — tNOy P-a.s.,
where Oy is a strictly positive stopping time. Then

lim z, = 0.
n—0o0

Proof. For each n > 0, define the stopping time
Tn =1L ATy NG,

By Remark 11.2, liminf,, ¢t A7, > t A7/2 with probability one. Let v be an arbitrary
real parameter and define the local martingales Z} by

Zv(t) =& </Ot VdW(u)) . t>0.

on(u)

By the definition of 7, in (11.8), the process {Z%(t A 7,), t > 0} is a P-martingale.
We then define the probability measure P} equivalent to P by its density process

{Z¥(t N T,), t > 0} with respect to P. We shall denote by EY the expectation
operator under P?. By Girsanov’s theorem, the process WY (. A 7,,) defined by

t
d
Wm:W(t)—/ vdu oy,
0

Gn(u)

is a Brownian motion under . We also define the local martingale Z" by

Z”(t)E(/Otlm), t>0.

By the same argument as above, the process {Z”(¢t A 19), t > 0} is a P-martingale
and is therefore the density process of some probability measure P equivalent to P.
We shall denote by E¥ the expectation operator under P¥. It is easily checked that
Z¥(.) — Z¥(.) P-a.s. Then, since t A 79/2 < liminf, t A 7, < limsup,, t A7, < ¢, it
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follows from the continuity of Z} and Z" that

(11.10) ZY = liminf Z(t A 7y) > 0.

n—oo

Rewrite M, (t A 7,,) in terms of W},

tn+tATh  ru
M, (t A7) = mart(PY) + vzpt A7 + 1// / an(r)drdu
t t

n n

tn+tAT, tn+HtATH u
+ vt AT, / by (r)Gn (r)dW) (1) + V2 / / by, (r)drdu,
t tn tn

n

where mart(PY) is a martingale under P! starting from zero. Take the expectation
under P/, apply the Cauchy—Schwartz inequality for the third term on the right-hand
side, and also utilize the bounds on (ay), and (b, ), to obtain

VanBalt Aol < 8o+ C (Bxlt Am] + (0] + v BY(L A 7))

< Bu+C (4 (] +v2)E/).

Let ¢ denote either liminf, z, or limsup,, z,, and restrict v to have the same sign as
£, so that v¢ > 0. Now, let n go to infinity. Then, it follows from Fatou’s lemma
together with (11.2) and (11.10) that

%1/€E[t ANToZY] < C (t + (lv] + 1/2)t3/4> .

We now divide by ¢ and take the limit as ¢ \, 0. Since 79 and Z% are positive P (and
then P¥)-a.s., we get by dominated convergence

vl <C' for all v € R.

Since v is arbitrary, we conclude that liminf,, 2, = limsup,, z, = 0. 0

The following result is a stronger version of Lemma 11.1 which was used in sec-
tion 9. We shall denote by H? the Hilbert space of all progressively measurable
Lebesgue(0,T)® P-square integrable processes.

Let (b,)n be as in Lemma 11.5. By assumption, (b,), is bounded in L*°(Le-
besgue(0,T)® P). Then it is bounded in H? and, therefore, converges weakly to some
b, possibly along a subsequence.

PrOPOSITION 11.6. Assume the hypothesis of Lemma 11.5. Let b be as above.
Then

lim inf b(u) < 0.
u\0

Proof. Define the stopping times 7, as in the proof of Lemma 11.5. To simplify
the notation, we rename process by, (t)1;, <i<t, +trr, DY bn(t). By Mazur’s lemma,

there exists a sequence of coefficients (A}, k > n),, with A} > 0and >, ., A} =1
such that -

(11.11) by = Z Apby — b strongly in H?Z.
k>n
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Integrating by parts and using the bound on a,, and S, (. A 7,,) provide
M, (t A7) = 2p[Sn(tn + T A T) — Sp)]

tn+tAT, tn +tATY
+ Sty +t A Tn)/ an (r)dr — / S (w)an (w)du
¢

T [ neasons

tn+tATH
> Ot A — |onlsn(e — 1) +/ / by (1) d S (r)dS, (1).
tn tn

Set Bn = By + |2n|sn(e* —1). Then, from Lemma 11.5, B, — 0 as n — 0o and we
get from the inequality satisfied by M,

tn +EATH .
(11.12) / / r)dS,, (1) < B + Kt AT,
tn tn

for some positive constant K. Set

tn+tATH U to+tATo
t) = / / by (r)d Sy (r / / 7)dSo(r)dSo(u).
tn tn to

We shall later prove that
(11.13) en(t) — 0 P-a.s.

possibly along a subsequence. Take convex combinations in (11.12) to conclude that

to+tATo
(11.14) > Apex(t) / / by (r)dSo(r)dSo(u Z A (ﬁk + Kt A Tk)

k>n

We directly calculate that

o[ o asnso)]

_F /t :Omm ( /t u (Butr) — b)) dSo(r)>2 50(u)2du]
<C E /:H (/tu (z%n(r) - b(r)) dSo(r)>2 du]

<Oy E [/:H /tu (z}n(r) - b(r)>2 drdu}

< Ct||bn — b,

where C;’s are constants independent of n. This proves that

to+tATo u to+tATo U
/ / by (1) S (r)dSo (1) —> / / b(r)dSo(r)dSe(u)  as n — oo
to to to to
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in L?(P), and therefore P-a.s. along some subsequence. Then, taking a.s. limits in
(11.14) and using (11.13), we get

to+tATo u
/ / b(r)dSo(r)dSy(u) < Kt.
to to

Since the limit process b inherits the bound on b,,, we apply the result of Lemma 11.3
to complete the proof; see also Remark 11.4.

It remains to prove the convergence result stated in (11.13). Set ¢, = t, +t AT,
for n > 0. By Itd’s lemma,

en(t) = Ap + B, + Cp,

where

Cn ¢o
Ay = [Su(Ca) — 5] / b (1), (1) — [S0(Co) — 0] / by (1)dSo(u),

to

n

Cn Co
Bu == [ bSuw)aS, )+ [ bulw)Solu)dsatu)

to

n

Cp=— /t ()6 (u) s+ / ()60 ()2

to

n

It suffices to prove that A,, B,, and C, converge to zero P-a.s. along some sub-
sequence. We prove only the convergence of A,; the remaining claims are proved
similarly.

(i) To simplify the presentation, set 7(.) = 0 outside the stochastic interval [t,, (]
and observe that

Cn
Sn(Cn) - SO(CO) = Sn +/t an(u)dw(u)

n

Since 7, is bounded inside the stochastic interval [t,, (,], by dominated convergence,

E ( /t - T (w)dW (u) — /t C ao(u)dW(u)> 2

n

COvcn 9
=B / (Gn(u) —do(u))” du| — 0.
toAtn
This proves that
Sn(Cn) — So(Co) P-a.s.

along some subsequence.
(ii) Recall that we have set b, (.) = 0 outside the interval [t,, (,]. Thus,

Cn Co toVin Cn
/t bn(u)dSn(u)f/t by, (u)dSo(u) :/t bn(u)dSO(u)+/< by, (u)dSo(u)

n n 0/A\Cn

CoNCn
+ /t b () (@0 () — Go(u)) AWV (u).

oVin
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From the bound on b, the first two terms on the right-hand side converge to zero in
L?(P) and therefore P-a.s. along some subsequence. As for the third term,

2

CoACn
E /t b (u) (G (u) — ao(w)) dW (u)

Oth

CoNCn
_E /t by ()2 (5 (1) — 5o (w))? du

oVin

CoNCn
<O\ /t (G (1) — Go(u)? du

oVin

Co
§CgE/t (G () — Fo(u)? du| |

0

where C;’s are constants and we have set o,(.) = 0 outside the stochastic interval
[tn, Cn). Since &, is bounded, we see by dominated convergence that the third term
of interest converges to zero in L?(P) and therefore P-a.s. along some subsequence.
This proves that

tnHtAT, to-+tATo
/ by (u)dSy (u) — / by (u)dSo(u) — 0 P-as.
t

to

n

along some subsequence.
By (i) and (ii), A, — 0 P-a.s. along some subsequence. 0
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