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A VISCOSITY SOLUTION APPROACH TO THE ASYMPTOTIC
ANALYSIS OF QUEUEING SYSTEMS

By PauL Dupuis,! HrrosHI IsHi1? AND H. METE SONER °

University of Massachusetts, Chuo University
and Carnegie Mellon University

We consider a system of several interconnected queues (with a single class
of customers) and model the state (X,) of the system as a jump Markov
process. The problem of interest is to estimate the large deviations behavior
of the rescaled system X/ = eX, /e corresponding to large time and large
excursions of the original (unscaled) system. The techniques employed are
those of the theory of viscosity solutions to Hamilton-Jacobi equations.
From the point of view of large deviation theory, the interesting new problem
here is the treatment of the process when one or more of the queues are
nearly empty, since an abrupt change in the jump measure occurs. From the
point of view of viscosity solutions, the discontinuity of the jump measure
leads to nonlinear boundary conditions on domains with corners for the
associated partial differential equations. Much of the paper is devoted to
proving uniqueness of viscosity solutions for these equations, and these
sections are of independent interest. While our use of test functions in
proving the uniqueness is an adaptation of the usual technique, the construc-
tion of the test functions themselves via the Legendre transform is new. We
obtain a representation for the solution of the equation in terms of a
nonstandard optimal control problem, which suggests the correct integrand in
the large deviation “rate” functional. Since it is the treatment of the effects
due to the “boundaries” that is novel, we devote the majority of the paper to
the detailed development of a simple two-dimensional system that exhibits
all the essential new features. However, the arguments may be applied to
nueueing systems that are considerably more general, and we attempt to
indicate this generality as well.

1. Introduction. In this paper we consider an asymptotic analysis of a
queueing system. Suppose the “state” of the queueing system at time ¢ is given
by the n-dimensional vector X, € (Z*)", where Z*= {0,1,2,...}. For small ¢,
the scaling of interest here is given by X; = ¢X, ,, corresponding to large time
and large excursions. We shall assume that the original process X. is modelled as
a jump Markov process. Hence the rescaled process X? is also a jump Markov
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process, with state space given by S® = {y € R™ y/e € (Z*)"}.
The problem we are interested in concerns the estimation of probabilities of
certain rare events involving the original (unscaled) system. For example, take
= 2 and consider the event

(1.1) A= {x,+y,> M/eforsome0 < t < T/¢, given x, = x/¢, Y, = y/¢},

where M, T are positive real numbers and X, = (x,, 3,). In the rescaled system
this event is given by

(1.2) {xf+yf > Mforsome0 < t < T, given x{ = x, 3¢ = y}.

The results of this paper give asymptotic (¢ |0) estimates of P(A*) of the form
exp((—I(x, y) + O(1))/¢), where the O(1) term converges to zero uniformly for
(x, y) in compact subsets of {(x,y):x=>0, y>0, x +y <M} and where
I(x, y) = u(x, y,0), where u is the value function of a nonstandard deterministic
optimal control problem. The formulation of this control problem can be found
in Section 3. )

The problem we have described is one of estimating the probability of an
event corresponding to a large deviation of the scaled queueing system. In the
general theory of large deviations for stochastic dynamical systems, one is given
a process X/, defined for 0 < ¢ < T, with sample paths living in some space D
and is asked to obtain a family of functionals S(x, - ): D — [0, co] such that (in
addition to other properties)

for any open set A C D,

(13) liminfeln P(X: € A) > — inf S(x, ),
el0 PEA
for any closed set G C D,

(14) limsupeln P,(X* € G) < — inf S(x, ¢),
el0 $E€G

where P, denotes the probability given X§ = x. We refer to Varadhan [27] and
Stroock [26] for the precise properties required of S. The problem we are trying
to solve is a special case of the full large deviations problem as described above,
since we are interested in obtaining “rough” asymptotics of P(X* € A) [as
given by (1.3) and (1.4)] only for a particular class of sets A.

The techniques employed in this paper are those of the theory of viscosity
solutions to Hamilton-Jacobi equations. The application of such methods to
problems concerning large deviations originated with the work of Evans and
Ishii [8]. Further work in this area may be found in [1], [2], [9], [11], [12], [13],
[17] and [20]. For a general introduction to problems concerning large deviations
of dynamical systems, the reader is referred to the book of Freidlin and Wentzell
[14], where probabilistic (as opposed to analytical) techniques are employed.
An example of how probabilistic methods may be used to estimate escape
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Fic. 1.

probabilities is in [7]. Also, in [18] and [19] some formal formulae were obtained
for problems similar to the one described here and applications were discussed in
[23] and [28].

The new features involved in developing a large deviations theory for pro-
cesses of the type that arise from queueing systems result from the “boundaries”
of the system. For simplicity consider a system of two queues (x,, y,) in which
interarrival and service times are constants and for which the relationships
between the queues are as depicted in Figure 1. Define the rescaled system
(xf, ¥) = &(x; /0> ¥,/.)- 1f both x and y are strictly positive, then the conditional
statistics of ((x{. 5, ¥irs) — (x5, ¥F)) given (x;, y) = (x, y) are roughly indepen-
dent of (x, y). However, as x A y = 0 (one or both queues empty) there is an
abrupt change in the statistics of the small time increment, since the associated
jump measure suffers a discontinuity. As we will see, the nature of the stochastic
process we deal with is such that this transition in the jump measure leads to a
nonlinear boundary condition for the associated partial differential equation
(PDE).

Since it is the treatment of the effects due to the “boundaries” that is novel,
we devote the majority of the paper to the detailed development of a simple
two-dimensional system that exhibits the essential new features. However, the
arguments may be applied to queueing systems whose structure (routing schemes,
etc.) is quite general and we attempt to indicate this generality as well.

The outline of the paper is as follows. In Section 2, we define the logarithmic
transformation of the probability of interest and show that it converges to a
viscosity solution of an associated Hamilton—Jacobi equation, as ¢ tends to zero.
In Section 3, we obtain a representation for the solution of this equation in terms
of the value function of a certain nonstandard optimal control problem. This
suggests the form of the functional that would be correct if (1.3) and (1.4) were to
hold. Sections 4, 5 and 6 prove the uniqueness of viscosity solutions satisfying a
nonlinear boundary condition, which ensures that our two representations are, in
fact, the same. These sections are of independent interest. We conclude in
Section 7 with a discussion of extensions. In particular, Section 7.1.2 contains a
summary of the main results of the paper, written for a system of interconnected
queues. The Appendix includes a brief discussion of a weaker formulation of the
PDE.
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2. An example. We return our attention to the queueing system depicted in
Figure 1 and consider the problem of determining the limiting behavior of

(2.1) u(x,y,t) = —eln P(xt+ ys> M forsome s € [¢, T Jlxi = x, yf = ).

For the sake of notational simplicity, we take M = 1. The process corresponding
to the queueing system depicted in Figure 1 is a jump Markov process (x,, ;)
whose jump measure is concentrated on the points (1,0), (1, — 1), (0, — 1),
(—1,0) and (—1,1) with intensities A, B, v, a and p, respectively, unless a
boundary is encountered. We assume that all the intensities are nonnegative. In
order to obtain a nontrivial system we must also assume that A > 0, 4 > 0 and
that either y > 0 or 8 A @ > 0. When the process is on a boundary, only those
jumps that do not lead to escape are allowed by the jump measure and they
retain the intensities that are in effect on the interior. We then use the definition
(xf, %) = &(x, ., ¥, /.) to obtain the scaled system; see Figure 2. Define

S = {eli, 1) iy J) € 22),
D={(x,y):x>0,y>0,x+y<1},
I ={(0,y):0<y<1},
I, = {(x,0):0 <x <1},
L={(x,5):220,y>0,x+y=1},

Dt=Dn S,
T:=T,nS, i=1,2,3.
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Then for u%(x, y, t) defined by (2.1) the Chapman-Kolmogorov equations imply
d
— Ut + H*® y Y, U (e, 52 =0,
(x,,t) €D*x(0,T),

d
_Euf(x’ Y t) + Hae,i(x’ Y ue(" : ’t)) =0,

(2.2b)
(x,y,t) eTFx(0,T),i=1,2,
020 e, 3, 0) + B, v, ) =0,
(x,7,t) € {(0,0)} x (0,T),
(2.3) u(x,y,t)=0, (x,y,t)elfx(0,T),
(2.4) u(x,y,T) =+, (x,y)e(D\T3)NnS*

(here d, i denotes boundary number i and ¢ denotes the corner).
The Hamiltonians are given by

H(x, ,90,)) = Afoxp{ = Sote + 6.) = o, ]| -1

+8

exp( ~ Lol + 0,3 = ) oz, ]| - 1]

(2.5a) +v

exp( = S ote, 7 ) — 805, )] - 1]
+ ol - 2ot = ¢, ~ 802 ]| -1

+ fexp( - 2 lolx - &3+ 0) — 80, ]| 1]
Hi (%, 3,60, ) = H(x, 2,4, )
(2.50) aforp{ - Tlo(x — e, ) — 86,01 - 1]

- foxp{ - Tlo(x = e+ ) = ol ] - 1
H; o(x, y,¢(+, 7)) = H(x, y, (-, "))

(2.50) ~Blesp( - Lot + 07— 0) = 8021 -1
- v[exp(— %[qb(x, y—¢€) — ¢(x, y)]) - 1],

(2.5d) Hi(x, y,4(-,°)) = A[exp(— %[qb(x +e, ) — ¢(x, y)]) - 1]-
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It follows that if ¢ € C(D), then

(26) lim H(x, 3,6(-, ) = H(v#(x, ),
(2.73.) 181?3 H;,i(x’ Ys 4’(’ )) = HB,i(v¢(xa y))’ i= 1’2,
(2'7b) {:l?(} Hj(x, Y, 4’(’ )) = Hc(th)(x, y))

uniformly in (x, y), where

H(p,q) =A[e?-1] + B[e?? - 1] + y[e? - 1]
+afe? — 1] + p[er 7 -1],

(2.8b) Hy (p,q) =H(p,q) — ale? —1] — p[er~? - 1],

(2.8¢c) Hy (p,q) =H(p,q) — Ble?™? - 1] — y[e? - 1],

(2.8d) H(p,q) =A[e?-1].

LEMMA 2.1. For each T' < T, there is a constant K(T") independent of &
such that

(2.8a)

lut(x, y, t)| < K(T")
forallt < T.

The result is a simple consequence of the fact that A > 0 and the easy proof is
omitted.
Following [2], we next define & and u as follows:
(2.9a) u(x,y,t) = lim sup u(x®, yt, t%),
(%%, %, ) > (x, ¥, 8)
(x5, ¥°, £)eDNS X[ 0,T)

e—0

(2.9b) u(x, y,t) = lim inf w(xt, ¥, £°).
(%, 5, ) > (x, ¥, 1)
(x%, %, t5)eDNS*x[0,T)
-0

THEOREM 2.1. Suppose ¢ € CY(D X (0,T)) and that (xy, Y, t,) (with
t, < T) satisfies

(7 — ¢)(x0, Y0, to) = max(z — ¢) [(z = ¢)(x0, Y, to) = min(u — ¢)].
If

(1) (x¢, ¥) € D, then

d
(2.10a) - %qb(xo, Yor to) + H(Vo(xg, 3, to)) <0[>0];
() (xg, %) €T, i = 1,2, then

d
[max] {_ 54’(-”0’ Yo to) + H(vV (%o, %, 40));

i)
_ 5;¢(x0’ Yor bo) + Ha,i(V¢(x0, Yoo to))} <0[=0];
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(i) (%o, Yo) = (0,0), then

min d d
100 [max] { =5 ¢ T H(VS); — b+ Hy 1(V9);
.1UcC

g H g H 0[=>0]
BT a,2(V¢),—at¢+ c(w)}s [=0].

Proor. Without loss of generality, we may assume that any maximum or
minimum holds in the strict sense [by simply replacing ¢ by ¢%(x, y, t) =
¢(x’ Y, t) t+ Sl(x, Y t) - (x01 Yos t0)|2 and using that ¢x = ¢f’ ¢y = qb}s' and ¢t = 4’?
at (x4, ¥, to)]- We prove (ii) for the case of a maximum and for i = 1. All other
cases are proved in a similar way.

From the definition of & there exist (x°, y¢, t°) € (D U I'}) N 8¢ X [0, T'] such
that

(2.11a) (uf — ¢) (x5, y5, t°) = max[(u® — ¢)],
(2.11b) lim(x¢, ¢, t°) = (%q, Yo to)-

Owing to (2.11b), we may assume that either (x*%, y¢) € D¢ or (x°, y°) € I'. If
(x¢, ¥¢) € D¢, then by (2.2a) and (2.11a),

3
0= ——uf(x°, y5, t°) + He(x*, y5, u(+, -, t%))
(2.12) 9t

ad
- %qb(x“", yey te) + Hs(xey yey (l)(y ) tt))’

which implies

0> hmsup[—i¢(x ye, t°) + He(x*, y5, ¢(-, ,ts))]
(2.13) #40

d
- "“‘P(xo, Yos to) + H(V¢(x0’ Xos to))

If (x5, y¢) € T}, then

ad
0-11&[—5u(x ¥5, t°) + Hj ((x°, y°, us( t))]
(2.14) > hmsup[— —¢(x ye,t¢) + Hj ((x°, 35, ¢(-, -, t° ))]
el0

d
- E‘P(xo’ Yos to) + Ha,l(v‘i’(xo’ Yo» t))-

Then (2.13) and (2.14) give (2.10b). O
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2.1. The limiting equation. We have shown that in a certain sense (which we
now make precise) that z and u satisfy the equation

ad
—5u+H(Vu)=0 inDx(0,T)

with appropriate boundary conditions. First we give a definition. This is a
straightforward generalization of the definitions given in [3] and [4]. See also
[15] and [21].

(2.15)

DEFINITION 2.1. We say that the upper (lower) semicontinuous function u is
a viscosity subsolution (supersolution) to the equation

d
(2.16) - Eu+H(Vu) =0 onDXx(0,T)

together with the boundary conditions

d d
(2.172) - au+H(Vu) =0 or —Eu+H3’i(Vu) =0

onT;x(0,T),i=1,2,

d d
——u+ H(vu)=0 or —a—tu+H3,1(Vu)=0 or
(2.17b) 2

SrTLa Hy (vVu)=0 or - %u +H(vu)=0

on {(0,0)} x (0,7),
(2.17¢) u=0 onI;x(0,T)
and with infinite terminal data at time T if for any ¢ € CY(D x (0, T)) and
point (x, y,¢) € D X (0,T) such that (u — ¢)(x, y, t) = max(min)[u — ¢], we
have [at the point (x, y, )],

d
(2.18) - aq) + H(v¢) <0(>0) whenever (x,y) € D,

min

(2.19a) (max)

d d
[—%¢ + H(v¢); — Ed) + Ha,i(V‘P)] <0(=0)

whenever (x, y) €I, i = 1,2,
min

d 9
(max) |~ 78+ H(Ve): = .0+ Hy 1(Ve);

(2.19b) p 3
_ ﬂ‘b + Hy o(Vo); — 5—2¢ + Hc(vqb)} <0(=0)

whenever (x, y) = (0,0),
(2.19¢) u<0(u>0) whenever(x,y) €T,
and if u(x, y,t) > +oo as t1 T, for all (x, y) € D\ T,

REMARK. There is an obvious analog for the equation with finite terminal
data.
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LEMMA 2.2. u and u, defined by (2.9), are, respectively, sub- and supersolu-
tions of (2.16) and (2.17) with infinite terminal data.

DEFINITION 2.2. We say a function u is a viscosity solution of (2.16) and
(2.17) if its u.s.c. and Ls.c. envelopes

u*(x, y,t) = lim sup u(x, y,1),
(2.20) F 3D, 5, ]
u*(x, Y, t) = liminf u(f’ y, t)

(x5, - (x, 3, t)

are sub- and supersolutions, respectively.

It will follow from the results of Sections 2 and 3, together with the unique-
ness results of Section 5, that u and u are both equal to the unique continuous
viscosity solution. In the next section we give an alternative representation of
this solution.

3. A second representation. Let L(w,v), L, (w,v) and L/(w, b) be the
Legendre transforms of H(p, q), H, (p,q) and H(p, q),

(8.1a) L(w,v) = sup[—wp — vqg — H(p, q)],
p.q

(3.1b) L, (w,v) = sup [—wp — vq—Ha’i(p,q)],
p.a

(8.1¢) L(w,v) =sup[—wp —vqg — H(p,q)].
p.a

As is well known, the Legendre transform defines a function that is convex
and lower semicontinuous in the dual variables (w, v). Moreover, the above
functions can be expressed almost explicitly by using the Legendre transform
h(t) of e™* — 1, which is given by

_fthnt—t+1, t>0,
(32) ORIt (20

Then, we have the following alternative expressions for L, L, ;, L, , and L
L(w,v) = inf{Ah(t,) + Bh(2,) + vh(ts) + ah(t,) + ph(ts):
(3.32) A (1,0) + Bty(1, — 1) + y25(0, — 1) + at,(—1,0)
+pts(—1,1) = (w,v)},

Ly \(w,v) = inf{Ah(2,) + Bh(2,) + Yh(2;);
Aty)(1,0) + Bty(1, — 1) + v£5(0, — 1) = (w, v)},

Ly o(w, v) = inf{AA(t,) + ah(t,) + ph(ts):
Aty(1,0) + aty(—1,0) + pts(—1,1) = (w, v)},

(3.3) Ly(w, ) = {’:h;w/ M), =0

(3.3b)

(3.3c)
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REMARKS. These expressions may be interpreted as a manifestation of the
“contraction principle” [27] and the fact that our process may be thought of as
being the sum of several independent Poisson processes. Owing to our assump-
tions on the jump rates, L(w, v) is finite for all values of (w, v). However L, ,
and L, , are finite only on certain convex cones and the cones themselves depend
on which of the j jump rates are positive. For example, if y = 0 and if A and 8 are
positive, then L, , is finite only on the (closed) cone generated by (1,0) and
1, - 1).

We continue by defining a “cost” that is appropriate for each of the bound-
aries I}, T,

inf{pL(w, ) + (1 — p)L, (@, 7): p € [0,1],

a w, v) = p(w,8) + (1 - p)(®,8) = (0,v)}, w =
(34a) 1, ,(w,v) Lw, o), w =
+ o0, w < 0

inf{pL(w, o) + (1 — p)L, o(w,7): p € [0,1],

w,v) = p(w,0) + (1 - p)(@,5) = (w,0)}, v=0
(34b) ;5(w,v) L(w, o), e
+ 00, 0 <0

REMARK. The parameter p appearing in (3.4) has an interesting and natural
large deviations interpretation. In the probabilistic approach to proving lower
large deviation bounds, one typically considers a change of measure such that
under the new measure (which we denote by P*) the process x: “centers” on a
given deterministic path ¢ (in the sense that x¢ = ¢ under P*). One then obtains
a lower bound from the formula (P¢ is the original measure)

dPe _
PY(A) = Ld—pgdpf,

where the set A contains a neighborhood of ¢. Under the “optimal” change of
measure that centers on ¢ [largest asymptotic lower bound for —¢log P A)] the
dominant term in dP®/dP* is of the form exp — S(x, ¢)/e, where S is the
functional appearing in (1.3) and (1.4). Now consider our process x¢ and a path ¢
that lies on I',. For simplicity take ¢(¢) = 0, v). For our process we may
consider a change of measure as being equivalent to changing the jump rates.
Suppose we consider p € [0,1], (w,v) and (@, ¥) such that p(w, v) +
(1 — p)(@, ©) = (0, v). Consider a change of measure (change of jump rate) that
centers the process on (w, v) while in D* and on (@, ©) while in I}. It is easy to
prove in this case that under P° (and as ¢ — 0) the relative proportion of time
the process x° spends in D¢ to the time spent in I'f is p/(1 — p). If we separately
choose the jump rates to correspond to L(w, v) in D® and L, (i, ©) inIY, then
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the dominant term under this change of measure
exp[ - T(pL(, %) + (1 = p)Ly (b, 5)) /¢].

It follows that the “tightest” lower bound (which should also give the form of
the upper bound) is
(3.5) exp[ — Tinf{pL(w, o) + (1 — p)L, (@, ?): p(w, 8) + (1 — p)(@, T)

’ = (0,0), p € [0,1]} /¢].

This suggests the form of [, , given by (3.4a).
Finally we must define a cost for the corner point (0, 0). We set

inf{ p L (w,, 01) + P2La,1( Wy, ”2)

+p3L; o(ws, v3) + pyL(wy, vy):

4 4 .
Y pi(w;, v;) = (0,0), p; > 0, Y o= 1}’ w=v=0,
(36) Il (w,v)= i=1 i=1
L(w,v), w>0,v>0,
Iy (w,v), w=0,0v>0,
Iy o(w,v), w>0,0=0,
+ 00, w<0orv<0.

Then our candidate for a continuous viscosity solution is

u(x, y, t) = g(‘)inf LO[L(é(S))l(g(s)eD) + lc(é(s))l{ﬁ(s)=(0,0)}
(3.7) 2
+ ) la,i(’s(s))l(s(s)efz) ds,
i=1

where 1, is the indicator of the Borel set A and

A, , . ={&[t,0]>D:¢(t) = (x,5),£(0) €L}, 0<T

(3.8) .
and ¢ is absolutely continuous} .

THEOREM 3.1. The value function defined by (3.7) and (3.8) is a continuous
viscosity solution to (2.16) and (2.17).

ProOOF. The continuity of u follows from the boundedness of L on compact
sets. Suppose that ¢ € C(D X [0, T]) and that

(3'9) (u - ¢‘)(an Yo to) = max[u - 4’]
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We may assume without loss that the maximum is zero. If (x,, y,, ;) € D X
(0, T'), then the standard proof [21] works. (Alternatively the reader can glean
the proof from the development below.) Next assume that (x,, y,, ¢,) € I} X
(0, T'). Then dynamic programming [10] yields that for any (w, v) € R*X R and
A >0,

u(0, Xo> to) = ¢(0, ¥, t,)

to+A
(3.10) [ [L(w, 0)1 s o) + 15.1(0, 0)1(p_gy] 5

0
+ ¢(xy + wA, y, + vA, t, + A).
It follows that [see (3.4a)]

d
(3'11) - E‘I)(O’ Xos to) - la,l(w’ D) - <(w’ D)’V¢(0’ Xo» t0)> <0
for (w, v) € R*X R and hence
d
(8.12) _—4’(0 Yor bo) + Sug) [ la (w, v) = ((w, v),v$(0, yo,t0)>] <0.

Using the definition of [, ,, we rewrite (3.12) as

d
max{——¢+ sup [—L(w,v) — {(w,v),Ve)];

w>0,v

- sup[( 578~ L(@9) - (@9),79)]

d
#(1=p)| =579 ~ Loa(@,9) = (@), 99):
pe[0,1],pw+ (1 —p) = 0]} <0 at(0, y,¢t,).
Now assume that

d
(3.14) - %4) + H, (Vo) >0 at(0,y,t).

The fact that H, , is the Legendre transform of L, ; and continuity properties of
L, , imply there is (w*, v*) with w* > 0 such that

ad
(315) = oo+ [~Ls,(w*, o) = ((w*, %), v$)] > 0 at (0, %, &)
Also, (3.13) gives

(3.16) - —¢ + sup [-L(w,v) — {(w,v),ve)] <0 at (0, y,¢)

w>0, v
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and by taking (i, §) = (w*, v*) in (3.13) we obtain that at (0, y, £,),

d
- Eqb + sup| —L(w,v) — {(w, v),ve): (w, v)

(3.17)
(1-p) 1 _
i (w*, v*) + ;(O,v), p€(0,1],5€ R| <0.

Combining yields

d
- E(j} + Sup[—L(w, D) - <(w’v)’v¢>]
(3.18) -

d
_ _qu + H(v¢) <0 at(0, 5, ¢t,).

Recall that we have assumed (3.14) in proving (3.18). We have thus proved

d d
(319) min{ = 2 + H(T4), =526+ Hy(v9)] <0 at (0, 3, 1).

Now suppose that for (x,, 3,) € I} we have
(8.20) (u—¢)(x0, %, to) = min[uz — ¢] = 0.

Using dynamic programming arguments (as in the proof of Theorem 2.1 of [25])
and the form of /, ;, we can show that there exist w > 0, v such that

ad
(321) - E‘#(O’ y07 tO) + [_la,l(w7 D) - <(w’ D)7V¢(O’ yo’ t0)>] = 0.

If w>0, l;(w,v)=L(w,v) and obviously —(3/dt)¢ + H(V¢) >0 at
(0, ¥, t,). Now suppose that w = 0. Then the definition of /; , yields

sup| o = 574~ L(@.5) - ((.9).79)

9
(3.22) +(@ ‘P)(‘E‘P‘La,l(w, %) - <(ﬁ),6),v¢>):

pe[O,l],p6+(1—p)6=o,pw+(1—p)11)=0]20

at (0, ¥, ¢,)-

Clearly in either case, we obtain

d ad
(3.23) max{ - %d) + H(v¢), — 2% + Ha,l(vqs)} >0 at(0,y,¢).
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Exactly the same arguments work if (x,, 5,) € I;,. Finally we consider the

point (x4, %) = (0,0). Assume that the maximum of (z — ¢) is achieved at
(0,0, t,). Dynamic programming arguments give

(3.24) - ;—tqb + sup [—I(w,v) - {((w,v),v¢)] <0 at(0,0,¢,),

w>0,v>0

which we rewrite as

d
max{_a(l"" sup [_L(w’v)_ ((w,v),qu)],

w>0,v>0

3
— o+ s [~ (w,0) = {(w,0),ve)],
0

w=0,v>

d
— %qb + sup [_la,z(w’ v) — ((w,v),qu)],

w>0,v=0

d
SuP(Pl[_ E‘l’ - L(w,, v,) — {(wy, v,), V¢’>]
(3.25)

[ 3
+py _Etb - La,l(wz, vy) — <(w2,v2),V¢>]

[ 9
+pg| — 524) ~ Ly o(ws, v3) — ((ws, ”3)’V¢>]

[ 3
tpy| — :9—t¢ = L(wy, v,) — {(wy, vy), V‘i’)]:

4 4
Zpi(wi’ui) =(0a0)a piZO’ Epi= 1)} <0 at (0,0, tO)'
i=1 i=1
We assume at (0,0, ¢,),
d + H(v¢) >0
- = >
0t¢ vé )

a
(3.26) - _a'z(b + Ha,i(vd)) > O, i = 1,2,

d

Then there exist (w*, v}), (w*, vf), (ws*, v§) and (wgF, vf) such that wy* > 0,
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v} > 0, w* > 0 and v} = 0 and further satisfying

d
- E't"b + [—L(wl*’vik) - <(w1*’vik)’v¢>] >0,

ad
- E‘p + [_La,l(wz*’v;) - <(w2*’v§k)’v¢>] >0,
(3.27) P at (0,0, ¢,).
- 54’ + [_La,2(w3*’ U:;k) - <(w3*’ Ug‘),Vd))] >0,
ad
B ?)-td) + [—Lc(w4*,v,;") - ((w4*,vf)’v¢>] >0,
Arguing as before the third term in (3.25) gives
d
(3.28) = 579 T [=L{w,0) = ((w,0),v$)] <0 at(0,0,%)

for (w, v) of the form

(1-p)
0

1
(g, 0f) + —(,0)

for p € (0,1] and w > 0, while the second term in (3.25) gives (3.28) for all (w, v)
of the form
_(1-p)

1
(wZ*’U2*) + ;(0’6)

for p € (0,1], © > 0. Combined with the first term in (3.25), this gives (3.28) for
the shaded portion in Figure 3. Region I is the open convex cone generated by

I / \\\\\
-(w3,v3)
° \\\\ > W
-(wivg) m
- (w¥,v¥)

Fic. 3.
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(0,1) and (1,0), region II is the half-open convex cone generated by (0,1) and
—(wy*, vy), while region III is generated by (1,0) and —(wy*, v§). From the
fourth term in (3.25) we obtain (3.28) for the closed cone generated by — (ws*, vJ),
—(ws*, v¥) and —(wg, v}), which contradicts (3.26). Hence, at (0,0, ¢;),

)
(3.29) mln{ =59 T H(V$), — = + H(v¢), min - t<¢> + Ha,i(w)} <0.

The case where a minimum is achieved at (0, 0) is handled in a similar fashion.
We have thus proved: u defined by (3.7) and (3.8) is a viscosity solution of (2.16)
and (2.17). O

4. The uniqueness theorem. In this section and in the two that follow we
prove uniqueness for the viscosity solutions to the equations (2.16) and (2.17).
Recall that we have proved that # and u [cf. (2.9)] are viscosity sub- and super-
solutions to (2.16) and (2.17). Hence, an immediate consequence of the compari-
son result (Theorem 4.2) is the uniform convergence of the sequence u® to the
unique solution of (2.16) and (2.17), which is equal to both z and u.

To simplify the exposition, the problem and notations of the preceding
sections are retained. However, the methods used are applicable to more general
problems, some of which we describe in Section 7. To simplify, we switch from
(x, ¥),(p, q), etc. notation to (x,, x,),( p;, pPs), etc. notation.

In order to compare viscosity solutions we require suitable test functions ¢
which will force the interior equations (and not the boundary equations) to hold
at maximizing points of @(x,, Xy, £) — U( ¥y, ¥o» t) — &(%, — ¥, X3 — ¥,), for any
two viscosity solutions # and u. Naturally, the form of the test functions ¢
depends on the boundary conditions. Although the use of such functions ¢ in
this fashion is now standard ([2], [22] and [25]), our construction of the test
functions is quite different from constructions that exist in the literature.

In this section we assume the existence of such a sequence of test functions
and relegate the construction to the two following sections.

AssUMPTION 4.1. For each § > 0, there exist test functions {¢, 5} € C'(R?),
0 < & < 1, satisfying

Hy (v, (%1, x5)) > (Vd)e‘a(xl, xy)) — 8, forx; <0,
(4.1) Hy (v, 5(x1, x5)) < H(V, o(x1, x,)) + 8, forx; >0,
i=1,2, and
¢.,5(0,0) =0,

(4.2) 1
¢, 5(%,, %) = — fore< (x2+ x%)l/2 < diam D.
’ e
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THEOREM 4.1. Let i (resp. u) be an u.s.c. viscosity subsolution (resp. l.s.c.
viscosity supersolution) of (2.16) and (2.17) but with finite terminal data
at t=T. Assume Assumption 4.1 and that @(x,, x,, T) < u(x,, x,, T) for
(x,, ;) €D. Then s < uwon D X [0, T].

ProoF. Fix 0 <7<T and set @ = D x (r,T], x=(x;,%x,) and y=
(Y15 ¥»)- For 8 > 0, define U, U by

(T )’

U(x,t) =a(x,t) — %ﬁ’
(4.3)

_ (T - 1')2

U(x,t) =u(x,t) + 28—(t_—7).
Observe that to prove the conclusion of the theorem, it suffices to show that
(4.4) U<U on@Q
for all §, 7 > 0. Let us assume that
(4.5) sup(U - U) > 0.

Q

Finally, for 0 <& <1 and 0 < p < supy(U — U) consider the auxiliary function

(46) ®(x,3,1,8) = Ulx, 1) ~ D(3,8) ~ 4,0 —9) = ~(t )",

where (x, t),(y, s) € Q and ¢, , is as in Assumption 4.1. Note that ®(x, y, ¢, s)
tends to — oo uniformly when either ¢ or s approaches 7. Therefore, using the
semicontinuity of ® we conclude that ® attains its maximum on @, say at
(%, 3, t, 5) € Q. Moreover,

(4.7) ®(x,y,%,5) = sup(U—-U) — p > 0.
Q

Also, we claim that neither (X, £) nor (¥, 5) belongs to = =T, X [7, T]U D X
{T'}, the part of the boundary on which the Dirichlet condition is imposed.
Indeed

(48) ©(x, 3,1,8) < 8(x, 0) ~ 4(3,8) = bz~ 3) (= 5)" ~p.

Recall that # <u on =, that & and —u are upper semicontinuous and
¢, 5(x —¥) = 1/¢if |x — y| > &. Using the fact that (1/e)(Z — 5)* and ¢, (X — ¥)
must be bounded independently of e, together with (4.2), we conclude that
|x — y| and |¢ — 5| tend to zero as & approaches zero. Thus, if (x, t) € =, then
(y,s) is near 3 (for small &) and conversely. Hence, for small enough e,
®(x, y,t,s) < 0 whenever (x, t) € 2 or (y, s) € . This together with (4.7) gives

(4.9) (%,2),(y,5) ¢ =.

We continue by using the equations (2.16) and (2.17). First, observe that the
map
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26(T — 7)? .\ (t-35)>°
t—n €

(410)  (x,t) » @(x,t) — ¢, 5(x —F) +

attains its maximum at (X, ¢). Since u is a viscosity subsolution of (2.16), (2.17)
and (%, t) & =, this observation yields that either

(T-rf _,G=9)
(=)

or one of the other inequalities appearing in (2.19) holds. But we claim that in
each case the following inequality holds:

(t-35)

€

(4.11) 28 + H(ve, 5(Z~75)) <0

(4.12) §—2 + H(v¢, (X — 7)) <0.

Clearly (4.11) implies (4.12). To handle the other cases, we use the assumed
properties of ¢, , [cf. (4.1)], which imply, for i = 1,2,

(4.13) X, =0=x,-5%<0= Ha,i(V‘l’e,s(f -y) = H(V‘i’e,s(f‘_ y)) - 8,
(4.14) y=0=x-y2>20= Ha,i(V‘l’e,s(f -y)) < H(V‘i’e,s(-’—f —y)) + 8.

It is now straightforward to obtain (4.12) from (4.13) and (2.19). Indeed, suppose
that instead of (4.11) we have

(T - 7)? t—5 L
3(2_7)2 -2 . +H, (v, 5(X—5)) <0

for i =1 or 2. This may happen only if x; = 0. Consequently (4.13) holds and
(4.13) together with (4.15) gives (4.12). In the case x = (0,0) we use the identity
H, = H,, + H; , — H together with (4.13).
Similarly, since u is a viscosity supersolution to (2.16) and (2.17), we obtain
(t-3)
€
In this argument, we use (4.14) instead of (4.13).

Now, subtract (4.16) from (4.12) to obtain that 28 < 0. By contradiction, (4.4)
is true. O

(4.15) 2

(4.16) )

+ H(vé, (X —5)) 2 0.

To extend this uniqueness result to the case of infinite terminal data we adapt
the ideas of [12] (see also [6]) and make use of two facts which hold in our
problem:

C,=inf{H(p): p € R*} > —o0;
there exists a _Yiscosity solution u of (2.16) and (2.17) which
(4.17)  belongs to C(D X (0,T)) and which tends to +oo as ¢17T,
uniformly on compact subsets of D\ I} (cf. Theorem 3.1).

We start with a lemma. For the remainder of this section u denotes the
continuous function described in (4.17).
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LEMMA 4.1. For x = (x,, x,) € D, u(x, t) — Cyt is a nondecreasing function
of t.

Proor. Fix (x4,%,) €D X (0,T) and 0 <7 < ¢,. Choose ¢ > 0 and A < o0
so that

B(xg,¢e) = {x:|x — x| <€} €D
and
(4.18) u(x,t) <u(xy, ty) + e+ Alx — x,/%,
whenever (x, t) € dB(x,, €) X [, t,] U B(x,, €) X {t,}. Define & by
i(x,t) =u(xy, ty) + e+ Alx — x0|2 — Cy(t — t,).
Then
d
(4.19) - %ﬁ + H(vii) 20 in B(x,€) X [7,t,]

and by the comparison principle [3] and (4.18), u < & on B(x, &) X[, t,]. In
particular, u{x,, t) < u(x,, ty) + € + Cy(t — ¢,), which implies the conclusion of
the lemma. O

THEOREM 4.2. Let ii (resp. u) be an u.s.c. viscosity subsolution (resp. l.s.c.
viscosity supersolution) of (2.16) and (2.17). Assume Assumption 4.1. Then
i<uonDX(OT).

ProoF. We prove that # <u and u<u on DX (0,T), where u is a
continuous viscosity solution to (2.16) and (2.17). First note that by the defini-
tion of a viscosity solution with infinite terminal data and by Lemma 4.1, u(x, t)
tends to + oo as ¢t 1T, uniformly on compact subsets of D\ I;. Hence, for each
e > 0, there is 0 <60<esuchthatforanyxEl_)and0<8<80,

(4.20) u(x,T—¢) —e<u(x,T-39).
By Theorem 4.1, foranyx € D, e <t < T and 0 < § < §,,
(4.21) u(x,t—e) —e<u(x,t—39).
Letting 6 go to zero and replacing ¢ — ¢ by ¢ we obtain
(4.22) u(x,t) <u(x,t+e)+e

for any x € D and 0 < t < T — &. Letting ¢ go to zero,
(4.23) u(x,t) <u(x,t)

for (x,t) € D X (0, T'). A very similar argument (again exploiting the continuity
of u) givesu <uon DX (0,T).0

5. Construction of the test functions. In this section we show how to
construct {¢, ;} satisfying Assumption 4.1 for the case where all of A, B, v, @ and
1 are strictly positive. Cases where one (or more) of these is zero are considered
in the next section.
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c - c . c +
Ha"<0(c.) os H()’| 0 Ha,'>0(c,)
c +
Ha’2>O(C2)
c -
220
R
¢ -
Ha,;O(Cz)
Fia. 4.

The basis of the construction is an interesting use of the Legendre transform.
Define :

Hac,i =H- Ha,i

for i = 1,2. For now we look for a function ¢(-) which satisfies only (4.1) with
8 = 0. Define, for i = 1,2,

C/'= {(py, py): H; ( Py, Py) = 0},

Ci = {(p1, p2): Hj i( Py, P2) < 0}.
(Refer to Figure 4.) Then to satisfy (4.1) with § = 0, we require

(5.1)

(5.2) v¢(x;,x,) € C (resp. C;7) whenever x; > 0 (resp. x; < 0), i = 1,2.

Assume that it is possible to find a strictly convex, finite valued function
R(p,, p,) such that R(0,0) = 0, (0,0) € R(0,0) (where Jd denotes the set of
subdifferentials of a convex function [24]) and

J
(5.3) a——p-R(pl,pz) > 0 (resp. <0) if (p,, p,) € C;'(resp.C; ), i=1,2

l

[i.e., VR partitions the ( p,, p,)-plane in the same way as (Hj ,, Hj ,)]. Define

(5.4) ¢(x,, x,) = sup [xlpl + x,0, — R(py, Pz)]

Dy P2
(this differs slightly from our previous definition of the Legendre transform). By
conjugate duality [24],

(6.5) (p1, ps) € 3¢(x1: xy) © (xl,x2) € aR(Pv Ds)-

Let (p;, py) € dp(xy, x5). By (5.3) and (5.5), x; > 0 (resp. x, < 0) if and only if
(p1, D) € C; (resp. Cy). A similar result holds regarding x,. Since R(0,0) = 0
we obtain ¢ > 0 and (0,0) € dR(0,0) implies ¢(0,0) = R(0,0) = 0. In particular,
if ¢ is differentiable it satisfies (4.1) with § = 0. Moreover, the differentiability of
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¢ follows from the uniform convexity of R. More precisely, suppose that R
satisfies

(5.6) liminf {R(p): |p| = s} /s = + o0;

for every L > 0 there is ¢ = ¢(L) > 0 such that R(p) — ¢|p|?
(5.7)  is a convex function of p on |p| < L. In other words, R is
uniformly convex on bounded subsets of R2.

Then ¢ € CY(R?) [24].
We continue by constructing R having the properties (5.3), (5.6) and (5.7). To
obtain (5.3), we look for ry( p), ri( p) > 9 such that
d

ap;

13

(58) R(p)=ri(p)Hg,i(p)’ i=1,2,pER2.

A necessary and sufficient condition that (5.8) holds for some R € C%(R?) is
ad d )
59 —(rnH{ ) = —(rHj ;).
( ) apl( 2 3,2) ap2( 1 3,1)
In the present case it is relatively simple to guess a form for r; and r, so that

(5.9) holds. By taking
r(py, p) = Aexp(ap, + bp,)

and
ro( Py, P2) = Bexp(cp, + dp,),

we obtain as sufficient conditions for (5.9),

A/B=B/u,
c=Ba/q, b=py/q,
(5.10) a=c—-1=—(ya+py)/q,

d=b-1=—(va+ Ba)/q,
q = ya + py + Bea.

Integrating and choosing the constants of integration in such a way that
R(0,0) = 0, (0,0) = VR(0,0), we obtain

R(py, p;) = q[(n/a)[exp(aBp, — a(B + v)p;)/q — 1]
(5.11) +[exp(aBp, + pypy)/q — 1]

+(B/v)[exp(—(p + a)yp, + pypy)/q — 1]].

This function, in addition to (5.3), satisfies (5.6) and (5.7). Hence, its Legendre
transform ¢ satisfies (4.1) with § = 0. Finally, we obtain the sequence {¢, o} by
appropriately rescaling ¢.
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LEMMA 5.1. Let ¢ be the Legendre transform of the function R given by
(5.11). Assume A, a, B, 1,y > 0. Then there is a function p(&) > 0 such that the
sequence

¢(x) = p(e)d(x/p(e))
satisfies (4.1) with § = 0 and (4.2).
ProoF. Since Vo (x) = Vo(x/p(¢)), clearly ¢, satisfies (4.1) with 6 = 0, for

any choice of p(¢) > 0. The finiteness of R implies the existence of (L) such
that

R(p) < +0(L)|p|* whenever |p| < L,

which in turn gives

| 2

(5.12) o(x) > 20(L) whenever |x| < LO(L).
Set
(5.13) L= 28Dy

¢ € 26(L,)

We now calculate directly that

|x[? x|
N AR

whenever |x| < L0(L,)p(e) = diam D. Hence, ¢, satisfies (4.2). O

6. Construction of the test functions (continued). In this section we
remove the restriction that all A, 8, vy, a« and p must be strictly positive. It turns
out it is not interesting to consider p = 0 or A = 0, since for these cases the
problem becomes trivial. In order to fix the ideas and exhibit the method in a
simple way, we consider only the case 8 = 0. The other cases may be handled in
a similar fashion.

The results of Sections 2—4 remain valid in this case, except that we can not
construct test functions satisfying (4.1) with § = 0, as we did in Section 5.
Indeed, if we consider R defined by (5.11) and take 8 = 0, we obtain

(6.1) R(py, p) = q[(p/a)[exp(—ayp,/q) — 1] + exp(—pypy/q) — 1],

where ¢ = ya + py and this function is not uniformly convex and does not
satisfy (5.7). Hence we take a different tack, which requires an approximation
argument.

Let R(B, p,, p,) be given by (5.11), where we make the dependence on 8 > 0
explicit. Define

(62) R(B’ L1’ L2; pl: p2) = R(B’ pl’ p2) + I(Ll’ L2; pl’ p2),
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where

0, if |p,| < L, and |p,| < L,,

6.3 I(L,, L,; p,, = .
(6.3) (L1, La; P o) {+oo, otherwise.

Then R(B, L,, Ly; -, - ) is uniformly convex and finite in a neighborhood of the
origin, if B, L,, L, > 0. We then define ¢(B8, L,, Ly; x;, x,) to be the Legendre
transform of R(B, L,, L,; - , - ) [cf. (5.4)].

LEMMA 6.1. Assume that A, y,a, p> 0 and B = 0. Then, there exist func-
tions L(¢), Lo(¢), p(€) and B(e, 8) such that the family of functions

(6.4) bo(x) = p(6)¢(B(£ ), L) L) =5

satisfies (4.1) and (4.2).

Proor. Pick L,, L, > 2diam D, so that the following are satisfied for every
B, & € (0,1]:

L,
(6.52) ( L pa| € Clp foripad < 2,
L,
(65b) (_ 3 7p2) eC 1, , B for lp2| < ?’
L,
(6.5¢) (Pu ) € Cz g for|py| < 3
L,
(6.5d) (pl, - ) € Cy p, for |p| < =

Here Ci%ﬂ are as in (5.1), where we make the dependence on B8 > 0 explicit. The
existence of such L, and L, follows from elementary geometric considerations
(refer to Figure 4).

Set
L .
(66) L(E) —3 1= 1,2,
(6'7) Le = (Ll A L2)/83’ 3(8’8) = Sexp(_Le)‘
As in Lemma 5.1, there is 6(L,) such that
(6‘8) R(B(E’S)’ p) < éo(Le)lp|2’ Ip| < Le
for all ¢, 8 € (0,1]. Finally, set
&2
(6.9) p(e) =

20(L,)"
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By using (6.8), we directly calculate that

610)  o(B(e,), L(e), Le)i ) = g5, I < LA(L.
Hence
|x|? e
(6.11) ¢l 2 5 0Ty T @
whenever
(Ll A L2)
(6.12) el < LO(L,)p(e) = ——F

Since L, A L, > diam D, (4.2) is satisfied by ¢, ;.
We contlnue by verifying (4.1). By con]ugate duality [24], a version of (5.5)
still holds even if R is not finite valued. In our particular example, we have

(6.13) p =V, 5(x) @ x=VR(B(,8),p) if |pi| < Li(e).

Hence, whenever

d
(6.14) ’g(ﬁs,s(x) < Lj(e), forj=1,2,

J

the construction of R(p,-) yields that (making the dependence of Hj ; on
explicit)

(6.15) H; ; 5(Vé, 5(x)) = 0 (resp. <0), ifx; > 0 (resp. <0).
Then, in the case when (6.14) holds, one proves (4.1) after observing that
(6-16) Hac,l,o(p) = Hf,l,a(P)
and

Hj , o(p) = Hj, s(p) — BleP2 P —1].

We therefore obtain (4.1) by using (6.7). Since by construction |(d/dx ), 5(x)| <
L (e), to complete the proof we have to consider the boundary cases.

First, suppose that (d/0dx,)¢, s(x) = L,(¢). Then (6.5a) implies x, > 0, which
together with (6.16) yields the desired result. Next, suppose that (3/dx5)¢, 5(x) =
Ly(¢) and (3/9x,)¢, 5(x) < L,(¢). In this case, definition of ¢, ; implies that

% = p(e)aimzew(e,a),wa,s(x)).

Hence, the construction of R(B, - ) together with (6.16) yields the result.
All the other cases can be proved similarly. O
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7. Extensions and comments.

7.1. Extensions. The techniques and ideas used in the analysis of our partic-
ular queueing model are, in fact, applicable to analogous problems for a broad
class of queue models, some of which will appear elsewhere. We will content
ourselves in this section with describing only those extensions of the model and
problem considered so far for which the proofs involved are very close to those of
Sections 2-6.

7.1.1. Different escape sets. Let G be any bounded open set in R? whose
boundary is smooth. Then in place of D we can use G N {(x, x,): 2, > 0, x5 >
0}. We can consider unbounded G as well if Lemma 2.1 continues to hold. Thus
we can take D = {(x,, x,):x, > 0,0 < x, < M}, which allows one to estimate
the probability that queue 2 exceeds M /¢ by time T'/s.

7.1.2. Higher dimensions. We can consider a system of n interconnected
queues. Label the queues 1 through n and let S = {0,..., n}. Let X; denote the
number of customers in the ith queue and X, = (X},..., X*). Define

A; ; = jump intensity from queue i to queue j,
A; o = jump intensity from queue i to outside the system,
Ao, ; = intensity of arrivals at j from outside the system,

T

eij=(0,0,...,—1,0,..., 1,0,...),
' 1
ith Jjth

e o= (0,0,..., —1,0,...,),
ith
€, ;= (0,0,..., %,O, )
Jth
For every point x € {(xy,...,x,) ER™x;>0, i €S} =D define I(x)=
{i € S: x; = 0}. For a subset s of S, we define the Hamiltonian H(s, p) by

(7.1) H(s,p) = Z ZS)\i,j[eXP<P: e, )~ 1]
ieS\s je
and its dual
(7.2) L(s,v) = sup [(v, p) — H(s, p)].
P

Finally, we define a “cost” for each x € D. Let J(x, v) = {i € I(x): v; = 0} and
let I(x) and J(x, v) be the set of subsets of I(x) and J(x, v), respectively. Then

l(x,v)=inf{ Y, p,L(s,v,):
sej(x,u)

(7.3)
Y ev=v, A p20, ¥ ps=1}-

sed(x, v) sed(x, v) sed(x,v)
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Let G be an open set in (R*)" with smooth boundary and define dG’ to be
the closure of {x € dG: I(x) = @} (here @ denotes the empty set). We assume
that the origin is interior to the convex hull spanned by {A; je; ;,(i, J) €
{0,1,...,n)%}. This implies L(2, v) is finite for all values of v and that the
function defined by (7.4) below is continuous.

Under these assumptions we have the following theorem, where x; = ¢X, ,
gives the scaled queue system.

THEOREM 7.1. Consider the following equation, interpreted in the viscosity
sense:

d
-—u+ H(9,vu) =0, (x,t)eGx(0,T),

at
9 -
Ga |t HeT =0, forsomes € (x),
(x,t) € 3G\ 3G’ x (0,T),
u=0, (x,¢) € dG’ x (0,T),
u—> +wast—->T, xe G\IG".

Then the following results are true:

(i) The equation (7.4) has a unique solution u in C(G x [0, T')).
(ii) We have

(75)  lim —elog P{X! & G forsome 7 € [¢,T]|X; = x} = u(x,t),

with the convergence uniform in compact subsets of G\ G’ X [0, T').
(iii) We have

. 0 :
(7.6) u(x, t) = eg{_,/t 1(£, £) ds,

where A, ,= {§:[t,0] > R™ &(t) = x,£(0) € dG’, 0 < T and £ is absolutely
continuous}.

REMARK. The inf used to define /(x, v) through (7.3) may be simplified. In
fact, it is sufficient to sum over only those subsets of JJ(x, v) having only zero or
one element.

7.1.3. Containment probabilities. Another class of probabilities that may be
estimated via viscosity solution techniques are containment probabilities. Let G
be open [in (R *)"] with a nice boundary. In this case we are interested in the
asymptotics of

(7.7) u(x,t) = —elog P, {Xfe Gforallt << T}.

The associated PDE (to be interpreted in the viscosity sense) for this case is
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(using the system and notation of the previous section)

du
~ % + H(2,vu)=0, (x,t)eGx(0,T),
du _
-3 + H(s,vu) =0, forsomese I(x),(x,t) € dG\IG" x (0,T),

u=0, (x,¢)eGx{T}.

The PDE approach for calculating asymptotics for these types of probabilities
was first considered in [8]. The form of the associated variational representation
for the limiting value of u%(x, ¢) in this case is given by (7.6), except we now
replace A, , by A, ,={&[t, T] > R™ &(t)=x, {&(1) € G for 7 € [¢,T] and £
is absolutely continuous}. A theorem analogous to Theorem 7.1 holds. The proof
uses the same test functions as those used in the case of escape probabilities. We
omit the proof and instead refer the reader to [25]. This work treats the
comparison result for the same type of problem, but with an equation that does
not require such complicated test functions. The proofs that z and u [defined by
(2.9)] are, respectively, sub- and supersolutions and that (7.6) (with A, , replaced
by ffx .) defines a solution, are essentially the same as those for escape probabili-
ties.

7.2. On the relationship of the results to a large deviation principle. As
mentioned in the Introduction, the results presented in this paper concerning the
limiting behavior of certain classes of probabilities are all special cases of the
results that would be available if the process x¢ satisfied a large deviation
principle. It is an interesting fact that in a certain sense the converse is also true.
To be more specific, it is possible to prove that if for a given process it can be
shown that the normalized logs of the escape and containment probabilities
[given by (7.5) and (7.7), respectively] have the representation (7.6) (with the inf
over A, , and Ax o respectlvely), then under some regularity conditions on the
form of the function 1 appearing in (7 6), the measures induced by the process x¢
satisfy a large deviation principle in the sense of [14], Section 3.3. The rate
function is given by

S(x, £) = /(;Tl(!;, £) ds, ¢ is absolutely continuous, £(0) = x,
+ o0, otherwise.

Actually a slightly more general form of the results with regard to escape and
containment probabilities is needed, in which we replace x¢ by x®/ = x* + f,
where f is a C* deterministic function. However, the same techniques that
apply for the case f = 0 easily adapt to this case as well.

We do not give a detailed proof of this assertion, since such a proof in a
general setting will appear elsewhere. Nonetheless it is worth mentioning the
basic steps involved. We first note that under compactness of the “level sets”

®(x,r) = {¢:S(x,9) <r},
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the estimates (1.3) and (1.4) follow if we can prove ([14], Section 3.3):
1. Given ¢ € C([0, T]; R™) such that ¢(0) = x and § > 0,

(7.8) lim infe log Px{ sup |x%(t) — ¢(2)| < 8} > —S(x,9).

0<t<T
2. Given s < o0 and 8§ > 0,

(7.9) lim sup ¢ log Px{ inf  sup |x%(¢) — ¢(2)| = 8} < -r.
e PEQ(x,7) 0<t<T
Obtaining (7.9) is easily accomplished by using the “escape” estimates. To
obtain (7.8), it must first be shown that it is sufficient to consider only ¢ that are
piecewise C*®. This requires regularity conditions on I(:, - ), which turn out to be
trivially satisfied for the functionals considered in this paper. We then can
obtain (7.8) by using the “containment” estimates and the Markov property.

APPENDIX

A weaker formulation. In this section we present a weaker formulation of
the PDE given in Definition 2.1, in order to relate our definition to more
standard ways of describing boundary conditions.

First note that (2.19) implies

i d
(A1) (Il:::() [— FrAda H(v¢); —H(v¢) + Ha,i(V*'P)] < 0 (resp. > 0)
if(x,y)eTl,,i=1,2,
and
i d
(rrrr:::() = 5,6+ H(ve); — H(V$) + Hy (V9);
(A.2)

—H(v¢) + H,; 5(ve); —H(v¢) + Hc(w)] < 0 (resp. > 0)

if (x, y) = (0,0).
Dropping the fourth term in (A.2) (the H, term) leads to a statement that is
equivalent to letting that term remain. This follows from the equality

(A.3) ~-H+H,=(-H+H,,)+ (—H+ H,,).
Thus (A.2) holds if and only if (A.4) holds:
min |
(max)

< 0 (resp., > 0) if (x, y) = (0,0).

Note that (A.1) and (A.4) do not imply (2.19a) and (2.19b). In this weaker form
the PDE has nonlinear boundary conditions (interpreted in the viscosity sense).
Although this formulation is familiar, it is inferior to that given by (2.18) and

3
(A.4) Fridu H(v¢); —H(v¢) + Hy (V¢),i=1,2
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(2.19). This latter definition is more useful in many ways, such as in proving
uniqueness of the solution and in proving that the value function of the
associated control problem is a viscosity solution (see Sections 3 and 4).

The correct interpretation of our original formulation [(2.18) and (2.19)]
requires that we view (2.19a) and (2.19b) not as boundary conditions, but rather
as the correct equations that would be associated to this part of the domain if we
interpret the problem as one involving a discontinuous Hamiltonian, i.e.,
the correct Hamiltonians for the regions {(x, y): x >0, y > 0}, {(x, y): x <0,
y>0}, {(x,»):x>0, y<0} and {(x, y):x <0, y <0} are H(:), H, ((-),
H, ,(-) and H(-), respectively. Taking the upper semicontinuous and lower
semicontinuous envelopes of this discontinuous Hamiltonian yields the system
(2.18) and (2.19). Obviously the techniques we have developed are equally well
suited to the treatment of analogous problems where the discontinuities of the
Hamiltonian appear in the interior of the domain of interest G.

Now consider the special case 8 = 0. In this case, we have

(A.5) ~ H($) + Hy o(v9) = y[e@? — 1] =0

or
0 =0
ay"’_

as the boundary condition on I',. Moreover, it is easy to show that [; ,(w,0)
defined by (3.4b) has the form

(A.6) Iy o(w,0) = inf[ L(w, v): v < 0].

This expression agrees with the form of the integrand obtained in previous
work of Lions [22], where the Hamilton-Jacobi equations with Neumann type
boundary conditions were studied.
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