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1. INTRODUCTION
This paper concerns the existence of classical solutions to the

nonlinear partial differential equations.
(11) max {Zru(x,t) - au(x,t) —h(x,t), zo- u(xt) —f(1)} = 0, xe&®, 1> 0,
n

with a forcing term h which is convez in the zn—vam'able. Under
appropriate smoothness and growth conditions on the data, we prove the

existence and the uniqueness of polynomially growing, positive, classical

solutions to (1.1) for every initial condition

(1.2) u(x,0) = g(x), xeR",

which is also convez in the zn—vam'able. Moreover, we obtain the Lipschitz
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374 SONER AND SHREVE

continuity of the free boundary of the region in which the parabolic equation
u, —su -~ h =0 holds.

The W?;Z’ regularity in the spatial variables and the boundedness of
the time derivative was proved by Chow, Menaldi, Robin [6], Menaldi, Robin
[22] and Menaldi, Taksar [23]. They used control-theoretic techniques along
with the convexity assumption. Also, the stationary version of (1.1) was

recently studied by the authors [27], and part of the present analysis closely

follows [27]. As in [27] our approach to (1.1) is to first solve the obstacle

problem

(1.3) max{% v(x,t) - av(x,t) = G- h(x,t), v(x,t) = {(1)} = 0, xeR®, ¢ >0,
n

with initial condition
_ 0 n
(1.4) v(x,0) = 5 g(x), xeR™.
n
The convexity assumption on the data enables us to show that

(1.5) v(xt) = 72~ u(x,t),

n

and we construct u by integrating the above relation. Known regularity
results for (1.3), ([3],[9],{11]), with several estimates of the free boundary,
yield ue€ C2’1([Rn x(0,0)) (twice continuously differentiable in the spatial
variables and once continuously differentiable in the time variable). In the
context of one—dimensional stochastic control the connection (1.5) goes back

to Bather and Chernoff [2] and has been given probabilistic explanations by
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Karatzas and Shreve [19], El-Karoui and Karatzas [7], and analytical
derivations by Karatzas [16], Chow, Menaldi and Robin [6], Menaldi and
Robin [22]. Without the convexity assumptions, (1.5) is no longer true, and

in general (1.1) does not have classical solutions.

The related elliptic problem
(1.6) max {u(x) — su(x) — h(x), |Vu(x)| —1} =0,

was studied on a bounded domain by Evans [8] and then by Ishii and Koike
[15]. Evans obtained solutions in W?;c: via penalization and the maximum
principle. In fact this regularity result is sharp in the absence of convexity.
However, for (1.6) in two dimensions with a convex forcing term h, the
authors recently obtained a classical solution [28]. Due to the nonlinearity
of the constraint in (1.6), the obstacle problem related to it is more
complicated than (1.3) and techniques in [28] are different from the ones
employed here and in [27].

Equation (1.1) is the dynamic programming equation related to a
singular stochastic control problem. Briefly, the problem is to optimally
control an n—dimensional Brownian motion by pushing only along the
(0,0,..,~1) direction. In this context, the solution to (1.1) and (1.2) is the

value function for the finite horizon control problem in which h is the

running cost, g is the terminal cost and, at time t, f(t) times the
displacement caused by the push is equal to its cost. This problem is
formulated and solved in Section 7. The reader may refer to Shreve [25] for
an introduction to this kind of control problems.

In singular stochastic control literature, the spatial 02 regularity of

the value function has been called the "principle of smooth fit" by Benes,
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Shepp and Witsenhausen [1]. It has been instrumental in the analysis of
several one—dimensional problems (7], [12], [13], [14], [17], [18], [19], [26].
The paper is organized as follows: results related to (1.3) are stated
in the next section and the Lipschitz continuity and the boundedness of the
free boundary are obtained in Sections 3 and 4. Section 5 is devoted to the
construction of a classical solution to (1.1) and its uniqueness is proved in
Section 6. The related singular stochastic control problem is defined and
solved in Section 7. Finally, we analyze a penalization of {1.3) in the

Appendix.

2. AN OBSTACLE PROBLEM
In this section we study the solutions to equation (1.3) with initial
data (1.4). Subscripts i and t denote the differentiation with respect to X;

and t, respectively. We assume

(2.1) h,g, and [ are three times differentiable, non—negative with
f(t) > 1 for all t > 0. Moreover, these functions, together with
their derivatives up to order three, grow ot most polynomially as

x| and t tend to infinity;

(2.2) there is an o> 0 such that

n—l1
=

and
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n—1
ho(xt)2afl +i__§1 [hps(t) ]+ Thy(x,t) — £7(8)]]

for every xeR™, t > 0; and

(2.3) g,(9) <H(0), lim g (x)<£(0)

Xp? — o

for every xeR™.

Theorem 2.1 There is a unique solution v to (1.8) and (1.4) satisfying

(29) _E [v(xt) |+ vt |+ v+ v (D)1 € K (1+]x] M4+ £
i,j=1 J t

with suitable positive constants K,m. Henceforth we shall use v to denote !

the solution of (1.8) and (1.4) satisfying (2.4). :’
The above regularity result of solutions to (1.3) and (1.4) is now

standard in the nonlinear partial differential equations literature. A similar

result for the one phase Stefan problem was obtained by Friedman and

Kinderlehrer [11], and a modification of their proof yields the above result.

Also see 3], [4], [5], [10], [29], [30]. For the sake of completeness, we give the |

proof in the appendix. To establish notation, we begin the proof here.

Consider the following penalized version of (1.3)

(2.5)¢ vi(xt) = avi(xt) + B, (v(x,t) = 1(t)) = by (x.t).

The penalization term /3, is given by ﬂe(r) = f(r/€) for some smooth
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function f satisfying

(2:6) (i) Ar) =0, V<o
(2.6) (ii) G(r) > 0, V>0
(2.6) (iii) A(r) = 1-1, Vi>2;
(2.6) (iv) p(r)20, B”(r) 20, VreR

Let v¢ be the solution to (2.5)¢ with initial data (1.4). The following

theorem is proved in the Appendix.

Theorem 2.2. There are positive constants K,m, independent of ¢, such
that v satisfies (2.4) with these constants. Moreover v¢ converges to v

uniformly on bounded sets.

3. LIPSCHITZ CONTINUITY OF THE FREE BOUNDARY.

In this section we study the spatial boundary of the region
(3.1) % & {(x,1)eR™x(0,m) : v(x,t) < f(t)}.

We discover, in Section 4, that for fixed (x;,.. ,x;_;) and t > 0, the region
# is bounded above in the xn—coordjnate. However, this upper bound may
approach infinity as t tends to zero. We show here that the boundary of ¢
admits a lipschitz continuous parametrization. Our method is to obtain a
uniform Lipschitz estimate for parametrizations of the boundaries of an

approximating sequence of regions

(3.2) %, & {(xt) " x (0,8) : v¥(x,t) < (1)}
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Lemma 3.1. For ¢ > 0, there is a continuously differentiadle function
q R (0,0) R such that

(33) 6, = {(rxyt) B2 Rx(0,0) 1 x, <a(7t)} -
Proof. Differentiate (2.5)¢ with respect to x, . to obtain
(34)  vE(xt) + BL(vE(xt) — £(1)) vi(x,t) —avp(xt) = b (xt) .

Since f; is bounded, §, and the initial condition v;(x,O) = g, (%) are
non—negative and hnn > a > 0, the maximum principle yields that for each
t>0, v;(x,t) is bounded below by a positive constant, uniformly in x.
Thus q%(y,t) £ inf {x, | ve(y,xn,t) > f(t)} is finite. Since the boundary of
€, in R™x(0,0) is the zero level curve of the function vE(x,t) — 1(t), the
differentiability of q° is a direct consequence of the implicit function

theorem and the strict positivity of v;. o

We proceed to obtain a uniform Lipschitz estimate of q°. We need

several estimates of the derivatives of v°.
Lemma 3.2. There is a positive constant K, independent of ¢, such that

(3.5) |vi€(x,t)| <K v;(x,t)

for every xeR®, t > 0, i=1,...,n—1.

Proof. Differentiate (2.5)° with respect to x;
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(36) v (xt)HBLv(x,t) — H())vi(xt) — avi(x,t) = hy(x,t).

. . 1 1
Assumption (2.2) yields that |vi6(x,0) |=1gg;(x)| € 5 8,n(%) =3 v (x,0).
Also, |h m.(x,t)| < —é—hm(x,t). Hence the maximum principle, together with

(3.4) and (3.6), implies (3.5) with K =1/a. o

Lemma 3.3. There are positive constants K,m, independent of ¢, such that

t
(3.7) Vet ~ (8] <K & (1+1x)%™) vExt)
for every x € IRn, t > 0.

Proof. Theorem 2.2 and assumption (2.1) yield the existence of a positive

constant C and an integer m > 1 such that

(3.8) lvi(xt) = £/ (1)) < eh(C+ g 1xI™).
For X € R" we define an auxiliary function ¢ by

B(x,t) = t (vi(x,t) — 1 () — " |xx | 2™,

It should be noted that ¢ actually depends on X, but this dependence is

suppressed in the notation. We calculate directly that
I(x,t) £ gy(x,t) + B5(-++) $lx,t) - 8(x,t) =

=t [V, (%) — avg(x,t) + B+ = )(velx,t) — /()] ~ ¢ £7(8)
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127 4 2m(2m+n-2) [x-xy| 207D e x| 2

+el-|x—x,
+ [vECxt) — )],

where (---) denotes v&(x,t) —f(t). Use (3.8), equation (2.5)° and the
positivity of ﬂ’e(- -+) to obtain

I(xyt) <t [hnt(x’t) - f”(t)]

+ €' [~ xxy| ™ + 2m(2m+n-2) |x—xg | 2(m—1)

+et (C+ 1 1™

=t [hy,(x,t) — £ (t)]
;

|2m 2(m-1), z

+e [—% |x—x + 2m (2m+n-2) |x—x]|

+ %et [2]x—=x, + Cet.

We estimate the above terms by using the assumption (2.2) and the

inequalities

+1
(3.9) —5rp+2+§rps§(%£ég)§ , ¥1p,320
and
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2 x| 2™ o+ x| 2P ¢ [xp| 2™ g(em1— 1y 2mL),

The latter inequality is obtained by observl'ing that its left—hand side is

i
maximized over x by x = (1—2"7T) x,. Hence, we have

I(xt) ¢ &

t 2
~ho(xt)+e [Cp + B %] m

where C_ =C + g2m-1 (m—l)(m_l) (2m+n-2)" and
1 2m—

Since hnn(x,t) > a, the above inequality yields
(3.10) Ixt) < b (xt) [t + (C_+B_ |x,] 2™ e']
: = a nn\">? m' m!'™0
1 om, T
<h (x8) £ [T+ (Cp+By [x| "™ e’], ¢ T.

Recall that I(x,t) = ¢t(x’t) + 0(---) $(xt) —ag(x,t). Hence (3.4) shows
that ¢(x,t) & g(x,t) — L [T + (C+B, Ixp*™)e Ivi(x,t) satisfies

g (x.t) + B () ¥(x,t) — a¥(x,t) < 0.

The maximum principle now implies

sup {#(xt) = 2 [T + (Cp#Bpy 1x51%™) eT] vE(xt)}
xeR®
0<t<T

¢sup { 6(x0) = L[ + (C +B, 1xg1 ™) eTIvE(x0)} < 0.
x€R™
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Therefore

T(v(xg,T) —(T)) = $xy,T) € L [T+(C 4B 1% 17™) €T] vE(xp,T):

Set K = max {B_, ma,x{Te"T + C, : T > 0}}/c.. Then the above

inequality implies that

t
, e 2m, _€
vi(x,t) —1'(t) <K (L% 77) v (x,t).
To prove the revarse inequality we consider the auxiliary function
Bx.t) & =t[vi(xt) — £/ (1] -t |x—xp| 7™

and proceed exactly as before. o

Lemma 3.4. There are positive constants K,m, independent of €, such that

(3.11) 17a(y,1)] <K
t
2
(3.12) o0l <K E s Iy1™™ + |9(y,1) 2™
(3.13) inf qf(yt) > -w
>0
for all yeIRn_l, t > 0.

Proof. Use two characterizations, (3.2) and (3.3) of & to obtain the two
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different expressions for the unit normal vector z‘e(x,t) at a boundary point

(x,t) e d €,

(W€ (1), vi(x,t) —1/(1))

H- [19ve(x, )12 + (vi(x,1) — £ ()32
_ (&Y, 1L (%)
[ 195 x012 + 1+ Jaf(x0)3Y?
where for any x = (x;, ..., x,),
(3.14) %= (x), ., x,_p) €BL,

The above identity yields that for any (xt) € 8 € ¢

o) + (vEx,t) - ()32
2172

ve x,t) =
T eeT (af(x.1))

€

vi(xt) = —qf(xt) v)

i (x,t), i=1,..., n—1,

and vg(x,t) - (t) =~ qg()‘c,t) v;(x,t). Combine these identities with (3.5)
and (3.7) to arrive at (3.11) and (3.12).
We continue by obtaining a lower bound for qe(y,t). First consider

the equation

(3.15) V,(x,t) —aV(x,t) = h (x,t)
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with initial data V(x,0) = g (x). Since v&(x,t) is a subsolution to the above

equation, the maximum principle yields that
(3.16) vE(x,t) € V(x,t).

Differentiate (3.15) with respect to x_ to obtain Vnt(x,t) —aV (xt) =

n

h (xt)2 @ and V_(x,0) (x) > 0. Hence,

= &nn

(3.17) V (x,t) 2 ot

for all x€R™, t > 0, and consequently Q(y,t) £ inf {x : V(yxpt) 2 £(t)} is
finite for every yean'—l, t > 0. However (3.16) yields qf(y,t) >Qy,t). o

For a positive integer m, we define o™ by qf’m(y,t) =
min {qf(y,t), m}. The previous lemma shows that for each m, g™ is
locally Lipschitz continuous, uniformly in €. By using a diagonal argument
we may choose a subsequence, denoted by ¢ again, along which Q&
converges to a Lipschitz continuous function qm for each m. Finally let
q(y,t) be the increasing limit of qm(y,t). This limit may take the value
4+, but this possibility is ruled out in the next section. Indeed, the local
boundedness of q proved in Theorem 4.2, together with the local Lipschitz
continuity of q™, implies local Lipschitz continuity of q on R & (0,).

The following "sharper" lower bound for g(y,t) shall be used in

Section 5.

Lemma 3.5. For each T > 0, there is a positive constant K(T) such that
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n—1
(3.18) inf q(yt)2-K(T)-K ¥ |yl
0<t<T i=1

where X >0 43 asin (8.11).
Proof. In view of (3.11) and (3.17), it suffices to show that

inf Q(O,t) > o
0<t<T

for every T > 0. Observe that Q(y,t) is the zero level curveof V —1 and
vV, >0 on R™ (0,0). Hence by the implicit function theorem, Q is
continuous on R"x(0,0). Moreover, due to the assumption (2.3) and the fact

that V(x,0) = g (x),

lim  V(yx,,0) < £0), yeR" .

xn-o -®
Hence, lim inf Q(y,t) > —w. a
t-0

Corollary 3.6. We have

(3.19) = {(yxt) €R" T Rx(0,0): X < q(y 1)}

In particular, q is independent of the subsequence along which the limit is

taken.

Proof. It suffices to show that €™ = o ™, where
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#0260 {(y,x,t) € BT xRe(0,0): x <m},
& ™ & {(rxyt) €B T Be(00): x, < a7 (v,0)}

for every m. Let (y,in,f) € # ™ begiven. Since q“™ converges to =
uniformly on bounded subsets, there are € > 0 and a neighborhood 4 of

(y,xn,f) such that
X<q6’ (yt) V(yxt)E/ 0<e<e
n "o n’ i 0

Therefore ve(x,t) < f(t) and v:(x,t) —avi(xt) = h (x,t) forall (x,t) € 4
and 0 < €< €. By letting ¢ go to zero we obtain that v(x,t) < {(t) and
vi(x,t) —av(x,t) = h (xt) forall (xt) € 4. Differentiating the last
equation with respect to X, and then using the positivity of hn n and the
non—negativity of v o Ve obtain that v a>0on A . Hence v<fon 4
and consequently (§,% ,f) € g™,

To prove the reverse inclusion, let (S',in,f) be an element of ™.

€

Then v(§,%,t) < f(f) and the convergence of v* to v implies that

%, < q“™(§,%) for all sufficiently small e. Letting ¢ go to zero, we
conclude that (y,in,f) € closure (¢ m). Since ®™ is an open set,
#™ C interior (closure ( ¢ ™)). But the right—hand side is equal to & ™,

due to the Lipschitz continuity of qm. o

Remarks
1. In one space dimension, Van Moerbeke obtained the smoothness of the

free boundary under quite different structural assumptions [29], [30]. Van
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Moerbeke uses an integral equation satisfied by the parametrization of the

free boundary to obtain local existence, and then he obtains the global result
by deep stochastic analysis. In the multi—dimensional case it is also possible
to obtain an integral equation for the parametrization. However it seems to

be of little use because of its very complicated structure.

2. In the stationary case [27], the authors proved the smoothness of the free
boundary by applying theorems of Caffarrelli [5] and Kinderlehrer and
Nirenberg [20], after its Lipschitz continuity was established. However, the
results of Section 2 of [5] are not directly applicable to the problem under

investigation.

4. AN UPPER BOUND FOR q

We start by analyzing the zero—level curve of v(x,t) + 1. Let
(4.1) d(yt) =inf {x_: v(yx ,t) 2 -1}
Because lim V(yx ,t)=—w (see (3.17)), and
X 2 -m
n
v(x,t) = lim v¥(x,t) < V(x,t)
€l 0

(see (3.16)), we know that §(y,t) > —m.

Lemma 4.1. For T > 0 there is a constant C{(T) such that
(4.2) a(y,t) < C(T) (Iyl +1)

for all yean_I and te [0,T).

S—
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Proof. Consider the linear equation with initial condition
(43) ¥ (xt)—aV(xt) = ~(h (xt))7,  V(x0) = ~(g,(x)),

where —(a)” £ min {a,0}. Since f(t)>1 and V(x,t)<0, V isa
subsolution to (2.5)¢ for each ¢ > 0. Hence Lemma 8.1 of the appendix

yields that V(x,t) < vé(x,t) for every ¢ > 0 and therefore
(4.4) V(x,t) € v(x,t).

Moreover,

t
Vo) ==f {[ [h,(x+Ez, t-)]" ds
] 0
+ (g (T} (42 exp (—]2(%/4) da.

Also the assumption (2.2) yields that

lim (5 (gl = (00

for every yeIRn_l and t > 0. A simple application of the monotone

convergence theorem yields that lim M(y,xn,t) =0 for every y (—:[Rn—1
xn-» @
and t > 0. This together with (4.4) implies that q(y,t) < «. We claim that

thereis C(T), such that

(4.5) a(0,t) < C(T), Vte[0,T].

E
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Indeed, v (y,d4(y.t), t) >0 for yeIRn—1 and t > 0, becauseina

neighborhood of (y,q(y,t),t) wehave v , —av =h_ >0. Bythe

nt
implicit function theorem, § is smooth, in particular continuous, on

R {0,0). We also have the inequality at the initial point

limlsup G(0,t) < sup {x €R: g (0.x )< -1} <o
t]0

The above inequality together with the continuity of § on the open domain
an_lx(O,m) is enough to arrive at (4.5).

Proceeding exactly as in the proof of Lemma 3.4, we can show that

sip VA = C <a.

yean"l, t>0

Now let C(T) = max {C(T), C}. o
Theorem 4.2. The function ¢(y,t) is locally bounded in (y,t) € R (0,m).

Proof. Fix T > 0 and then chose a positive constant C > 1 satisfying

(4.6) aly,t) < C(ly| +1), VyeR™L, tefo,T),
-1

(4.7) ga(y:xy) 2 =1, VyeB" S, x > C (jy[+1).

Define

k(y,t) &inf {x_: b (y,x,,t) = (1) 2 0}
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and note that because h > a> 0, k(0,t) is bounded uniformly in

t € [0,T] and k is differentiable. From (2.2) and the argument used to
prove (3.11), we can show that for some constant C, which also satisfies
(4.6), (4.7), we have

K(z,t) € C(yl+1) ¥(z,)e B (0,11,

It follows that

(48) B (yx,t) - £'(t) > alx, —C(ly|+1)] + by, C(|y|+1), &) = (t)
> afx, —C(Iyl+1)  Vye®™ x> O(ly|+1), te 0T,
It is elementary to construct a smooth function 5 satisfying
(4.9) n(y) 2 C(ly[+1)

(4.10) [99(3)] <42C , lan()| ¢ 2C%

We continue by constructing a subsolution to (1.3). First consider the

following equation with arbitrary constants K > >0, and C asin

(4.6)—~(4.10):
(4.11) max{g(r}- (2C%+1) ¢”(x) +2C°¢' () — K, ¢(r)- B} =0, Vr >0,

with boundary condition ¢{0) = 0. An explicit formula for the solution ¢

is
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B, r 2,

-T + Ty
(4.12) ¢(r) = ~ y _ 2 X
K__LI%Q)_JIO_K 2C°+1 GEC’+I,0SISIO,
2042 20“+2

where I, is the solution to the transcendental equation

2 To
(K-p) o0 , (K=4)(2C%+1) JTTF T _ o
20442 2C“+2

The following properties of ¢ rather than the explicit formula for it

will be used in the analysis:

(4.13) (i) 4, are Lipschitz continuous,

(4.13) (i) $(r) 20, ¢'(r) 20, ¢”(r) <0, Vr>0.

Set

(4.14) (i) ¢ £1-10)+ max £(t),
0¢t<T

(4.14) (ii) K £ 2(f(0)4+a’) &L T,

(4.14) (iii) BLK/2,
(4.14) (iv) R(x) & x_— 7(%) - ({(0)+a') (2T+1) (1), veR?,

where X = (xl,.. yXp 1) when x= (xl, «vy Xp). Finally define
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Q& {(xt) : 0<t<T ,R(x)> 0},

and define w on {7 by
*
(4.15) w(x,t) & te! gR(x)) —a + £t) —£(0),
where ¢ is asin (4.12) with K and J given in (4.14).
We claim that w is a subsolution of (1.3) on the region 2. Indeed,
using (4.15) and (4.11), we calculate that
— t 1 2 " / t /
w,—aw=te [¢—(1+]V7])¢” + (an)¢] +e ¢+ 1.

Using (4.13) (ii) with (4.10), then (4.11) and (4.14), we arrive at,

(4.16) w,—aw < te [ (1+2C%)p" + 202/ )+ € g+ 1/ Cte' K+ 'B £

* * *
= et 2(f(0)+ a) 4ot (f(0)+a )+f, S(jr(0)+a ) (2T+1) L1

Te Te T

Also, for (x,t) € 2, (4.8) and (4.9) imply that

b (x,t) —£/(t) 2 @ [x, —7()] 2 %(f<0)+a*)<2'r+1)-
Substitute the above inequality into (4.16) to obtain
(4.17) wt(x,t) —aw(x,t) <h (x,t), V(x,t) € Q.

For (x,t) €,
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(4.18)  w(x,t) = te' §(R(x)) — a + £(t) —£(0) < te* f— o + f(t) — £(0)

¢ %;— (H(O)1+a ) —a + () —£(0) < (t).
e

This shows that w is a subsolution of (1.3) on Q.
We now show that w < v on the parabolic boundary of Q. Due to
(47),
(4.19) w(x,0)=—a ¢-1<g (x)=v(x,0), ¥(x,0) € Q.
From the definition of R, we see that R(x) = R(x,0) + x for all xeR™. In
particular, (y,—R(y,0)) € 80 for each yEIRn_l. Now (4.1), (4.6), (4.9) and
the negativity of Vo imply that
t *
(420) w(Ya - R(Y>O)at) =te ¢(0) -—a + f(t) - f(O)
’ *
=—a +1(t)-10)<-1
= v(y, 4(:t):t) < vy, — R(5,0):t).
In the last inequality we have used the fact that

a(y,t) € C(lyl+1) < n(y) € n(y) + (£0) + 0;':)(2T+1)(01T)—1 = —R(y,0).

Taken together, (4.19) and (4.20) imply that w < v on the parabolic
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boundary of Q. Hence the maximum principle, Lemma 8.5, yields that
wix,t) < v(x,t), ¥(x,t) € §1.
Recall that ¢(r0) = f. Hence the above inequality used at the point
(yyro - R(y;0)7T) gives
f(T) 2 V(YJO - R‘(y70):T) 2 W(y,fo - R(Yvo))T)
T * T *
= Te ¢(r0) —a +{(T)~-1(0)=Te" f—a +{T)-1£0)=1T).

Hence v(y,ry — R(y,0),T) = f(T), and consequently q(y,T) < 1y— R(y,0). B

Remark. A similar result was obtained by Karatzas [17], Section 7, in the

one—dimensional special case of h(x,t) = x2.

5. C>1 REGULARITY OF u

Let U(x,t), V(x,t) be the polynomially growing solutions of
(5.1) U, (x,t) = AU(x,t) = h(x,t), X€R™, t > 0,
(5.2) V,(x,t) —aV(x,t) = b (x,t), xeR™, t > 0,
with initial conditions
(5.3) U(x,0) = g(x), xeR™.

(5.4) V(x,0) = g (x), xeR™,
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For xeR™ and t 0, define u(x,t) by

X
n

(5.5) u(xt) = Uxt) + [ Vx4 - VR 46,

where as in the previous sections X = (xl, . xn—l) and v is the solution of
(1.3) and (1.4). The integrability of v—V , required by (5.5), is a part of the

following theorem.

Theorem 5.1. The function u(z,t) is well-defined, twice continuously
differentiable in the spatial variables and once continuously differentiable in

the t—variable. Moreover, it s a solution to (1.1) and (1.2).

We need the following lemma in the proof of the above theorem. For

*
positive constants K ,T, set

¥ LA n +n—l
QK ,T) = {(xt) R =(0,T) : x, <-K T |x]}.
i=1

Lemma 5.2. Suppose that a continuous function ¢, defined on all of
*  k
IRnx[O,T), satisfies the following with suttable positive constants K ,C ,T

and m> I

(5.6) (i) pe CH1 (K1),

(5.6) (ii) o (x,t) — ap(x,t) = 0, ¥(x,t) € AK ,T),
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(5.6) (iii) o(x,0) = 0, VxeR",

(5.6) (iv) lo(xt)] € C (1% 2™ 41), ¥(xt) € QK ,T).
n-1

Then, for every yeR , t€[0,T], the function T, " go(y,zn,t) is absolutely

integrable on any interval of the form (— o, al.

Proof. Set
* *
c_2C 1+ (K ) m-1)™,
A * 9 *
A=1+ (n-1)(K ) + 2m(2m+n-3+2K (n-1)),
and
(5.7) Wyx t) 2 C erl(]y) P

* *
: ¥ [exp(x +K ¥ y—K Iy)]
Ic{1,..,n—1} R !

We directly calculate that

w(y,xn,t) - Aw(%xn’t) eAt e("') [A(|Y|2m+1) -

= h)
Je{1,..n—1} ™
—2m(2m-+n-3) | y| 20N - (13124 1)1+ (0-1) (K )

* — ——
—mK (3 y, |y 2™ 5y gy Ay
iedJ i¢J

397
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At C)gia 1 qve 2 (1o 2m
>C e Jc{l,.z.:.,n—l}e {[A = 1= (a=1)(K )T ([y]"7+ 1)

—2m(2m+n-3)|y| 2™ _4m k" (n-1) )2,

where (..) =x + K' 3 yi—K* Iy, Since both |y|2(m_1)
ieJ igJ

are bounded from above by | y|2In + 1, the definition of A yields

and

2m-1
|y

that the above expression is non—negative. Hence
*
¥ (x,t) —ag(x,t) 2 0, v(x,t) € O (K ,T).

Moreover, using the definition of ¢ and (5.6) (iv) we obtain

0l A 2
W =K T Iylt) 2 Cpe b (yP™ 4 )
1=

> " [+EK )2 (n-1))( v 2™ + 1)]

+ n—1
Z,W(y)'—K 21 |yit:t) l’

for all yEan—l, t €[0,T]. Also, #(x,0) >0 = |¢(x,0)|. Since 9 is growing
*
at most polynomially on Q(K ,T) and it dominates |y| on the parabolic

*
boundary of Q(K ,T), the maximum principle yields that

Wxt) 2 Te(xt)], ¥(xt) € QK ,T). o

Proof of Theorem 5.1.

Fix T > 0 andlet K(T) be the constant appearing in (3.18).
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Define
w(y,xn,t) = V(Yaxn - K(T): t) - V(Y>xn_K(T)) t)'

Due to the estimate (3.18), equations (1.3) and (5.2), boundary conditions
(1.4) and (5.4), and the polynomial growth estimate (2.4), ¢ satisfies the
hypothesis of the previous lemma. Hence u(x,t) is well—defined. Similarly

Py P G satisfy the hypothesis of Lemma 5.2 for each i,j =1, ., n. Hence

xn
(58) u(xt) = Uy(xt) + [ v (®48) - Vy(®eld,
xn
(5.9) uyjlxt) = Uyxt) + f [V E64) = VijE &0t 1j = Lon.
In view of (5.1), (5.2), we have
xn
n(x5t) = ln(xt) —h(ht) = [ [v,(KE1) —av(F4t) — by (X.E)]dE.

Now using (1.3) and the fact that u, =V, we conclude that u is a solution
of (1.1). Also u satisfies (1.2).

To complete the proof of the theorem, it suffices to show that the
integral terms in (5.8) and (5.9) are continuous in (x,t). For 6> 0,

approximate the integral in (5.8) by
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%) —6HAax
Fé(x,t) = f (q( ) ) n[vt(ié’t) - Vt(f,f,t)]dt

xn
+ [ InEen-vEetla
q(x,t)A X,

On X, > q(x,t) , vy = 1/, and hence the second integral is continuous.
The continuity of the first integral follows from the parabolic regularity.

Hence F5 is continuous for each positive § and

q(x,t)

|ut(x7t) - Fé(x’t) - Ut(x7t)| < f [ |Vt()_(,§,t)| + |Vt(i1§7t)” d£
Q(Est)_ﬁ

Therefore, F6 + Ut converges to u, uniformly on bounded subsets, and u,

is a continuous function. The continuity of Ui is proved similarly. o

6. UNIQUENESS

We start with a comparison result. This proof is related to the

uniqueness proof of Evans [8].
Lemma 6.1. Suppose that 1,1 € ¢l (R"(0,0)) N C (R"x[0,)) are sub and
supersolutions to (1.1) and (1.2). Further assume that for any T > 0 there

*
are positive constants C ,m such that for all t€[0,T],

(6.1) max{u(x,t) , 0}+ max{—u(x,t), 0} < ¢’ (1+|x[2m) , VxeR™,

o s e
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and

(6.2) T (xt) <{t) whenever x < —C (1+ |X]).
Then

(6.3) n(x,t) Cux) -

Proof. Fix T > 0. Consider the auxiliary function

(6:4) ¢%xt) & 7H1-Ou(c) ] [ T &(8) + &8 byt n D)

1=
where 6> 0 is a small parameter,

gy el — o)~ 12 vre(—o, ),

and 7 is a smooth function satisfying

(6:5) (i) 7(y) 2 C (1+]y1), vyeR™ L,
(6.5) (i) sup  |79(y)| + D33l < =,
ye[Rn—l

*
with the constant C appearing in the hypothesis of the lemma. Since ¢ is
exponentially growing, ¢6 achieves its maximum over [Rnx[O,T], say at

* % * 6 *  k .
(x t ). If t =0,then ¢"(x ,t )<0. Otherwise,
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T 1) = (-, (x4 — 626t ¢ (8l + 12 ).

- *
Since u, <f and £’(r) 20 for r2 0, wehave u,(x ,t*) < f(t*) if
* _* * X % % *
x, 2 -n(x ). Butif x <—g(x), u (x4 ) <f(t) dueto(6.2)and

* -
(6.5)(i). Henceat (x ,t'), T, <1 and

(6.6) T(x ) —al(x t) 2 hix't)

Then using (6.6) and the fact that u is a subsolution we obtain that
* ok * k
(6.7) 0<8dx 1) —agltx )

<t [FOh(x 4) = (1=ulx ¢ )+a(x b )]+6 Ko,

where

n—1
K9(x) & 8.8 € () + (D)) ¢ (8 by n(x))

+ 81(3) & (8 [x +0(Z))-

Using the inequalities (6.5)(ii), |£/| ¢ 5¢ and £” < 5¢, we estimate
K(x) by

—1
k(x) ¢ 55 ’i‘gl §(ex) + C &(8 [x +1(D)])

for some suitable constant C > 0. Substitute the above estimate into (6.7)
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to obtain
* —~1 *
0<—¢x )+ 6 flzl (56%1)¢(6x;) + 6(CO-1)E(E [x +n(X ).
i=

Send § to zero to arrive at (6.3). o

Corollary 6.2. The function u defined by (5.5) is non—negative and

polynomially growing.

Proof. The fact that u is polynomially growing follows from the
polynomial growth of U,V and v. Let u=0, and u=u in the previous
lemma. Since g,h >0, u is a subsolution. Also, Lemma 3.5 implies that

u = u satisfies (6.2). Hence,u=u2u=0. o

Theorem 6.3. There is a unigue polynomially growing, non—negative,

(classical) solution of (1.1) and (1.2), and it is defined by (5.5).
Proof. In view of the previous results it suffices to show that any
polynomially growing, non—negative solution of (1.1) and (1.2) satisfies (6.2).

Indeed let u(x,t) be such a solution and for yeiRn_l, t2 0, define y (y,t)

and p(y,t) by
p(yt) & inf{x_: b (y,x,t) > £(t)}, x (7:t) 4 inf {xp: G(yxt) <0},

where G(x,t) & ut(x,t) - au(x,t) ~ h(x,t). Weclaim that x (y,t) 2 p(y.t)

for all y(—:IRn_1 and t > 0. Indeed, if this inequality does not hold for some
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* ) * £ * x

y .t , thenthereis §> 0 suchthat G(y ,p(y ,t )— 46,1t ) < 0. By the
* * % *

continuity of G, there is a neighborhood of (y ,p(y ,t ) —6,t ) on which

G is strictly negative. Hence on this neighborhood u, = f, su =0 and

* * % * * * I 3 *
Gy ,p(y t )6t ) =00 )-h(y,py t)—51t)

* %
p(y ,t) .

= f hnn(y ’£7t )dfz ab.
* %

p(y,t )6

The above inequality and the argument leading to it imply that

G(y*,xn,t*) < 0 and un(y*,xn,t*) = f(t*) whenever x_ ¢ p(y*,t*) ~ 6. But
this contradicts the positivity of u. Hence y_(y,t) 2 p(y,t). The
assumption (2.2) yields that p(y,t) > —C(T)(]y|+1), Vy(—:[Rn—l, t€[0,T] for a
suitable constant C(T). This shows the existence of a constant C(T) such
that u,(x,t) - au(x,t) —h(x,t) = 0 whenever x <—C(T) (1+|x|). Buton
the set where this equality holds, Un > 0 and u, < f, s0 in fact u < f

whenever x < —C(T)(1+|x]). al

7. THE SINGULAR STOCHASTIC CONTROL PROBLEM.
Consider the stochastic process X = (X:, s Xg) €R™ defined by

Xs=x+[2'Ws—§(s)en, 520,

where x€R" is the initial condition, W, = (W:,...,Wrsl) eR" isan
n—dimensional standard Brownian motion , €™ = (0,0, ..., 1)eR®, £(s) is the
control process, which is non—decreasing, left—~continuous, adapted to the

augmentation by null sets of the filtration generated by W, with £(0) = 0.
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For a given initial condition xeR™ and horizon t > 0, the control

problem is to select a control process so as to minimize the cost functional

I(xt,(+)) 2 E{ f [B(Xg,t—s)ds + f(t—s)d¢(s)] + g(X,)}-

Finally define the value function u* by

(7.1) u (x,t) é

* .
THEOREM 7.1. The value function u (x,t) i the unique, non—negative,
polynomially growing solution of (1.1), (1.2). Moreover, the infimum in (7.1)

* H
18 achieved by the lefi—continuous process £ given by

£t 2 lim £ (x)

IS

= max [{2 W +x —a({2 wi X2 WI;—1+ x,_pt—1,
0<7¢s

where ¢ i3 as in Corollary 3.6.
Proof. Let u be the solution to (1.1), (1.2), and let U be as defined in

Section 5. We develop some preparatory results. Define F(x,t) 4 U(x,t) —

u*(x,t), and note that for §> 0,

(7.2)  F(xt) — Fx—be", t)
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> 15 I(lf) [(U(x,8) = I(x,6,£(+))) — (U(x—e™,t) — I(x—be" t,£(+)))]

t
= 1{ I(lf) E{ fo [R(x+{Z W ,t—5) — h(x+{Z W — (s) e",t—s)

—h(x+{ZW -6 e’ t—s) + h(x+ {2 W, — £(s) e — 5 el t—s)]ds
+ [g(x+{T W,) — g(x+{2 W, — &(t)e") — g(x +{2 W, — é¢")
+g(x+HT W, = &(t)e" —6")]} 2 0

due to the convexity of h and g Thus, F(x,t) is nondecreasing in the x —
variable. Note also, from It6’s lemma, that with ¢ an arbitrary control

process and 7 L inf {s> 0:| X |> m} we have

tAT
(7.3) u(x,t) =E j;) ™ [uy(Xt—8) — & 1 (X,,t—s) — h(X,t—s)]ds

tAT tAT
+Ef  Th(Xt-s)ds+Ef T (X t-s)dE(s)

0 0

+E T (u(Xgts)— u(Xg yt—s)— up (X t-s)[€(sT)— £Gs)])
0$s<t/\7m

+ EuX t—tAT ).

tATnn’

Using (1.1), (1.2) and the convexity of u in the x — variable, we obtain

from (7.3)
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tAT
(1.4) u(x,t) < B{ f(‘) ™ [h(Xt—s)ds + £(1-8)dE(s)] + g(X,)}

FE{X, o) =8 () 2, < yph

where x, denotes the indicator of the set A. If we take £ =0, then
X, =x+{2W, and (7.4) implies

(7.5) u(xt) <1 iTm E{f :;Mm h(x + {2 W,t—s)ds + g(x +{2 W,)}
m|e

+ Lim B W, o) —s WD 2y <)

t
=E{ fo h(x + {2 W ,t—s)ds + g(x + {2 W,)} = U(x,t).
Now let an arbitrary control process ¢ be given. We shall show that
(7.6) u(x,t) € I(x,t,4(+)),

and so we assume without loss of generality that J(x,t,£(+)) < ». This

implies that

(7.7) lim E ft [h(Xt—s)ds + {(t—s) dé(s)] = 0,

miw tAT

from which we have




408 SONER AND SHREVE

(7.8) lim sup E{(u -(X,m,t—rm) - g(Xt))x{Tm< i}

{
<limE f (h(X,t~5)ds + (t—s)d(s)) = 0.
m-m t/\'rm

From (7.4), (7.5) and the definition of J(x,t,£(-)), we have

t
u&»sﬂmﬂ»»ﬂ%ﬁm B(Xgt—8)ds + £{t—s)dé(s)}
m

+ U0, ) =850 xgr <y
and (7.6) will follow from (7.7) provided we show

(7.9) IILT sup E{(U(er,t—rm) - g(Xt))x{Tm< 1} =0

But (7.9) will follow from (7.8) and

(7.10) lim sup E [F(X_ ,t-1_) ]<o.

X
M- m < t}
Recalling that F(x,t) is nondecreasing in the x o~ Variable, we may write

lim sup E[F(X

,t—T )X ]
Mo Tm M {Tm< t}

<lim sup E[F(x + 2 W_

7t_T )X ]
o o {Tm< t}
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<lim sup E[U(x + {2 WTm,t—Tm) Y < t}] =0

m-m

because U grows polynomially and Tm 1 t. This completes the proof of

(7.6) for arbitrary ¢, from which we immediately conclude that u(x,t) <
u*(x,t).

To prove the reverse inequality, let f(f) be the control process
defined in the statement of the theorem and let Xf be the state process

*
corresponding to it. The following follows from the definition of £ :

(7.11) (i) (X, t—s) € & forall s (0],
(7.11) (ii) Xf, §*(-) are continuous on (0,t],
(7.11) (i) £€10%) =[x — (x0T

t % t *
(7.11) (iv) [ . d¢ (s) = f g {S:(X:,H)E o)y 4€ (5)
Using (7.11) in (7.2) we arrive at u(x,t) = J(x,t,ﬁ*(-)). o

8. APPENDIX

For ¢ > 0, there is a smooth, polynomially growing, positive solution
v¢ to (2.5)¢ and (1.4). Such a solution is constructed as the limit of
solutions to a sequence of boundary—value problems. See Sections 5.6 and
5.8 in Ladyzenskaya et al. [21], especially Remark 8.2 on page 496. Also, the
details of such an approximation for an elliptic problem are given in the

Appendix of [28].




410 SONER AND SHREVE

The results of this section are either known or are obtained by slight
modification of the proofs of known results. The reader may refer to {3], [4],
(5], [6], (8], [9], [10], [11], [22], [23]. However, none of these references
provides the results we need undef precisely the condifions of our model.

Our analysis is closely related to the one in Evans [8], especially the proofs of

Lemma 8.3 and 8.4 below. We start with a comparison result for equation
(2.5)¢.

Lemma 8.1. Suppose that v, V€ ¢l (R"x(0,m)) N C(R™x[0,a)) are
polynomially growing sub and supersolutions to (2.5)6, respectively. Then, for

all (x,t) €R™ x [0,0),

(8.1) v(x,t) = ¥(x,t) < €' sup (v(z,0) - V(z,0)7.
zeR™

Proof. Since v and v are polynomially growing, for each 6> 0 there is

m > 1 such that the function
oOxt) & 6t [v(x,t) — F(x,t)] - 6 |x| PP

* % *
achieves its maximum on R"x[0,0) at some point (x ,t ). If t =0, then

*
(8.1) holds, so we may assume that t > 0. Then
5** 6** _t* * k% X —, ¥ % *
0<d(xt)—a¢(xt)<e” [-v(xt )+ v(x 8 )+ B (v(x ot )-1(t )

—5€(z(x*,t*) - f(t*))] + 52m(2m+n—2) |X*|2(m_1)
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* .
=g e 18, ) — 1) =B, (v ) ~ 1))

+ 8 [2m(2m+n-2) |x | 200D ity 2my.

Using the inequality (3.9) we obtain
(8:2)6%" 47 7 18,04 —14) = B ) ~ 1] + K

where K_ 2 2(2m+n-2)™ (2m-2)"1. We claim that ¢%(x t") < 5K .
Indeed, if ¢6(x*,t*) is negative this inequality follows trivially. If

¢6(x*,t*) is non—negative then V(x*,t*) < !(x*,t*) and the claimed k
inequality follows from (8.2) and the mqnotonicity of ﬁe. Hence, for every

(x,£)eR"x[0,0),

v(xt)- T t)= e [0x)+ 6 x| 7™ < ef[ofx it )+ 6 1% 2T

< ot K+ x]2).
Let & go to zero to complete the proof. x m
Lemma 8.2. There are positive constants K,m, independent of €, such that
8.3)  [vi(xt)| + |WE(xt)] + vt | < K (14 ]x] 2™ 4 42),

‘Proof. Let V be the polynomially growing solution of (5.2) and (5.4).
Then, V is a supersolution to (2.5)¢ and Lemma 8.1 yields that
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vé(x,t) < V(x,t), YxeR™, t 2 0, ¢ > 0. For the lower bound, let V(x,t) be the
non—negative, polynomially growing solution to (4.3). Then, V isa
subsolution to (2.5)¢ and v®(x,t) > V(x,t), YxeR", t 2 0, € > 0.

To obtain the spatial derivative estimate, fix a unit vector v € R™.

Set w*(x,t) = WvE(x,t)-v. Differentiate (2.5)¢ to obtain
(84)°  wilxt) —awf(xt) + BL(v¥(x,t) — f(8))w(x,t) = Vh_(x,t)-v

with initial condition w¢(x,0) = Vg, (x)-v. Consider the equation

W, (x,t) —aW(x,t) = {Vh, (x,t)|, with initial condition W(x,0) = |98, (x)].
Then W > 0, and the nonnegativity of [3’6 implies that W is a supersolution
to the linear equation (8.4)°. Hence, the maximum principle yields

wE (x,t) ¢ W(x,t) for all unit vectors v and consequently [TvE(x,t)] <
W(x,t), VxeR™, t 2 0, € > 0. Finally, set z%(x,t) = vi(x,t) —{’ (t). Then,

t
(2.5)€ implies that

(85)°  z{(xt)—azf(x;t) + BL(vE(xt) = ())26(x,t) = B, (x,6) — (1),

with initial condition z¢(x,0) = 8g,(x) + h (x,0) —1(0). This equality
follows from (recall (2.3))

v§(.0) = 8v(,0) + By(x,0) = B (v(x,0) ~1(0)) = ag,(¥) + by (x,0).
Let Z be the unique polynomially growing solution to Zt(x,t) — AZ(x,t) =

'hnt(x’t) —£7(t)| with initial condition Z(x,0) = |og (x) + h (x,0) —

f/(0)}. Then, Z, —Z are super and subsolutions to (8.5)°, respectively.
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Hence the maximum principle yields that

[26(x,t)] = |vg(x,t) = /()] < Z(x,t), ¥ xeR", ¢ 2 0.

Lemma 8.3. There are positive constants K,m, independent of €, such that

n
(8.6) VE ()R B vE(xt) s < K (14]x| 2P 4 2
177 ij=1 1 i)

for all xe€R™, t > 0 and unit vectors v eR™
Proof. Differentiate (2.5) twice:
(BT)° vE,q0x) = a5 () + B(v (1) = (1)) v, () € by ).

The initial condition is

g

(88) v (%0) = 8, (%)-

Let W(x,t) be the unique polynomially growing solution to W (x,t) -

aW(x,t) = [h_(x,4t){ with initial conditon W(x,0) = [g,, (x){. Then

nvy
W is a supersolution to

W, (x,t) - aW(x,t) + BL(ve(x,t) = 1(t)) W(x,t) 2 by (x,t),

Ill/I/(

and the maximum principle yields that vfw(x,t) < W(x,t), VxeR%, t>0. o
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Lemma 8.4 There are positive constants K,m, independent of ¢, such that
€ 2m 2m
(8.9) [avi(x,t)] € K(14 (x| +t“7).

Proof. Let n be a smooth cut—off function satisfying

(8.10) (i) 0<n(x) <1,
(8.10) (i) n e C°@"),
(8.10) (iii) n(x)=1,v|x| <1,
(8.10) (iv) n(x) = 0,¥|x| 2 2.
For R> 0 set

PR(xt) = () B, (v (x,0) = £(1),
and

(x*,t*) = arg min {¢R(x,t): x €R™, t €[0,T]}.

* X
Since we are trying to establish an upper bound for ¢R(x 0 ), we may

* k
assume that ¢R(x 8 ) > 1, which implies that
€ * ok *
Br(x ) - 1) > 1.

The construction of §_ (see (2.6)) yields that
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€

-

(811) () By =1,

*l

(8.11) (i) gL =% 67 (=0,

h €A _e ¥ * * * el ;
where 1° = v°(x ,t ) —f(t ). Wehave t >0 because r~ >0, and

equation (2.5)¢ and (8.11) yield

X %

0< R0 ) = agR ) = o) B I ) — (1) — v (x )]

—n ) By () W )1 ~ 281G ) A6

*

~28 () ) )

o]t

= o) + ) ) =1 ()

~ 2yt = ) an( )~ IR ) TvE(x o))

* *
Since |x | < 2R and t ¢ T, assumption (2.2) and the estimate (8.3) imply

the existence of positive constants K, m such that
R, * * * x X *
PRx ) < ) hy(x ) = /()]

* * x %
—iz(r‘ — o) anE )~ ) WEx )

< K(1+ R 4 720,

Hence for any xean, T>0,
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B(v¥(xT) ~ (1) = ¢/ % (xT) ¢ ¢1¥I(x"4") <K (1 4 x 22 4 T2,
We obtain (8.9) after observing that av® = v® + h + ﬂe(v‘(x,t) —1f(t)). m

We conclude by proving a comparison result for equation (1.3). A
direct consequence of it, with € = R", is the uniqueness of the polynomially
growing solution to (1.3) and (1.4). The following generality is needed in
Section 4.

Let Q be a (possibly unbounded) nonempty domain in R”.

Lemma 8.5 Suppose that v, v satisfy the estimate (2.4) and are almost
everywhere sub and supersolutions to (1.5) and (1.4)) on Q x [0,»). Moreover
assume that v <v on x[0,@). Then v<V on Qx [0,0).

Proof. We regularize v and v, first. Let ¢ bea C®, non—negative

function with the properties,

) =0 [x|+[t| >, [ &(xt)dxdt=1.
IRn+1

For €>0, set I £ {(x,t)eQx[ea): distance (x,00) > ¢}, and for
(x,t) € Z,, define

xS ¥(x—ey,t—es)&(y,s)dyds,
ls]+]y]<t
ACOENE V(x—ey,t—es)&(y.8)dy ds,

Is|+]yl€1
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)& [ f flt-es)dyds,
[s{+]y[<1

he(x,t) & f h, (x~€y, t—es) £(y.s) dy ds.
[s]+]y]<1

It is well known that v°

and v ¢ are infinitely differentiable, and converge
to v and v, respectively, as ¢ tends to zero. Moreover, f isa

subsolution to

d € € _
(8.12) max {grw—aw—h ,w—f}=0on I,

and v ¢ is a supersolution to a related equation (8.15), which we now
derive.

Let G be a compact subset of £ such that G x {e,n) C %,. For '
T > 0, set

o(Ge) 23 sup (I T¥0)|+ | Lz,
X
0<t<{T+e¢

Now suppose that
(8.13) v f(xo,to) < f(to) — e0{G,¢,T)

for some (x,t)) € G x [¢,T]. Then the definitions of v ¢ and «(G,T) :

imply that v(x,t) < f(t) whenever |x——x0| + |t=ty| < €, and consequently
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G () —aT(xt) 2 b (x1) ae |x=xp| + [ty] < e.
Multiplying the above inequality-by ¢ aﬁd integrating, we obtain
(8.14) F7 € (xgrig) =4 7 “(xptg) 2 hE (xgot)-
Recall that we assumed (8.13) to arrive at (8.14). Hence,
(8.15) max{Z ¥ €(x,t)- &F {(x,)- b (x,8), T E(x,t) ~({(t)- ea(G,e,T)}> 0
¥V (x,t) € Gx[e,T].

1t is not difficult to construct a C® function 7 satisfying

Ix]
(8.16) (i) . 0<nx)<e VxeR",
(8.16) (ii [77(x)| + | 8 (x)] <3 7(x) ¥xeB™
In fact, a mollification of ¥(|x|) will work, where

(1+ §)e—n/2_nﬁe——n/2 if 0 ¢&¢ -121-,
we) &
et it ¢> 5 -

Consider the auxiliary function

o(x,t) £ €720 ix) (v(x,t) — F(x,t))-
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Since v and ¥ are polynomially growing, ¢ achieves its maximum over

I« [0,0) at some (x,t5). If t;=0 or x4 € Q, then

(8.17) P(xg:tg) € 0,

from which follows v < 7. We assume therefore that x, €  and t;> 0.

For ¢ > 0, § > 0, define the smooth function
—. - 2 2
o 8x,t) = €720 nx) (v(x,8) - 7 E(xt))— (| x-xg | 2 11,1 2).

Set €, = %min{distance (xg, 8Q), tg}. Then for fixed §> 0, thereis an

* *
€ € (0,60) such that V ¢ € (0,¢ ), there exist (xe’te)’ depending on §, and

satisfying |x —x,| + |t,~t5] < ¢,

goe"s(xe,te) = max{we’a(x,t): Ix—xg| + [t=to} < ¢}

*
Note that (x,t ) €%, X forall ee (0,¢5)- Hence, for all €€ (0,¢ ),
0

(818)  max{gr v¥(xt,) = A ¥¥(xt,) =hE(x,t,), ¥é(x b ) — £5(t,)} < O,

(8.19) max{Z- ¥(x t )~ A ¥5(x t )~ BE(x it ),

P(xgt )= 1(t) — calG,e T} €0,

where G = {x: |x—x0| < co} and T =1, + ¢,
Continuing to-hold & fixed, welet ¢ | 0 along a subsequence so that

* x * *
(xt,) converges to a limit (x ,t ) satisfying [x —xp| + it —tg] < ;- But
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* ¥ * 2 * 2 VY
W(X N’ )—6(|x _x0| + |t —tol )= 11%1 2 (x€7t€)
€

. e.d X ok
2 111'(1)1 2 (XO’tO) = ‘P(xo;to) 2 p(x b)),
€

* *
50 x =Xyt =t It follows that leirtx)l (xot,) = (xgstg), where the limit

is taken over all €€ (0,5*).

If vf(xe,te) > 1{(t,) - €a(G,¢,T), then (8.18) implies that
we’é(xe,te) < ea(G,e,T)n(x,) + fe(te) —1f(t,). Letting first e | 0 and then
6] 0, we obtain (8.17) and conclude as before that y < ¥.

It remains to examine the case
(8.20) VE(xpty) <1f(t) —€ oG, &, T).

Because we,& has a local maximum at (xe,te), we have

8 6,6(

(821) O0<z ¢ (x,t )—Ayp

t
e e {0 (x,0 1) =7 “Cxpt I ¥l 1T (e t)

€ - € € =€ an(x,)
-0 v (x,t,)+aV (x,t) - [V (% t) =7V "t t,) )

Un(x
—2[v !e(xe, t)—-Vv f(xe, t)] _ZEX_Z)T} + 26(n+tg — t,)

<o et ) (20 + %) [ (01, =7 (0 t,)
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n(x,)

—2[v !E(xew t) -V Ve(xe, t )} }+ 260+ t5—t,),

n(x,)

where we have used (8.18) — (8.20) to obtain the last inequality. Also,

(8.22) 0=7 we’é(xe,te) - Un(x,)
—20t .
=e  Cnlx,) {[Vx'(x,t) =77 (x,t )]~V n(x)
2
Fxt) -7 (x,, te))'—ZEx‘—;' }—26(x, —xp) - Tnlx,).

Substitution of (8.22) into (8.21) allows us to eliminate the ¥ v¢ -V ¥ ¢

term in the latter equation. We may then invoke the bound (8.16)(ii) to

obtain
a0, . |7n(x,)1
056 (3l 1) =7 (i 1) (1m0 —aalx) + 2 )
€
Vn(x,)
+26(n+ t, —t —2(x —x,)- £)
0 € € 0 n(xe)
—-20t.6 ¢ e
< -2 n(x ¥ (x,t)-v (x t )+ 28(n + tg—t, —6|x, xo1)
Letting first ¢ | 0 and then 6} 0 again yields (8.17). o
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Proofs.of Theorem 2.1 and 2.2.

Estimates (8.6) and (8.9) imply the second—derivative eétimate (2.4)
for v°, and this estimate is uniform in e. This, together with (8.3), gives
(2.4). Using this estimate we choose a subsequence, denoted by e again,
such that v&, Vv¢ converge uniformly on bounded subsets. Let v be the
limit; then v also satisfies (2.4). Moreover, using the weak formulation of
(2.5)¢, we conclude that the limit v is a solution to (1.3), and trivially to

€

(1.4). Suppose v is another point of the sequence v- as ¢ tends to zero.

Then v satisfies (1.3), (1.4) and (2.4). Since there is only one function

(recall Lemma 8.5 with 1 = R™) satisfying (1.3), (L.4) and (2.4), v = v.

€

Hence v° converges to the unique solution v on the whole sequence. a]
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