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Abstract. We define the class B2V of functions of bounded 2-dimensional variation, and we
sketch the proof of a theorem showing that, for u € B2V(R®; S!), the distributional
Jacobian of u is supported on a 1-dimensional rectifiable set. © 1999 Académie des
sciences/Editions scientifiques et médicales Elsevier SAS

Rectifiabilité de la mesure jacobienne pour une classe
de fonctions

Résumé.  Nous définissons la classe B2V des fonctions a variation bornée a deux dimensions, et
nous esquissons la démonstration d’un théoréme montrant que, pour v € B2V (R® ; 81),
la mesure jacobienne de u est supportée par un ensemble rectifiable de dimension 1.
© 1999 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version frangaise abrégée

Dans cette Note, nous introduisons la classe des fonctions B2V, ou fonctions & variation bornée
a deux dimensions. Ce sont les fonctions pour lesquelles tous les déterminants 2 x 2 sont des
mesures. En tant que telles, ce sont les exemples les plus simples d’une famille de généralisations des
fonctions BV, Nous esquissons également la preuve d’un théoréme montrant que, pour une fonction
u € B2V(R3; R?) telle que |u| = 1 p.p., la mesure jacobienne — ¢’est-a-dire la collection de tous les
déterminants 2 X 2 — est un ensemble rectifiable & une dimension.

Une théorie plus générale des fonctions 2 variation bornée a4 n dimensions, oll n est un entier
quelconque positif, est développée plus en détail dans un article écrit par les auteurs [3].

Notations et définitions. — Soit H' la mesure de Hausdorff a une dimension.
Pour des vecteurs v, w € R? nous définissons v x w := v'w? — v2w!. Nous définissons
V X ¢ := (8y,¢, —0s,¢) pour une fonction scalaire ¢ : R2 — R et V x n := 05,0 — 0o, 1"

pour une fonction a valeurs vectorielles 7 = (n',n?) : R2 — R2

Note présentée par Haimm Brezis.
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Nous définissons j(u) = (det(u, 8,,u), ..., det(u,d,,, u)), pour u € Wl nLe (R™, R?), m = 2
ou 3. Nous définissons également le Jacobien [Ju] := £ V x j(u) au sens des distributions. On peut

facilement vérifier que si v € H} (R*; R?), alors [Ju] = detDu, et si u € H] _(R*; R?), alors
[Ju] = (det(dy,u, Ozyu), det(8p,u, Oy, u), det(dz, u, 8,,u)).

On dit qu’une fonction u € Wfoi NL>(R™; R?) est & 2-variation bornée s’il existe une constante
C telle que (¢, [Ju]) < C||¢|lL~ pour tout ¢ € CI(R™; R™(m=1)/2) Pour une telle fonction, on
écrira v € B2V(R™; R?). On notera u € B2V(R™; S!) pour u € B2V(R™; R?) avec |u] =
presque partout.

Si u € B2V(R™; R?), le théoreme de représentation de Riesz affirme qu’il existe une mesure
de Radon non négative sur R™, que nous appelons la mesure de 2-variation totale de u et que
nous notons |Ju|, et une fonction mesurable 7 a valeurs dans R™(™~1)/2 telle que |7(x)| = 1 pour
|Ju| presque tout z, et (¢, [Ju]) = [ ¢(x) - 7(z) |Ju|(dz). Lorsque u € B2V nous écrirons parfois
[ ¢ [Ju] au lieu de ( [Ju])

Dans [8], nous démontrons :

THEOREME 1. ~ Si u € B2V(R?; S1), alors il existe un nombre m > 0, des entiers {d1,...,d,.} et
des points {ay,...,an} tels que [Ju] = 7). d;b,,.

La preuve utilise le fait que pour tout a € R?, [Ju|(B,(a)) = w deg(u; 0B, (a)) pour presque tout r,
pour montrer que 7 — [Ju](B,(a)) est une fonction & variation bornée. g

Le principal résultat de [8] se réduit, dans ce contexte, au théoréme suivant :

THEOREME 2. —Si u € B2V(R?; SY), alors il existe une fonction |Ju|-mesurable, strictement positive
m : supp |Ju| — Z telle que, pour |Ju| presque tout xoq € supp |Jul,

s 455

De plus, il existe également un ensemble rectifiable I' a une dimension tel que

).[Ju](d:c) :rm(xo)/ o e d(z)r(zo)H (dx) V¢ € COUR3; R?).
" (m

/¢> [Ju] = ﬂ/m r(z)H}(dz) V¢ € COR3; R®). )

Rappelons qu’un ensemble I" est un ensemble rectifiable 2 une dimension s’il peut étre écrit comme
la réunion dénombrable de sous-ensembles H!-mesurables de courbes Lipschitz et d’un ensemble
de mesure H' nulle. Des résultats bien connus de la théorie de la mesure géométrique (cf. [13],
Theorem 11.8) impliquent que (1) implique en fait I’existence d’un ensemble rectifiable I" tel que (2)
soit satisfait. Ainsi, il suffit de prouver (1).

Une observation essentielle dans la démonstration est la suivante : si on écrit © € R3, comme
(y,2) € R X R? et u,(z) = u(y, 2), alors on peut démontrer que la fonction y — [Ju,] est A variation
bornée. Plus de détails sont donnés dans la version anglaise.

1. Introduction

In this Note we define the class of B2V functions, or functions of bounded 2-dimensional variation.
Informally, these are functions for which all 2 by 2 distributional determinants are measures. As such
they are the simplest example of a family of higher-order generalizations of BV functions. We also
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sketch the proof of a theorem showing that, for a function u € B2V(R?; R?) such that |u| = 1
a.e., the Jacobian measure—that is, the collection of all 2 by 2 distributional determinants—is in fact
supported on a 1-dimensional rectifiable set. A general theory of functions of bounded n-dimensional
variation, where n can be any positive integer, is developed in detail in a longer paper by the authors
[8]. This paper includes complete proofs of the results sketched here, as well as some additional
results, including general versions of the chain rule and the coarea formula.

Distributional determinants arise naturally in nonlinear elasticity (see [2]), and also in problems
involving singularities of harmonic maps, as was pointed out by Brézis, Coron, and Lieb, [4]. They
have been widely studied in recent years (see for example [3], [5], [9], [10], [11], [12]).

Our results are closely related to the work of Giaquinta, Modica, and Sou¢ek on Cartesian currents
(see for example [6], [7]). Indeed, some of our results become very transparent when viewed in the
framework of Cartesian currents (see Remark 1 below).

2. Notation and definitions

We write H! to denote 1-dimensional Hausdorff measure.

For vectors v, w € R? we define v x w := vlw? — v2w'. We define V x ¢ := (0,4, =0, ¢) for
scalar ¢ : R2 = R, and V X 7 := 8,,1° — 8,,n" for vector-valued n = (n',7%) : R —» R%

For u € Wl NL (R™,R?), m = 2 or 3, we define j(u) = (det(u, dz,u), . .., det(u, d;,,u)). We

loc loc
also define the distributional Jacobian [Ju] := 1 V x j(u) in the sense of distributions so that
1 ¢ CLR*;R) ifm=2,
JJul) = = | Vxé-j(u) for < 1
det Du if m = 2,

One easily checks that [Ju] = {(det(awu,azau), det(De,u, gy ), det(De,u, dp,u))  if m =3,

whenever u € Hj .

We say that a function u € W;;- N L°(R™ ; R?) has bounded 2-variation if there exists a constant
C such that (¢,[Ju]) < C|¢||L= for all € CLR™; R™™~D/2) When this holds we write
u € B2V(R™; R%). More generally, given any subset U C R™ one can define in the obvious
way the spaces B2V (U ; R?) and B2V (U ; R?). We will write w € B2V(R™; S') to mean that
u € B2V(R™; R?) with |u| = 1 almost everywhere.

If uw € B2V(R™; R?), the Riesz representation theorem asserts that there is a finite nonnegative
Radon measure on R™, which we call the total 2-variation measure of u and denote |Ju|, and a
|Ju|-measurable function 7 taking values in R™(™~1/2 such that |r(z)| = 1 for [Ju| almost every z,
and (¢, [Ju]) = [ ¢(z)-7(x) |Ju|(dz). When u € B2V we will sometimes write [ ¢-[Ju] for (¢, [Jul).

3. Results

In this paper we sketch the proofs of some theorems that describe the structure of the Jacobian
measure [Ju] = 7|Ju| for functions u € B2V(R™; S'). We first treat the case m = 2.

THEOREM 1. — If u € B2V(R?; S') then there exist a number m > 0, integers {dy,...,dn} and
points {ai,...,an} such that [Ju] = 7y, d;b,,.

For every a € R?, [Ju](B,(a)) = wdeg(u; dB,(a)) for a.e. r > 0. The proof uses this fact and an
appropriate choice of test function to show that 7 — [Ju](B,(a)) is a BV function for every a. Once
this is know the theorem is not hard to prove. O

The main result of [8] reduces, in the present context, to the following
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THEOREM 2. — If u € B2V(R®; S*), then there exists a positive |Ju|-measurable function
m : supp |Ju| — Z such that, for |Ju| almost every xy € supp |Jul,

lim l/d) T= % Ju](dz) = mm(zg) d(x)-m(zo)H'(dz) Vo € CO(R*; R®).
A—0 A A {z=s7(x0), s€R}
)
Moreover, there also exists a 1-dimensional rectifiable set ' such that
/(,b- [Ju] = 7r/ m(z)(z) - T(x)H' (dz) V¢ € CHR*; R®). 3
r

Recall that a set I' is said to be a 1-dimensional rectifiable set if it can be written as a countable
union of H' measurable subsets of Lipschitz curves and a set of H! measure zero. It is well-known
(see [13], Theorem 11.8) that if (2) holds, then in fact there exists a rectifiable set I such that (3) is
satisfied. Thus it suffices to prove (2). The remainder of this Note sketches the proof.

Remark 1. — After this paper was submitted, M. Giaquinta and G. Modica independently pointed out
to us that Theorem 2 follows as an immediate consequence of the boundary rectifiability theorem of
Federer and Fleming, together with a formula relating [Ju] to the boundary of the current associated
with integration over the graph of G,, essentially proven in [7]. We present the details of their
argument in [8].

Step 1. — Measure theoretic preliminaries : we will write points in z € R3 in the form
(y,2) € R x R%, and we use J,, and 9,, (for example) interchangeably. For each y € R we
define a function u, : R> — S by u,(z) = u(y,z). For ae. y we can then define [Ju,] as an
element of C}(R?)* in the standard way, via (1). We also write [Ju] = ([J'u], [J%u], [J3u]), where
[J'u] = § (B, det(u, r,u) — By, det(u, Be,u)) = L (0s, det(u, d,,u) — 8,, det(w, 8;,u)), and so on.

It is clear that, for any scalar test function ¢,

10— [(L _ =
. o[J u] = / (2 /R2 0., ¢ det(u, 0,u) — 0,,¢ det(u, d,,u) dz)dy_A(¢, [Juy)dy. (@)

Starting from this identity one can show that u, € B2V(R?; S!) for a.e. y € R, and that

¢l u| = ¢lJuy|(dz) dy. )
R JRZ

This implies that y — |Ju,|(R?) is an integrable function on R.

For any v,79 € R® and A > 0 we define the cylinder C(z0) = {z € R® : |v- (zo — 2)| <
A v x (xo — z)| < A}. We now define the reduced boundary & j to be the set of points zq in the
support of [Ju] satisfying |7(zo)| = 1,

1
lim———/ T(xo) — 7(2)| [Jul{dz) =0 for all v € R3; and 6
A—0 |[Jul(C¥(z0)) Cx(zo)' (o) (z)] [Ju|(dz) (6)
r—0 T

One can verify that |Ju| almost every z € R* belongs to the reduced boundary 0*;.
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Step 2. — Measure-valued functions of bounded variation : given a signed Radon measure 1 on R2
and V C R? we define ”“”01(\/) sup{fv (2)p(dz) : ¢ € C=(V), |IDP|lr~ < 1}. Next,

let {gy}yer be a family of signed Radon measures on R? such that the mapping y — u, is weak-*
measurable. For connected U C R and V C R?, we define

Var(u(y; U, ai(V)*) / / a—¢(ya py(dz) dy (8)
¢€C°°(U><V) ||D #llLe <1

Here quS denotes the gradient with respect to the z variables only. This measures the total variation
in the Cl(V) norm of the measure-valued function y — u,,. Indeed, one can show that

Var(u(.) ; U, a}:(V)*)

= i ae. P { X = rllgyye - <va<m<m< -} ©

This is not hard to prove if y — p, is sufficiently smooth, and for general weak-* measurable Ky
it can be proven by an approximation argument.
More general results of the same character are proven in Ambrosio [1].

Remark 2. — we typically work with measures of essentially the form p = Z(% bn,) for
1y y&nyMye .y € IR2 not necessarily distinct. Brézis, Coron and Lieb [4] show that for such
measures, ||x||~ Simeye = m1n Z |€: — Mr(iy|, where &, is the group of permutations of n objects.

Step 3. — Blow-up argument : we now fix some point xq € 0*j. After a translation and a rotation we

may assume that zo = 0 and that 7(z¢) = (1,0,0) := e, the unit vector pointing in the y direction,
After these normalizations, (2) can be rewritten

1 T\ 5 _ [ mm0) froee, semy Y(@)HY (D) ifi=1,
tm 3 /¢(X)[J u](dz) = {0 frmeen, <) ifi=2 3, (10)

for 1 € C2(R®; R). In fact, (7) implies that it suffices to show that (10) holds for 1) € CZ(R?). We
discuss the proof of (10) for ¢ = 1; the other cases follow quite easily from (6) and (7).
For each A > 0 we define a family of measures on R?, { J’\]}yeR by [J3](A) = [Juay](AA). Then,

writing z = (y,2) € R x R? as above, one can check using (4) that

§/|?3¢(§>[Jlu](dm):/l?/m ¥y, 2)[1](dz) dy. (11

Thus, to establish (10) and prove Theorem 2 it suffices to show that there exists some positive integer
m such that for every bounded open U C R and every V CC R?,

A
esfestlle)'“Jy] - mms‘)”’dg(v)* —0 asA—0. (12)

The analytic control needed to establish (12) comes from the following estimate: fix R > 0 and
let U =(—R,R) C R and V = Bg(0) C R% Then

Var([J3y]; U,CL(V)*) — 0 as A — 0. (13)
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Step 4. — The BV estimate : we now prove (13), which will follow from the fact that, for any
scalar function 1,

/Dq/} Ju] = /Dw sr{Ju| = 0. (14)
This in turn is an immediate consequence of (1).
To prove (13), fix any o € C°(U x V) such that ||D.9|lL~ < 1, and use (11) to compute
d 17,
| [ sovwaBiaad= [ L@t 1s)
vJv 9y AUxav Oy

for ¢ (1) == ¢(§) We now use (14) to rewrite the right-hand side of (15) in the form:

[ om0 =~ [ Dyt (0.7 )lul(da).
AU XAV AU XAV

Note that AU x AV is just the cylinder C§!;(0), which is contained in the ball B;)z(0). Moreover,

[(0,72,73)| <|(1—71,72,73)] = |7(0) — 7|. Observing that ||D.9*||1.~ < %+, we deduce that

1

3 L, 170 - @) Julo)
C

AR

[Ju|(B2ra) 1 oy |
A [Jul(CS) /(:§1R| (0) = 7()] [Ju|(dz).

The right-hand side vanishes as A — 0, due to (6) and (7). Since this holds for all ¢ as above, we
have proven (13). O

INA

‘/D’l/))‘ (0,72, 7%)|Ju|(dz)

Acknowledgements.We are grateful to M. Giaquinta and G. Modica for their extremely helpful comments.
Jerrard was partially supported by NSF grant DMS 96-00080. Soner was partially supported by NSF grant
98-17525 and ARO grant DAAH04-95-1-0226. Parts of this paper were completed during visits of Jerrard to
the Center for Nonlinear Analysis at Carnegie Mellon University, and other parts while Soner was visiting the
Feza Gursey Institute for Basic Sciences in Istanbul.

References

[1] Ambrosio L., Metric space valued functions of bounded variation, Ann. Scuola Norm. Sup. Pisa CI. Sci. 17 (3) (1990)
439-478.

{2] Ball 1., Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rat. Mech. Anal. 63 (1977) 337-403.

{3] Bethuel F., A characterization of maps in H' (B*, S?) which can be approximated by smooth maps, Ann. Inst. H.-Poincaré,
Anal. Non Lin. 7 (4) (1990) 269-286.

[4] Brézis H., Coron J.-M., Lieb E., Harmonic maps with defects, Commun. Math. Phys. 107 (1986) 649-705.

[5] Coifman R., Lions P.-L., Meyer Y., Semmes S., Compensated compactness and Hardy spaces, J. Math. Pures Appl. 72
(3) (1993) 247-286.

[6] Giaquinta M., Modica G., Soucek J., Cartesian currents in the calculus of variations, 1. Cartesian currents, Springer-Verlag,
1998.

[7] Giaquinta M., Modica G., Sougek J., Cartesian currents in the calculus of variations, II. Variational integrals, Springer-Verlag,
1998.

[8] Jerrard R.L., Soner HM., Functions of bounded higher variation, Preprint, 1999.

{9} Miiller S., Weak continuity of determinants and nonlinear elasticity, C. R. Acad. Sci. Paris 307 (9) Série I (1988) 501-506.
[10] Miiller 8., Det = det. A remark on the distributional determinant, C. R. Acad. Sci. Paris 311 (1) Série I (1990) 13~17.
[11] Miiller S., Higher integrability of determinants and weak convergence in L', J. Reine Angew. Math. 412 (1990) 20-34.
[12] Miiller S., On the singular support of the distributional determinant, Ann. Inst. H.-Poincaré, Anal. Non Lin. 10 (6)

(1993) 657-696.
[13] Simon L., Lectures on geometric measure theory, Australian National University, 1984.

688



