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Abstract. This paper considers a deterministic flow in n-dimensional space,
perturbed by a Markov jump process with small variance. Asymptotic
expansions are obtained for certain functionals of Feynman-Kac type, in
powers of a small parameter representing a noise intensity. The methods are
analytical rather than probabilistic.

1. Imtroduction

In this paper we consider a deterministic flow on R" perturbed by a Markov
jump process, with a small variance. Our purpose is to obtain asymptotic
expansions for certain quantities, as the size of the noise intensity tends to zero.
We start with a description of the random process.

For a small constant £ >0, define an operator £° by

Le(x)=b(x) - Veo(x)

+§ L"\{O} [e(x+ey)—o(x)—ey-Vo(x)Im(x, dy), (L.1)

where ¢ is a smooth function on R", b(x) € R", and m(x, dy) is a positive Borel
measure on R"\{0}. Further, we assume that there are c(x,z)e R", f(x,2z)=0
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satisfying
dz
m(Xx, A)=J f(x,2) s (1.2)
{ze R"™\{0}: c(x,2)e A} 'ZI
5 dz
sup | |e(x, 2)|’f(x, 2) "Z‘|T+‘T<°O (1.3)

for every Borel subset A of R"\{0} (see the Appendix for a discussion of this
condition). Using the substitution y = ¢(x, z) the integral (1.1) can be written as
an integral in z. This form for £°¢ is used by some authors. We consider the
Markov process y°(t) generated by £°. Such a process can be obtained as the
solution of a stochastic integral equation driven by a Cauchy process (as in [14]),
or by solving the associated martingale problem (as in [16]). The parameter £ >0
measures the variance of y°(-), and as ¢ tends to zero y°(t) converges weakly
to the solution of '

d o100
7 () =b(y(1)).

The quantity we are interested in is a Feynman-Kac-type functional of y“(-).
Namely,

u'(x,t)=—eln E,, e V9D xeR" te[0, T], (1.4)

where E, , is the mathematical expectation conditioned on y*(z) = x, and g(x) € R.

The convergence of u®(x, t) as ¢ tends to zero, or equivalently the first term
in the asymptotic expansion of u°(x, t), is a special case of the theory of large
deviations. The reader may refer to Freidlin and Wentzel [7], Stroock [17], and
Varadhan [18].

This problem arises in a number of applications, such as macroscopic
chemical kinetics, queueing theory, production planning, and large traffic
networks. We refer to Parekh and Walrand [13], Weiss [19], and Knessl et al.
[8]1-[12]. In [8]-[10] formal expansions for quantities like u°(x, t) and exit times
were obtained.

The function u®(x, t) satisfies the following nonlinear integrodifferential
equation:

0
(e ) (x5, V(e ), ut (1, 1) =0, xeR" 1[0, T), (1)

u®(x, T)=g(x), xeR", (1.6)

where, for x, pe R" and ¢ € Cg; the space to twice continuously differentiable
functions on R", which are bounded along with their derivatives of order up to
two,

e (x, p, ¢)=—b(x)-p+ J [e-(W/NeCren=e 1 4y . Vo(x)Im(x, dy).

R"\{0}
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In Section 3 we show that, under certain assumptions on the coefficients
(Lemma 3.1),

SliP““e” wh=(r"x0, T = K, (1.7)

u(x+y, +u(x—y, 0)-2u"(x, )=K|x-yf, (1.8)

where W"®(R"x (0, T)) denotes the Sobolev space of Lipschitz continuous,
bounded functions. The inequality (1.7) together with the theory of viscosity
solutions imply that u“(x, t) tends to a limit u°(x, t), uniformly on bounded
subsets of R"X[0, T], as ¢ approaches zero. Moreover, u’(x, t) is the unique
solution of the following equation:

—5(’; WO(x, 1)+ %#(x, Vu'(x, ) =0,  (x 1)e R"x[0, T), (1.9)
with (1.6). Here,
%(x,p)=—b(x)'p+J ”[e‘”’~1+y-p]m(x, dy). (1.10)
R™{0

Under the assumptions of Section 2, #(x, p) is a C* function. Still, the limit
u°(x, 1), in general, is not of class C'. However, there is an open, dense subset
N of R"x[0, T] on which u’(x, t) is C®-smooth. And, due to (1.8) Vu®(x, 1)
tends to Vu®(x, t) on N.

We can now state the main result of this paper:

Theorem 5.1. Suppose (A1)-(A6) hold. Then, for any positive integer m,
u(x, ) =u’(x,t)+eu'(x, 1)+ -+e™u"(x, t)+o(e™) (1.11)

uniformly in any compact subset of N.

The coefficients u™(x) are smooth functions, and each u™ is given by a
functional of u°, ..., 4™ . A more precise statement can be found in Section 5.

The nonlinearity in equation (1.5)° for u® has the special form (1.7). This is
because u° is obtained via a logarithmic transformation (1.4) from a solution I°
to a linear evolution equation (see (2.2) below). We have results similar to
Theorem 5.1 when the nonlinearity #° takes a more general form, of the kind
appearing in the dynamic programming equation for controlled Markov processes
with generators of the sort appearing in (1.1). For certain technical reasons we
have considered only (1.5)° with the Cauchy data (1.6). It would be of interest
to extend the results to consider (1.5)° in a cylinder D %[0, T), with u* given on
(8D x[0, T))u (D x{T}). This corresponds to stopping the process y° at time
min(7°, T), where t° is the exit time from D. It should be remarked that the
asymptotic series expansion for solutions u® to this boundary problem are not
well understood in the case of nearly deterministic diffusions. For nearly deter-
ministic diffusions, the operator in (1.1) takes the form

Lo(x) =b(x) - Veo(x)+el(p),
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where #(¢) is a second-order elliptic partial differential operator. Recently
Fleming and Souganidis [6] obtained an asymptotic expansion for solutions to
some equations of the form

0=cAu*+H(x,Vu®),

arising in stochastic control. Our methods are in part adapted from [6].
The asymptotic series (1.11) is equivalent to a WKB-type expansion for the
function I° =exp[—&~'u"]:

I* =exp[—& 'u’l(vo+ v+ - -+ &M, +0(e™)),

with leading term wv,=exp(—u')#0. For the case of nearly deterministic
diffusions, Azencott [1] obtained asymptotic series expansions of WKB type by
probabilistic methods. In these expansions, the leading term in general depends
on &.

The paper is organized as follows: assumptions are stated in the next section,
in Section 3 estimates (1.7) and (1.8) are obtained, Section 4 is devoted to a
sequence of “‘almost” linear equations related to the higher-order terms in the
expansion; finally the main result is proved in Section 5. Also, a brief discussion
of condition (1.2) is given in the Appendix.

2. Assumptions

In whatever follows, Cy denotes the space of infinitely differentiable func-
tions, which are bounded along with their derivatives, w(dz)=dz|z|""""",
for ¢eCy(R") and any multi-index ea=(a;,...,a,), D% (x)=
(3'/9x51- - -ax)(x), la| =Y a;. We assume:

(A1) b(-), g(*), c(+, 2), f(+, z) € CT(R"),

(A2) sup I |D%c(x, 2)|f(x, z)m(dz) <K, V]a|=1,
R™\{0}

xeR"

(A3) J sup |Df(x, z)|m(dz)<K, V|a|=1,

"\{0} xeR"

(A4) lim sup J le(x, 2)*f(x, )7 (dz) =0,
o<|z|=8

810 xeRr"

(A5) sup [|D°f(x, 2)|+|D%(x,2)[1=K,  V|a|=0.
zxeR"

Lemma 2.1. Suppose (A1)-(A5) hold. Then there exists a unique solution u*(x, t)
of (1.5)° and (1.6). Moreover, u® € Cy(R" x (0, T)).

Outline of the Proof. Consider the function

w(x, t) = e /=0, (2.1)
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Then, w(x, t) solves
_562 wix, £)— Lw(x, )=0,  (x, )eR"x[0, T), 2.2)

wix, T)=e /28X xeR" (2.3)
Approximate equation (2.2) by

—% wix, )= Liwlx, 1)=0,  (x f)e R"x[0, T), (2.2)°

where 8 >0, and for a smooth function ¢

ZL5p(x)=b(x)-Vo(x)

+I: | 2l (xe+ ec(x 2)) - (x) = eV () el 215 2)(ds)

=Ve(x)- [b(x) - J c(x, 2)f(x, Z)W(dZ)]

|z|=8

. .
+;L| [o(x+ec(x, 2)) — @(x)1f(x, z)m(dz). (2.4)

z|=8 .
Since (2.2)° is a linear equation and the last term in (2.4) is bounded, it is easy

to show the existence of a C*-smooth solution w® of (2.2)° and (2.3).
We obtain next sup-norm estimates of the derlvatlves of w®. The maximum

principle yields
1
wl(x, t)= exp(—-; ||g]|oo> (2.5)
and
5 1
W (s ) =exp( - gl )
Also, w;(x, t) = (8/9x;)w’(x, t) satisfies the following equation:

—a%wi(x, 1) = Lowi(x, 1)~ z w (%, t) = (%0
-y Jl (wy(x+ ee(x, 2), 1)~ w(x, t)) 6 0f(x 2)m(d)
i=1 J]z|=8

_éj (w(x+ec(x, z), 1) —w(x, t) —eVw(x, t)e(x, 1))
z|>5

Xaix,- f(x, 2)m(dz) =0 (2.6)’
with terminal data

1 9 )
wi(x, T) = o g(x) e~/ xe R, 2.7)
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Suppose that there are (x,, f,)€ R" x[0, T] and i,e {1,..., n} satisfying
e”ow, (xo, to) =sup{e”|wi(x, 1)|: (x, ) e R"x[0, T],i=1,...,n}, (2.8)

where p >0 shall be chosen in the proof. We may assume that #,< T. Then, by
using (2.8) and equation (2.6} we obtain

d
pWi (X0, to) = o Wi (X0, to)

. d
= ZLiwi(Xo, to) + X wi(Xo, to) b;(xo, to)
j 9,

+X J [w;(x0+ £c(x0, 2), to) — Wi(xo, to)]
|z|=&

J

"Si—.-o (X0, 1)f (X0, 2)m(d2)

_ZJ’ wj(x09 tO)cj(XO, Z)—a_-f(XOs Z)’TT(dZ)
|zl=8 axio

j
1 d
+J —[w(xo+ec(xo, 2), to) —W(xo, to)] —— f(x0, 2)7(dz).
|zl=5 € 9%,
Since w, (X0, fo) = |w;(x, o) for all x, and j,

PWi(Xo, to) = wi(Xo, to)[n||D2b|| +2 J |De(xo, 2)| f(x0, 2)m(dz)
[ et, 10050, e

2
+2 i | IrCa, ).
In view of (A2), (A3), and (A5), there is K >0, independent of 8, such that
K
pwi (X0, to) = Kw, (xo, to) +? .

An appropriate choice of p yields that Dw®(x, t) is bounded uniformly in §, if
such a point (x,, #,) exists. But we can always obtain such a point by using the
difference quotients rather than w;, and then perturbing them around appropriate
points.

The higher-order derivative estimates can be proved similarly. Therefore, on
a subsequence w’(x, t) converges to a C*-smooth function w(x, t), uniformly
on bounded subsets of R” X[0, T]. Furthermore, w(x, t) solves (2.2) and (2.3).
Finally, the function u®(x, 1) = —e In w(x, ) is a solution of (1.5)° and (1.6), and,
due to the positivity of w(x, 1), (2.5), u®e C3(R" x (0, T)).

The uniqueness of u®(x, t) follows from the maximum principle. We refer
to Lemma 3.1 in [15] for a similar result. |
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‘Our last assumption is a nondegeneracy condition. It is a direct analogue of
the uniform ellipticity assumption, used in the diffusion case.

There are p € (0,1) and 8 > 0 satisfying

(A8) 1 inf m(x, K(y,,p))= >0,
X,y€

where m(x, ) is as in (1.2), and K(y, §, p) is given by
K(y,8,p)={reR":|v|=6 and v-y=—ply||v|}.
An immediate consequence of (A6) is the following. (Compare this result
with (A;) in [6].)
Lemma 2.2. Suppose (A6) holds. Then, for any ve R",
62
ap: dp;

9(x, p)=K|v]’,

inf Vl'Vj
R" .-
FERij=1

where K >0 is a suitable constant.

3. Estimates

In this section we prove that the family {u#°} is uniformly Lipschitz continuous,
and satisfy a uniform one-sided second-order estimate.

Lemma 3.1. Suppose that (A1)-(A6) hold. Then u®(x, t) satisfies (1.7) and (1.8)
with a constant K >0 independent of .

Before we give the proof of Lemma 3.1, we indicate some consequences of
it. The estimate (1.7) implies the precompactness of the set {u°} in the weak
topology of W,;r. Moreover, the theory of viscosity solutions [3, Theorem 1.4]
yields that any limit point u° of {u®}, as £ tends to zero, is a viscosity solution
to (1.9). Due to the uniqueness of solutions to (1.9) with terminal condition (1.6)
(see [3] and [4]), we obtain that as & approaches to zero, u(x, t) converges to
u°(x, t) uniformly on compact subsets of R" x[0, T].

Also, it is known that the estimate (1.8) yields information about the conver-
gence of Vu®(x, t) to Vu’(x, t). More precisely, we have the following result.

Theorem 3.2. Let u°(x, t) be the unique viscosity solution of (1.9) and (1.6). Then
u®(x, t) converges to u°(x, t) uniformly on compact subsets of R" x [0, T]. Moreover,
if u’(x, t) is differentiable at (x, t), then

lim  Vu®(y, s)=Vu'(x, 1). 3.1
(y,S)IéX,l)

Proof. On account of (1.8),
ut(y+m,s)—u(y, ) -Vu'(y,s)- n=K|n[
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for any n € R". We refer to Lemma 4.2 of [2] for an elementary proof of this
fact. Now pass to the limit in the above inequality as £}0 and (y, s)~ (x, ). Then,
any limit point § of Vu®(y, s) satisfies the following:

u®(x+m, )=u’(x, 1)~ p- n=K|nf.
- Since u®(x, f) is differentiable at (x, ), and it satisfies (1.8), p=Vu’(x, t) (see
Corollary 4.12 in [2]). O

Proof of Lemma 3.1. Set w°(x, t)=(3/3t)u"(x, t). Differentiating (1.5)° with
respect to f, we obtain

[_2 w?(x, t)+J {exp(—l [u®(x+ey, t)—u(x, t)])
at €

X [% (we(x, ) —w(x+ey, t)):l
(3.2)°
+y-Vw'(x, t)}m(x, dy)=0,

Lw*(x, 1) = 5" (x, Vg(x), g(+)).

Since the constant functions ¢ =sup ¥°(x,Vg(x),g) and ¢ =
inf 9 (x, Vg(x), g) are super and subsolutions of (3.2)°, the comparison principle
yields

Wl =sup |%#°(x, Vg(x), g)|= K. (3.3)
Let
c(1, €)= ||Vu | r=(r"x(0, 1) (3.4)
¢(2, &) =sup [D*u(x, )y~ y1Iy| ™ (3.5)
x, ¥,

Using equation (1.5)°, and the inequality 1—e” =< —r, we obtain
d
ey ut(x, t)+3(x, Vu®(x, 1))

= H(x, Vu(x, 1)) — % (x, Vu'(x, 1), u*(+, 1))

— J e Y Vuiixn
R™\{0}

X [1 —exp(——i— (u{(x+ey, t)~u(x, t)—ey-Vu'(x, t)))]m(x, dy)

. 1
SJ‘ e VD Z Iyt (x+ey, t)—u(x, t)—ey- Vu'(x, 1)Im(x, dy).
R™\{0} £

Also, the definition of ¢(2, &) yields
u(x+ey, t)—us(x, t)—ey-Vu(x, t)= ’c(2, e)lyl%
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The above inequalities, (A.5), (1.3), and (3.3) yield
e i £ Kc(l,e)
H(x, Vu®(x, t))sat u®(x, t)+eKe(2,¢e) e

=<K +¢eKe(2, ) et
Due to Lemma 2.2, there is a strictly increasing function y(r)> 0 satisfying

{peR"sup #(x,p)=r}={peR":|p|=y(n}, Vr>o0.

Hence
e(1, &)= y(K + eKe(2, ) eX), (3.6)

Next, we estimate c¢(2, &) in terms of ¢(1, £); see (3.9). Assume that there are
X, 7€ R", t [0, T] satisfying

e’ [u(%, D) +u®(, 1) = 2u° (X +73), )] - colx = jI°
=max {e”[u"(x, t)+u"(y, 1) =2u* (3 (x +y), )] — colx — y[*},
x,y,t
where ¢, = e” || D’g||., and p>0 shall be chosen in the proof. We can always
obtain such points %, j, f, by slightly perturbing u®. We refer to the proof of

Theorem 4.1 of [3] for details. The next step in the proof is to obtain the following
estimate:

plu (%, D)+ u (5, 1)~ 2u" G(Z+7), ]=e""I[K+cp e ]z~

with a constant K >0, independent of &. Once the technical and long proof of
the above inequality is completed, we establish (1.7) and (1.8) by using the
standard arguments.

Set 7 =3(%+ 7). Since, D’g is bounded, we may assume that 7# T. Then

plu” (%, D)+ (5, 1)~ 20" (5, 7)]
d -, 0 9
<——ut (% ) ——u'(j [)+2—u*(q,
= Ut (& D)= W D)2 U (7, )
=~ (% p" + 2% =7) €7 u' (-, )
= (5, p* —2e(% - F) ¢ (-, )
29 (5, p% " (-, D)),

where p® =Vu’ (7, f). Recalling the identity (1.2) and the definition of %* we
obtain

plu(x, D) +u’(§, 1) —2u"(q, )]

= J [—e"“f(%, 2) = e"Pf (5, 2)+2 S (4, 2)]m(dz)
R™\{0)

+J’R"\<0} [=(e(x 2) - p* = Df (£ 2) = (e(3, 2) - p* = 1)f(F, 2)

+2(e(7, 2) - p* =V (7, 2)]m(dz2)
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+e7(b(®) = b(7))-26(% ~ )+ (b(%) +b(5) ~2b(3) - p*
+e e, J (x=7) (e(% 2) = (3, 2)) m(d2),
R™\{0}
where

L(z)= ——% [u*(X+ec(X, z), T)~u"(x,T)],
L) =~ [ (7 ec(7, 2), D) =u (5, D,

() ==~ [u* (7 + (5, 2), 1)~ (7, ).
Now, using (A1)-(A3), we obtain
pLus (%, )+ (3, ) ~2u"(7, 7)]

= j (—e"Of(%, 2) = "4 (5, 2) + e “PLf (K, 2) +f(F, 2)]) w(dz)

R"\{0}
+ K el — 52+ K| p®||% — 7[>+ Kol % — 7]? ™.
Observe that || I;]|o= Kc(1, €), and | p| = ¢(1, £). Hence,
plu®(X, ) +u®(p, ) —2u"(4, )]
=[Ke*" )+ Ke e ]|li— 7

+J [~e"Pf(, 2) — % f (5, 2) + "D (f(%, 2) +£(F, 2)) ] 7(d2).
R™\{0} .

(3.7)
The choice of X, 7,  yields, for every ¢, ¢,, c;€ R",

u (Xtec, H)+tu(+ec, )—2u*(p+ecs, )
£ = T £( = T el = £ —\
=u(X+ec, f)+tu(F+ec, I)—2u n+5(c1+c2), t}‘

+c(1, s)e|c1+cz—203|
=u’(%, D)+ u(F ) —2u°(q, [)+c(1, e)ele,+ e —2¢y)
+ e Peg[| X+ g0, — 7 — o> — £ — 7).

Letting ¢, =c¢(X, z), c;=¢(J, 2), and c;=c¢(7, z) in the above inequality, we
arrive at

21+ Lt ey e *ee(X, 2) = e(F, )P +2(£ = ) - (e(%, 2) — ¢(F, 2))]
+2¢(1, &)|e(x, 2)+ (P, z) = 2¢( 7, z)|.
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Since e/i¢¥) < ¢X(1-¢) for i =1, 2, 3, the above inequality implies that

eh®) _ /DU (4 1)

< max[ e’ eV/PEOTEE T max(0, I, —3(1)(z)+ I,(z2))]
< XKWy o™ Fl (X, 2) — ¢(, 2)|[e|e(%, z) — e(F, 2)|+2|% — 7]
+2¢(1, &) eX°MF|e(X, 2) + e(F, z) —2¢(F, 2)|.
Now substitute the above estimate into (3.7):
plut(x, D)+ u®(y, 1) —2u*(%, 1)]

<[K XU+ Key e *|x— 7

+J [-e"f(5, 2) = €415, 2)
R™\{0}

+ VAN f(5, 2)+ (5, 2)) 1w (dz)
+ " e, e™e(%, 2) - (3, 2)|
J R™\{0}
x[ele(%, z) — c(F, z)|+2|% — p|}w(dz)

+ 2¢(1, &) eXD|e(X, 2)+ (P, 2) —2¢(F, z)|r(dz)
J R"\{0}
=X K+c e x— 7

»

+ [—e"f(%, 2) - 7S (3, 2)

JR™\{0}

+ eWDNELE f(5 2+ f(5, 2)) 7 (dz). (3.8)

The last inequality follows from (A2), and a straightforward algebraic manipula-
" tion. Since f(x, z)=0 and f(-, z) € C;(R"), for every x, ze R"

V1 (x, 2)|=2| D’f | 471 f (x, 2)]"2

Using the above inequality, we obtain

lf(%,2)—f(F, 2)|= L IVf(5+7(5—%), 2)| dr|x— 7|

= f 1915, 2)|+ [ D*F ol — 5[] drl— 1

=2||D*f |2 (f(%, 2))?|% = 7|+ 3| D*f || — 71

<2| Df |3 (f(%, 2)+f(, 2))*|% = 7] +3| D°f ||| = 7.
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Hence
J= I [—e"Of(%, 2) - e"2f(5, 2)
R"\{0}
+ VDN f(5, 2)+£(5, 2))]m(dz)
= f [—4f(R 2)+ (5, D)D) — /Dy
R™\{0} .
+lf(%, 2) = £(F, 2)|[|e" ~ "] (d2)
= J [—H(5 2) 4S5, 2D — /D)2
R"\{0}

HIDF LS (% 2)+ 15, 2)) V%~ 7|
% |e(1/2)11(z)_ e(1/2)12(2)|‘8(1/2)11(2)_‘_ e(1/2)12(2)|
+3l D*f | o|% = 7/ sup(e"'” + e2) ] 7 (dz).

Recall that e’® < ¢X“":?) for i =1, 2. This observation, together with the integra-
bility of || D*f ||, (A3), yields

J= J [=3(f(%, 2) +£(5, 2))]V/PNE — /2R
R™\{0)

+| D357 Xz - P (%, 2) + (7, 2)) 2
/21 (z) _ 6(1/2)’2(2) ]7T(dZ)

x|e
+ K eKeo)|z — 52,

Finally, by using the inequality ab =2(a’+ b>), we obtain
J= J D ||l e25|% - 5P (dz) + K 2|5 = 5]
R™\{0}

= KeXx -y
Substitute this estimate back into (3.8):
plus(%, F)+u®(F, 1) —2u"(7, )] = e TI[K + ¢y e |7~ 7~
Also, for every x,ye R", and t€[0, T],
e”'[u(x, )+ u(y, 1) —2u°GG(x+y), )] —colx =y
=e”[u(% T)+u(H 1) —2u°(7, )] —clx— 7

_ o1
= l:e"' efeLE) (K + e Pley) —— co]|f - %
p

Hence for p = p(c(1, €)) and ¢y = ¢o(c(1, €)) sufficiently large, the last expression
is negative and

us(x, )+ u(y, 1) =20 G(x+y), )= co(e(l, &) e 7 x — yf.
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Consequently,
(2, ) = colc(1, £)). (3.9)
Now, substitute (3.9) into (3.6):
c(1, £) = y(K + eKeo(c(1, £)) 4°9)
=y(K+eF(c(1, £))), (3.10)

where F(x)=Kcy(x) exp(Kx). Since y(r) is continuous and increasing, for
sufficiently small &> 0, there are 0 < A(e) < B(g) = oo satisfying

O=x=y(K+eF(x)) = x€[0,A(e)]u[B(e), ), (3.11a)
sup A(e)=K. (3.11b)
Therefore, c(1, €)€[0, A(e)]U[B(g), ). We claim that ¢(1, &), in fact, belongs
to the first of these intervals. Indeed, for r € [0, 1] let u®"(x, t) denote the solution

of (1.5)° with terminal data u®"(x, 7) = 7g(x). Define c.(1, £) to be the W -norm
of u®". Then, for all 7€[0, 1],

¢.(1,e)e[0, A(e)]u[B(g), ).

Moreover, the map 7+ ¢.(1, €) is continuous on [0, 1] for each £>0. Since
co(1, e) =0and A(e) < B(¢), we conclude that c.(1, ) € [0, A(e)] forall T {0, 1].
The proof of the lemma is now complete, in view of (3.9) and (3.11b). O

4. An “Almost Linear’” Equation

In this section we obtain L*-estimates for the solutions to a sequence of equations.
These estimates are used in the proof of Theorem 5.1.

We continue by deriving the first of this sequence of equations. Let u°(x, t)
be the unique viscosity solution to (1.9) and (1.6). In Theorem 3.2 we have shown
the convergence of u°(x, t) to u’(x, t), as & tends to zero. Hence, u’(x, t) is the
leading term in the asymptotic expansion of u°(x, t). To derive an equation for
the next term in the expansion, consider the function

1
u™(x, 1) =—[u"(x, 1) —u’(x, 0)].
£
Then u®'(x, t) solves the following equation:
0 1 '
Y u™(x, t)"‘; (57 (x, Vus(x, 1), u*(-, 1)) = #(x, Vu'(x, 1))]=0. (4.1)

Introduce a function H° on R" x R" x CE(R"):

H(x, p, ¥)=—-b(x)-p
+J [eXP<—l[¢(x+ey)—¢(x)—sy- (W(x)—p)]) -1 +y-p]
R™\{0} € .

x m(x, dy). (4.2)
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Observe that
7€ (x, Vip(x), ) =H"(x, Vg (x), ¢).

Using H*, rearrange the terms in (4.1) as follows:

=, 1) I, T (3 0, 0 (-, 1) =B s, Vs, 1), (-, )]
[ T (s, 0, 0%, 1) =17 s, V1), (-, )

+§ [He(x, Vu'(x, t), u®(-, 1)) — %(x, Vu'(x, £))]=0. (4.3)
Let
Al(x, 1) = i [H(x, Vu'(x, 1), u°(-, 1)) — H(x, Vu'(x, 1))]. (4.4)

If u°(x, t) is smooth in a neighborhood of a point, then Af(x, t) converges to a
limit as e tends to zero. Next, consider

%[IH]E(x, Vus(x, t), u’(x, 1)) —H(x, Vu(x, 1), u’(x, 1))]

= j H7(x, Vul(x, 1)+ 7(Vu(x, 1) = Vu'(x, 1)), u’(x, 1)) dr

xé— (Vu(x, 1) - Vu'(x, 1))

=bi(x, 1) - Vus(x, 1), (4.5)

where bi(x, t) is defined to be the integral term. Due to (3.1), bi(x, t) converges
uniformly to %,(x, Vu°(x, t)) provided that u°(x, t) is smooth in a neighborhood
of (x, t). In view of (4.4) and (4.5), equation (4.3) can be rewritten as

d
o u®'(x, )+ bi(x, t)-Vu'(x, t)+ A{(x, t)

1
+=[H(x, Vu'(x, 1), 0%'(-, t) + eu™'(-, 1))
€

—H°(x, Vu’(x, 1), 8°'(-, 1))]=0, (4.6)>"

where 0°'(x, t) = u"(x, ).

Now, suppose that the expansion (1.11) holds up to m — 1. Then the function
usm(x, t) =" "[u(x, t) = u’(x, t)—- - -— ™ 'u"(x, t)] satisfies an equation of
the following form:

-f—t WO (x, 1)+ bE(x, 1) Vu(x, )+ A% (x, 1)
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LW G Va5, 1), 057, 1)+ ™S, 1))
£

—H*(x, Vu®(x, 1), 077 (+, 1))] =0, (4.6)%"

where br.(x, 1), A%(x, t), and 8°"(x,t) are determined by u°(x,t) and the
coefficients u%(x, t), ..., u™ '(x, t). The specific form of these functions is given
in the proof of Theorem 5.1. In this section we only use the following property
of b;,, A, and 6;:

br, A, 05,6 Co(N),

167llc2= K,

(H1) lifg br{x, t) = F,(x, vu'(x, 1)),

uniformly on compact subsets of N,

where N is the region on which u°(x, t) is C*-smooth. On account of (A1)-(A6),
and Lemma 2.2, N is an open and dense subset of R" x{0, 7] [5, Theorem 2].
Moreover, for every point (x, t) € N, there is a smooth curve y*(x, #)(+) satisfying

(y*(x, t)(s), s) € N, Vse[t, T, (4.7a)
y*(x, 1)(1) =x, (4.7b)

d
2 Y e 0()=-3,(v*(x, 0(s), Vu'(y*(x, 1)(5),5)), Vse(4, Tl (4.7c)

The curve y*(x, t) is, in fact, the unique minimizer of the variational problem
associated with the Hamilton-Jacobi equation (1.9), satisfying the initial data
(4.7b). The reader may refer to [5] for the proofs of these classical results.

Next we construct a subregion N(x,, t,)< N for every (x,, t;) € N. This
construction is essentially the same as the one given in [6]. First, consider the
following first-order linear evolution equation:

:—t w(x, )= %,(x, Vu®(x, ) - Vw(x, =1, (x,1)eN,

and
w(x, T)=¢(x), xeR",

where ¢ is a smooth function. Since the characteristics of .the above equation
are y*(x, 1)(+),

w(x, 1) =@(y*(x, ()(T)) = (T —0).

For y>0, let I:“,(x, t) be the solution of the above equation with terminal data
@(x)=(1=(1/y)lx = y*(x0, t(T))(T —to) + y. Then,

Ex,1)= (1 —% ly*(x, (0(T) — y*(xo, to)(T)lz)(T—~ to)+y—(T—1),

(x,t)e N.
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Define a subregion N, = N by
N,={(x,t)e N; F,(x, t)>0}.

Observe that (x,, %) € N, for every y> 0. Also, the closure 1\7y of N, is a subset
of N, provided that vy is sufficiently small. Let N(x,, t,) = N, and F = F, for this
choice of y. Then the following are satisfied by N(x,, t,) and F:

F(x,t)>0, (x, t) e N(x,, ty), (4.8a)
F(x, t) = Oa (x’ t) £ N(xOs tO)’ (48b)
0

(_9—t F(x, t) - %p(xa Vuo(x’ t)) = 1’ (x9 t) € N(an tO), (480)
Y*(xa t)(S) € N(an tO)’ (x, t) € N(xO’ tO): se [t’ T]o (48d)
Fe Cy(N) for a suitable neighborhood N’ of N(x,, £,). (4.8¢)

We are now ready to prove the main result of this section.

Proposition 4.1. Assume that u®™(x, i) is a solution to (4.6)™ on N satisfying
u="(x, T) =0, (x, T)e N,
™™ || Loy =< ke ™™

Further, assume that (H1) hold. Then, for every (x,, ty) € N, there is g4 = go(Xo, lo)
such that

_L
Ve

for every e < gy, and (x, t) € N(xy, ty).

lus™(x, t)|<ke™ exp( F(x, t)) +||AL (T —1) (4.9)

Proof. Set

z(x,t)=ke™ exp(—\% F(x, t)) +a’(T—1),

where a°=||A;,]-. We shall show that z(x, ¢) and —z(x, t) are super- and
subsolutions of (4.6)™ in N(x,, t,), respectively. Then (4.9) follows from the
comparison result for equations of type (4.6) ™. We refer to Lemma 3.1 of [15]
for a proof of the comparison principle.

Consider

L (s 1) == M (5, Va5, 1), 657, ) +€™2(-, 1)

_HE(xa Vua(x5 t)3 GE,M(_’ t))]
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Using the definition of H*, estimate L* as follows:

Lf(x, t)|sj exp(——s——[ee’"'(x+ey, 1)—6°"(x, t)
R"\{0} €

~ep-(VO5"(x, t)—Vu°(x, t))])

xim exp(—i—[z(x+ ey, t)—z(x, t)—ey-Vz(x, t)]) -1 l m(x, dy)
€ €
<[ explelDe b +ITuc )
R™\{0}
X exp[%— |z(x+ey, ) —z(x, t) —ey- Vz(x, t)[]

x% |z(x+ ey, t)—z(x, t) — ey - Vz(x, t)|m(x, dy). (4.10)

The specific form of z(x, t) yields, for all (x, £), (x+ey, t}e N’ (here N'is as in
(4.8¢)),

1
~le(et ey, =20 1)=&y~ Vz(x 1)

k
=F—lexp<—%F(x, t)) exp( \/_[F(x+ey, t)— F(x, t)])

+Vey - VF(x, 1)

=8m—k+1exp<—\/i;F(x, t)) \/EJ‘O [y-VF(x, 1)—y-VF(x+7ey,t)

Xexp( \/..[F(x+7'£y,t) F(x, t)]>:|

k 1
= o exp(—ﬁ F(x, t))

<[ 1D Fle v

1
J. y-VF(x+7ey, t)
0

]

X[exp( \/_[F(x+rey,t) F(x, t)])—l]d

k 1
= pCE exp(—ﬁ F(x, t))
x[| D*Flwe™?|y*+ || DF | % exp(ve | DF |l|y|) |y ).
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Substitute the above inequality into (4.10). Then, by using the boundedness and
the integrability of c¢(x, z), we arrive at

|L*(x, t)|sJ’

R™\{0}

k;% exp(-—% F(x, t)>|y|2m(x, dy)

1 1
=k— exp(———F(x, t)>, (x,t)e N(xo, 1), € small. (4.11)
£ Ve

Also, for (x, t) e N(xg, to),

—-;—lz(x, £+ be(x, 1) - Vz(x, 1)+ A% (x, 1)

. K 1
~ At s exp( 7 Flx 0

x [(% F(x, t)—b5(x,1)-VF(x, t)] TAL(x, 1)

K 1
ZWCXP _\/_E F(x,1t)

i)
X [5 F(x, t)—%,(x,Vu’(x, 1)) VF(x, 1)+ b5, — %,,HOOHVFHOO]

K 1
22£m+1/2 €Xp _ﬁ F(x,t)

for sufficiently small e. The final inequality is obtained by using (4.8¢) and (H1).
The above estimate, together with (4.11), yields that z(x, t) is a supersolution to
(4.6)>™ in N(x,, t,). Then the comparison principle implies that

uE,m(x’ t) _Z(xa t)S SuP[ue'm(}’a S)"Z(y, S); ()’, S)é N(an tO)]

Due to (4.8b), and the boundary behavior of u®(x,t), u*<z on aN(x,, t;).
Consequently, u° <z on N(x,, t).

A similar computation shows that —z(x, ¢) is a subsolution to (4.6)*™, and
therefore 4™ = —z on N(x,, t;). O

5. Asymptotic Expansion

Theorem 5.1. Suppose that (A1)-(A6) hold. Then, for each m=1,2,...,
u(x, ) =u(x, )+ eu(x, )+ - +e™u™(x, t)+o(e™) (1.11)

uniformly on compact subsets of N. The coefficients u™ € Cy(N) and for eachm =1
they satisfy

—(—:—t u™(x, 1)+ 3,(x, Vul(x, 1)) - Vu™(x, 1)+ A,(x, 1) =0, (x,)e N,
GB.ay™
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un(x, T)=0, (x, T)eN, (5.2)

m

where A,,(x, t) is a function of u°, ..., u™ " and their derivatives.

We obtain (5.1)™ by formally differentiating (1.5)° m times with respect to
g, and then setting ¢ =0. For example,

A(x, 1)=—1} J e TS (D2u(x, t)y - y)m(x, dy),

R™\{0}
85

0 21
——u (x, )y yn—Du(x, t)y-
prp—— (x, D)yiy; ¥ (x, 0y

VAR e I

R™\{0}
+(Vul(x, 1)-y+3D*u%x, t)y - y)z] m(x, dy).

Proof. For m=0,1,2,... define
wo (x, 1) =u’(x, )+ -+ e™um(x, 1), (5.3)

u=m Y x, t) = s':“ [u®(x, 1) —w>™"(x, t)], (5.4)
where u™(x, t) is the solution of (5.1)™ with terminal data (5.2). Observe that
for each m, characteristics of (5.1)" are equal to the curves y*(x, t) defined in
Section 4. Since y*(x, t)(s)e N for all se[¢, T], we can solve (5.1)™ on N.
Moreover, u™ € Cy(N).

Using equations (1.5)%, (1.9), and (5.1)™, we obtain the following equation
for u="*:

3 1
o us" N (x, )+ [He(x, Vu(x, t),u"(, 1))
£

—%,(xVu'(x, 1) VW™ (x,0)~ T e*A(x, t)] =0,
k=0

where Aq(x, t) = #(x, Vu'(x, 1)) - %,(x, Vu'(x, t)) - Vu’(x, t). Rearranging the
terms, we can show that u™™"" solves (4.6)>™*! with the following choices for
the coefficients:

1

bri(x, 1) = J‘ Ho(x, Vwo™ + 7 (Vu(x, 1) = Vw"(x, 1)), w*"(+, 1)) d,

0
6" (x, 1) = wE(x, 1),

and

} 1
AL a(xt) =T [HS(X, Yw™"(x, t), w*™(-, 1))

k=0

-, (x, Vu(x, 1)) - Vw"™(x, t) — 'Z"‘, e* AL (x, t)].
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On account of Theorem 3.2, b;,(x, t) converges to %,(x, Vu’(x, t)) as ¢ tends to
zero, uniformly on compact subsets of N. Since w®™ e Cy, inductively we can
show that A;,,, converges to A,,., as £ tends to zero. Hence, condition (H1) of
Section 4 holds, and Proposition 4.1 implies that for any (x,, t;) € N

_1
Ve

where N(x,, t;) is as in Section 4. Since F>0 on N(x,, t,), (5.4) and the above
estimate yields

lu=" " (x, t)ISKs‘('"“)exp( F(x, t)) +K(T—1), (x, t) e N(xy, to),

. 1
lim  sup —|u®(x, t)—w""(x, t)|=0. |
elo (x1)eN(xot0) €
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Appendix

Due to a theorem of Skorokhod {14, Lemma II, p. 77], the existence of c(x, z)
and f(x, z) satisfying (1.2) and (1.3) is equivalent to

sgp J- 1-':|lz|2 m(x, dz) <0, (A.1)

Moreover, given a positive measure m(x, dz) there is more than one pair ¢(x, z)
and f(x, z) satisfying (1.2). In fact, we can always take f(x, z) = 1. The reason
for allowing f(x, z) in our model is the smoothness assumptions (A1)-(A5)
imposed on the coeflicients.

We give the following simple example to clarify this point. Let n =1, and

m(x, A) = A(x)xa(1)

for x € (—00, ) and Borel set A. Then the following pairs,
L z)=1, X, 2)=Xxa/a+a000(2),

and
L% 2) = A(X)xas20(2), e 2) = xa/211(2),

both satisfy (1.2). But ¢,(x, z) does not satisfy (A1)-(A5) even if A(x) is a smooth
function.
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