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Introduction

In this paper we study the singularities and the uniqueness properties
of cylindrically symmetric hypersurfaces which move by mean curvature in
IRN, with N > 3. More precisely, we study the properties of the evolution
I'; of Ty by mean curvature, where T'g is a smooth cylindrically symmetric
surface in JRY parametrized by

(0.1) r = ho(z),

where hg may be multivalued with the several branches matching together in
a smooth way. Throughout this paper we consider torus-like I'g as opposed
to bar-bell looking shapes, although our arguments can be modified to apply
to the latter case. '

Following recent work of Evans and Spruck [ES] and Chen, Giga and
Goto [CGG], T is defined as the zero level set of the solution u of the
geometric pde

u; = trace [({ — Q%D—E)D%,] in R" x (0, c0),
(0.2) |Dul
'U,(:E,O) = uO(w)a
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Zopvright © 1993 by Marcel Dekker, Inc.



860 SONER AND SOUGANIDIS

where the continuous function ug : IRY — IR is chosen so that
Ty = {x € RN : ug(z) = 0} and (0.2) is interpreted in the viscosity sense
of Crandall and Lions. (For the precise definitions as well as a general
overview of the theory of viscosity solutions we refer to the “user’s guide”
by Crandall, Ishii and Lions [CIL]). This approach, known as the level set
approach, provides Iy, which is defined globally in time, but leaves open
the question of its regularity. Another intriguing question related to the
above definition is whether I'y has non-empty interior. Partial regularity
results for motion by mean curvature were obtained by Evans and Spruck
[ES] and Tlmanen {I], who actually reconciled, under some assumptions, the
level set approach with the geometric measure theory approach of Brakke
[B]. General, but not necessary, conditions on I'g, which guarantee empty
interior for Iy, were given in Barles, Soner and Souganidis [BSS]. DeGiorgi
[DG] has also conjectured several results related to interior of T'y.

We continue by formulating the main results. As long as I'; is smooth,
(since Ty is smooth, I'; will be smooth for small time (cf. Evans, Spruck
[ES])), it can be parametrized by

(0.3) r = h(z,t),
where the, possibly multivalued, smooth function h solves the equation

hyy __N—Z
1+h2 "k

hy =

(0.4)
h(z,0) = ho(2),

in some time dependent domains for each branch of hy, and, therefore, h. It
is, of course, immediate that as long as h # 0, (0.4) has classical solutions,
and, therefore, I'; is smooth. The only potential singularities of I'; may
therefore occur when h = 0 for the first time. To formulate our first result,
let us specify that & vanishes for the first time at (0,T) and that (0.4) holds

(0.5) Q= (~24,24) x (0, T),

for some A > 0. Throughout this discussion we will be assuming that for
all (z,t) € (—24,24) x [0,T],

(0.6) h(z,t) = h(~2,t) and zh,{(z,1) > 0.

It is immediate that (0.6) yields that h{-,t) has only one minimum at the
origin. Although the above assumption will be used extensively throughout




CYLINDRICALLY SYMMETRIC HYPERSURFACES 861

the paper we believe that our arguments can be easily modified to allow for
more local minima which vary in time.

Theorem 1: Assume that (0.6) holds. Then

(0.7) lin (T ~ ¢ ~Th(y(T - t)%,t) = 1/2(N - 2),

with the limit uniform for |y| bounded.

The following corollary is an immediate consequence.

Corollary 2: Up to a parabolic scaling, at the singularity the surface T,
converges to a cylinder.

A similar result was obtained by Huisken [H] when N = 3 under the
condition that I’y has positive mean curvature but without assuming (0.6).
Note that if I'g has positive mean curvature, then I'; has empty interior for
all £ > 0 (see [BSS] or Theorem 3.1, below).

Another consequence of Theorem 1 is that I'; does not develop interior
at ¢ = T and that it continues as a smooth surface for t > T till the time
it becomes extinct. We will prove this result for the special case of a torus.
A brief discussion of how to extend this result for other initial data is given
before Theorem 3.8.

Consider the evolution ¢ + I'; by mean curvature of the torus I'g, which
is given by

To={zeRY:(r-12+22=FR?% (0<R<1),

N-1
where 72 = Zm?

Propositio;l& Iy never develops interior. Moreover, there ezxists

Ry € (0,1) such that for all R € (0,Ry),T; shrinks to a circle and then
becomes ezxtinct. For R € (Rp,1),T'y “focuses” at 0 at some time Tg. It
then “opens up” and flows smoothly until it becomes extinct. Finally, for
R = Ry, T'y focuses at exzactly the same time it becomes a circle.

The above result is related to a conjecture of DeGiorgi [DG]. Numerical
evidence suggesting the above described behavior were obtained by Paolini
and Verdi [PV]. .

The paper is organized as follows: In Section 1 we prove a curvature
bound. Section 2 is devoted to analyzing the behavior of I'; at the focusing
point. In Section 3 we show that I'; does not develop interior and study
its behavior after the focusing occurs. Finally, in the Appendix we state a
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result about the number of zeroe’s of solutions of linear parabolic equations,
which we will be using repeatedly throughout the paper.

The results of this paper were announced in [SS]. By the time this paper
was completed, the authors learned that Altschuler, Angenent and Giga
[AAGL,2] also studied the motion by mean curvature of bodies of rotation.
Their set up is and their results are formulated for “barbell” type shapes.
On the other hand, they do not need assumption (0.6).

1 A curvature bound

In this section we obtain an upper bound for the ratio of the radial and

angular components of the curvature of I'; near the singularity. This bound

plays a fundamental role in the proof of Theorem 1 and its consequences.
More precisely, let

_ hhzz
T 1+ A2

(1.1) P

and recall that h solves in (0.4) in (—24,24) x (0,7).

Proposition 1.1: There exist ¢ > 0 and ¢p > 0 such that

(12) [l < e in (=5, 51 x 0,7)
and
(1.3) YL (N=2)—¢in[—e,e} x[T—¢,T).

The meaning of (1.3) is that near the singularity at (0,T), the radial
component of the curvature is strictly dominated by the angular one. As
a matter of fact, the ratio between the radial and angular components of
the curvature is strictly below of the same ratio of the curvature of the
catenoid, the stationary solution of (0.4). This, in turn, yields (as we will
see in Section 2.4) that 0 ¢ int I'p.

The proof of Proposition 1.1 is based on the existence of an one-parameter
family of barriers (gy), with A € [Ag, A1] for some 0 < Ap < A;, which are
defined on _
' Q= [_3/273/2] X [OvT)7

with 0 < B < A, and a result of Angenent ({Al] and Lemma A, below) on
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the number of zeroes of solutions of linear parabolic equations in one space
dimension. The idea of using the bariers goes back to Angenent [A2]. Our
construction of bariers here is, however, new.

In the sequel we will need the following notation. For A € [Ag, A4],
t € (0,7) and |6] < B we define:

Q; = (=B/2,B/2) x (0,T),Q = (-2B,2B) x [0,T),
I(t,2,0)={lz| < B/2 : q\(z,t) < h(z—10,1)},
n(t, A, 0) = #{lz| < B/2 : q\(2,1) = h(z~06,t)}.

Next we state two lemmas which assert the existence of the barriers with
the necessary properties.

Lemma 1.3: There ezist B > 0,0 < Ay < A;, an one-parameter family
qy: Ql - (Os OO) ) (A € [)‘01’\1])’

and constants ¢,§ > 0 such that for every || < B and t € [0,T):

(1.4) n(t, Ao, 0) = 2,
(1.5) I(t,A1,0) = ¢,
(1.6) n(t, A,0) <2, VA€ [A, 1],

1n (A zt)— (q,\(z,t),—g—z-q,\(z,t)) is continuous on [Ag, \] x 1,

(18) zq,\’,(z,t) 2 O, and q/\(z,t) = q/\(_z7t)’
B
(1.9) ar(£+,1) > sup h(z,1),
2 |z|<2B
and
(1.10) Py < (N —2) — ¢, whenever g3 <6,
where B
,‘/) — W22

AT 1+ (q/\,z)z.
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Lemma 1.4: For every (zp,tg) € Q1, there exzists (A*,0%) € [Ao, 1] ¥
[=B/2 — 20, B/2 — 2] such that

(1.11)  ga-(20 + 6%, t0) = h(z0,%0) and qx- (20 + 67,%0) = h:(20,0)-

We continue with the proof of Proposition 1.1 and then return to Lemmas
1.3 and 1.4.
Proof of Proposition 1.1: Let (A*,6*) be as in Lemma 1.4. We claim
that

qA‘,zz(zO + 0*,t0) > hzz(ZO,tO)-

Indeed, if not, then by (1.9) and (1.11), the difference gx. (-, o) — h(: — 8™, tg)
would have more than two zeroes, which contradicts (1.6).
Therefore

P(z0,t0) < e (20 + 67, 20).

Suppose now that h(zg,%9) < 6, where § is the constant appearing in (1.10).
Since h(zo,t0) = qa-(20 + 6”,10), (1.10) yields

PYas(20+6*,0) < (N~ 2) —c.
Using (0.4) we conclude that
hi(z0,t0) < 0 and ¥(z0,t0) < (N -2)—c.
A simple iteration of the above argument then yields that, for all ¢ € [ty, T),
h(z0,t) < 8, he(20,t) <0 and v(29,2) < (N ~2) —c.

Since h(0,t) — 0 as t — T and h(-, t) is continuous for every t € [0, T'), there
exist v > 0 and #g < T such that

h('a tO) <é in [_7, 7]
and
Y < (N=2)=cin [~7,7] x [to, T).
Hence (1.3) holds with ¢ = min(y, T — to).
To prove (1.2), we first observe that a simple but tedious calculation
yields that 9 satisfies the equation

_ e 2144w, 2w? _
(112) o = Tra? "Rt h2(1+w2)(¢ (N -2))(%+1)

where to simplify the notation we write
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(1.13) w = h,.

Since (0.4) holds in (—~24,2A4) x (0,T) and tei[%fT)h(iA’t) > 0, interior
elliptic regularity yields that sup ||(£A4,t) < o<; Finally, applying the
t€[0,T)
maximum principle to (1.12), we see that ¢ cannot have an interior minimum
smaller than —1. Combining all the above yields

> mi inf ,0), inf ¥(£A,t), —11.

¥ 2 min Izl'nSAd)(z ) [E,T)w( )

Arguing in a similar way and also using (1.3), we obtain an upper bound
for 3.

0
We continue with several preliminaries leading to the proof of Lemma
1.3. The construction of the g)’s is based on catenoids, which are stationary

solutions of (0.4), i.e. functions z — Ag(z/}), where

99z
1+¢2

=N-2 and ¢(0)=1.

An elementary calculation gives
(1.14) 0:(2) = (a(z)*¥ D —1)? and Glg(2)) = =,

with the function

G(r) = /0 (V=D ~ 1)~tdp

defined for r < ry with r3 =400 and ry < +oo for N > 4. Let

(1.15) L = max{2T,24/(N - 2)T, 2””’"L°°(ﬁ) +2(N-2)+1}
and choose 0 < A* and B = min{ry, 4} such that
(a) /\q(%?) > L for every p € [%,1] and A € (0, \Y],

(1.16) () A £ [7Essup{lh:.(2,0)] : |2] < A},

@ o2y,

The existence of such a A* and B follows from the facts that the function
A— /\q(sz-) is decreasing for A near zero and ¢(ry) = g, (ry) = +oo.

Next we consider an one-parameter family of solutions p(-,;p) (¢ €
[3,1]) of
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(@ o=y - =2 on (<B/2.B/2) x 0.,

§ ®© pa0m=xq(5) for |21 < B/,

| (@ p(EB/2,tp) = Ng(E2) — a(ut for t € [0,T(w)),

20"
where
: Pzz N — 2] }
a(u) |4]sn§/2{ [1+ (p:)? P (= 0ip)p 2

and T, < oo is the “focusing” time of p(-, -, p), i.e., the first time such that
P(0,t; u) = 0. A simple calculation yields that there exists ¢y > 0 such that
(N -2) (1-p?

A q(pz/X)
It is also immediate that the p(z,t;u) depends smoothly on p whenever
P(t,z; ) > 0 and, therefore, the focusing times T4’s, depend smoothly on

and that 71 = 4o00;p(",-, 1) being a stationary solution of (0.4). Moreover,
the maximum principle yields

pe(z, 4 1) < —ap) < —cp(1 — #2)-‘

Hence T, < oo for every u < 1. Since ¢ > 1,¢p > (N — 2)/A*. Therefore by
(1.16)(c) for every t € [0, T3 9),

p(0,41/2) =p(0,0;1/2) + f; p:(0, 5;1/2)ds

o) = inf } 2> eo(l - ).

_s-2),

43 7
Since p(0,7T1/9;1/2) = 0, the above inequality implies that T} 2 <T. In
view of (1.16)(c), there exists u* € (%, 1) such that

<At

Tys = 2T.
Set
«_yx (BB
. = A >
(1.17) r=xeb)2L

and define, for A € (0, \*], the functions

0 i[5 2] % [0, T3] = [0,00)

so that
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( (a) g solves (0.4) on [—g—,g—] x [0,T)),

uz B B

(1.18) 1 (0 ax(2,0) = min{L*, Ag( 3 )} on [—-2‘75],

| (o) ‘L\(i'g,t) =L"-at on [0,T)),

where T’ is the focusing time and

. 1 . X2z N -2
a——_mln{-—, inf {- [ : - ](Z,O)}},
L*’ agxe 1+ 2
1S () (‘L\,z) ax

z*()) being the solution of /\q('%i) = L~ in [0, B]. An explicit computation
based on (1.14) and the fact that gy(z,0) < L* for |z] < 2*()) gives a > 0.
On the other hand, the maximum principle yields

(119) gt _<_ —a in [_3/27 B/z] X [0’ T/\))
and, in particular,
0<qa(0,t) £ a(0,0) —at £ X~ at;

hence Ty € A/a,ie. Ty - 0as X — 0.

Recall that p* is chosen so that Tj,« = 2T. Moreover, @ < a(¢*) and by
the maximum principle, gy« (2,t) > p(z,t, p*) and Tys > Tpe = 2T Define

Ag = inf {/\ < X* such that Ty > T for all X € [/\,/\*]}.

It is clear that Ty, = T; hence all the gy’s are defined on ; for A € [Ao, A¥].
Finally set A\; = A* + 1 and define g, for A € [A*, A1], to be the solution
of (1.18)(a),(c) with initial datum

120) (0= (A= X)F+ O = Nar (,0), in (-2, 21,

Since
q,\(z,O) 2 g (t’ 0) for A € [X‘,Al],

the maximum principle again yields that

gy > @+ in Ql.
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In particular the focusing time T for gy is larger than T, and, hence, ¢, is
defined on §2;. Moreover,

(1.21) 6 = inf{gx(z,t) : A € [\, \1],(2,2) € Q1} > 0.

Proof of Lemma 1.3: It is immediate from the construction described
above, that (1.7) and (1.8) hold. Also (1.9) follows from (1.15), (1.17),
(1.20), (1.21) and the observation that, for all A € [Ag, A1},

. « T T

To prove (1.10), observe that, for A € [Ag, A*],

Ya=N =24 qqrs.

Hence, by (1.19), there exists a ¢y > 0 such that
B
ma‘x(d’/\(za 0),1;[)/\(&5, t)) S N-2- co,

for every X € [Ag,A*],z € [-—g—, —g—] and t € [0,T). Applying the maximum
principle to the equation satisfied by the )’s, which similar to (1.12), we
conclude that, for all A € [Ag, A*],

¥a(z,t) SN -2 - in 0.

The definition of § in (1.21) completes the proof of (1.10).
Next observe that ¢y, (z,0) = L*. We will prove (1.5) by constructing
an appropriate subsolution to (0.4). To this end define

v(z,t) = L* ~ ?—(A’L—:ﬁt, ((z,t) € le).
Then, by (1.15), (1.17),
‘ (L*)? > 4(N = 2)T.

Therefore, for all (2,t) € Qu,

o) 2 o= W20y o g Z (DY

The above inequality implies that v is a subsolution of (0.4). Also the choice
of & yields
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v(£B,t) < g\, (£B,1) for t € [0,T).
Using again the maximum principle and (1.15), (1.17) we obtain
e 2V 2 R poogry + 15

(1.5) follows from the above inequality.
To verify (1.4) and (1.6), we fix |8| < B and define

Wi(z, ) = qa(z,8) — h(z — 6,1), ((z,t) c @1).

We now claim that z — W) (z,t) has at most two zeroes for each ¢ and
exactly two, when A = Ag.
Indeed, if A > A* + 1, then (1.20), (1.15) and (1.17 ) yield

*

L
W,\(Z,O) 2 "2_ - ”h”Lm(ﬂ) > 0.

If X € [\, A* + 1], then

Wheele,0) = O = D EL 0 (B2) 1,0,

Since p* > § and g.. = (N - 2)(1+ ¢?)g™ ' = (N - 2)¢?* > (N - 2),

N=-2)
8A*

and, in view of (1.16)(b), W) ;.(2,0) > 0. But Wy(£B,0) > 0. Therefore

W, (2,0) has at most two zeroes.
When X € [Ag, A*], (1.18)(b) yields either gx(z,0) = L* or

WA,zz(z) 0) > h::(z~8,0),

*\2 *

W,\)ZZ(Z,O) = (/L)‘) sz('u/\z) — hzo(z2—6,0) 2 ]\;/\*2
if ga(2,0) < L*. On the other hand, W)(z,0) > 0, whenever ¢5(2,0) = L
(by the choice of L*). Hence Wy(z,0) has at most two zeroes. Finally,
W), (2,0) has exactly two zeroes, if there is a z such that W)y (z,0) < 0.
Suppose Wy, (z,0) > 0 for all 2] < B/2. Since W,\o(:i:%,t) > 0 for all
t € [0,T), the strong maximum principle implies that W), (2,t) > 0 for all
|2} < B/2,t € (0,T). Recall, however, that Xg is chosen so that T, = T.
Hence tlgr}‘ W, (0,t) = 0. Consequently W), (2,0) must be strictly negative

for some |z| < B/2.
Finally, since Wx(%B,t) > 0, the maximum principle yields that the

hz:(z —6,0) > 0,
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number of zeroes of W) is a nondecreasing function of time and therefore
less or equal to two, i.e. (1.8). Arguing as above we conclude that for every
t < T, W), (2,t) must be strictly negative for some |z| < B/2.

]

We conclude this section with the proof of Lemma 1.4, which is similar
to an argument used by Angenent in [A2, pg 192].

Proof of Lemma 1.4. For fixed (zg,tp) € €; set

B B
A(z) = [—-5 — 2,5 + 2]

and define w : [Ag, \1] x A(zp) — R? by
w(A, 8) = (gx(z0 + 6),t0) — h(20,t0),9r,2(20 + 0, t0) — h:(20,%0)).

We will prove the lemma by showing that the winding number of w is one.
To this end, let wi(A, 8),ws(N, 8) denote the first and second components of
w respectively.

First, observe that by the definitions of I(%, A, 8) and w; (A, §),

w1(A,8) <0 iff 25+ 6 € I(tg, A, 8).
Hence (1.5) yields

(1.22) w1(7,0) >0  for all 6 € A(zp).
Also B B

wi(X, £5 — 20) = g (£5, t0) — h(z0, to),
and, by (1.9),
(1.23) £, —2) >0, (YA€ Po,Aa).

2
On the other hand, since n(tp, Ag,8) = 2 for all |§] < B, the equation
f(2,0) = qx,(2,89) = h(z = 8,25) = 0

has exactly two solutions in [~ &, £] for all |§] < B, which we denote by
u(0) and z(8), with p(f) < z(f). It is immediate that yx and z depend
continuously on 6 € [—B, B]. Moreover, since

z(B)-B < —g and z(—-B)+ B >

0| by

there exists 6, € [~ B, B] such that
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2(61) — 8y = zo;
in other words
(1.24) wi(Xo,01) =0 and 6; € A(z).

Similarly there exists 82 € A(zg) such that p(62) — 62 = z.

Now suppose that there exists 6 € A(z0) such that w; (Ao, §) = 0. Then
either z(f) — 0 = zg or p(6) — 6 = z9. Since (1.9) yields f(£B/2,6) > 0 and
f(2(6),6) = f(n(6),6) = 0, we have

£:(2(8),8) > 0> f.(u(8),6).

We have proved the following: if wl(/\o,é) = 0 for some 6 € A(zp), then

(@) w2(0,8) 20 if 6+ 2z =2(8),
(1.25) ) ) )
(b) wa(Xo,0) <0 if 8+ 2= p(d).

Suppose now that w; (o, 8) = 0 for some 8 € A(z). Then
9 (20 + 8,t0) = ar, (20 + 8, %0) = h(z0, t0).
Using (1.8), we conclude that
z0+é=:l:(zo+-9-).

In summary we find that there are at most two 8’s such that w;(Xg, §) = 0.
But we also know that there are 6,6, € A(2p) such that

zo = p(61) — 01 = 2(62) — 62.
Hence 6; < 62 and consequently w has the following properties,
(a‘) wl(A()’a) > 0’ for 8 e (01702)7

(126) (b) wl(Afhgl) =0, w?(’\O)el) <0,

() wi(hre,82) =0, wa(Ag, 02) 2 0.

Using (1.22), (1.23) and (1.26), we conclude that the winding number of w

is one.
]

2 Behavior of I'; at the focusing point.

In this section we prove Theorem 1 and discuss some of its immediate con-
sequences. As mentioned in the Introduction, a result similar to (0.7) was
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proved, for N = 3, by Huisken [H], under several assumptions, the most
important one being a bound on the blow-up rate of the curvature, which
was verified in [H] only for barbell-type surfaces, which have strictly positive
mean curvature. A similar result was also obtained by Dziuk and Kawohl
[DK].

We will organize this section in several subsections where we will explain
the basic steps of the proof of Theorem 1.

2.1 Scaling and preliminary estimates.

One of the main estimates in our analysis is
(2.1) lim inf(T ~ £)=1h(0,1) > 0.

which is essentially equivalent to the assumption in [H,(2) page 286].
To obtain (2.1) we rewrite (0.4) as

(2.2) (h®)e = 2[p — (N - 2)]
and observe that (0.6) yields
¥(0,t) 2 0 for all t € [0,T).

Combining this with (0,7} = 0 we obtain an easy upper bound

(2.3) h(0,8) < /2(N = 2)(T - 1), (t€[0,T)).

The lower bound follows from the nontrivial curvature estimate (1.3), which
yields

(2.4) CR0,4) 2 20T —1)  (te[T—eT).

Actually (1.3) yields a more general result than (2.4). Indeed, for 0 <
|z| < e and t € [T —¢,T) we have

lij

(2.5) a—log(l + (h:(2,1))%) = 2¢(z t)h (2%)

R(.0) <79 | B log(h(z )%,

where
(2:6) Y=(N=-2)-c

and, therefore,
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h{z,1)

0 t))% ~1)7 in [~¢,€] x [T — &, 7).

(2.7) [ha(2,0)] < (3

Next we follow some of the ideas in [H] and the techniques developed by
Giga and Kohn [GK] to study the blow-up of the solution of semilinear heat
equation.

To this end, we define

v(y,s) = (T —-t)" h(y\/ t,t) with s = —log(T — ).

Observe that v(y, s) is defined for (ye™%,T—e™*) in (-=24,24) x(0,T) C Q,
i.e. v is defined on

K(A) ={(y,s) : s> —logT,ly| < 24e°?)}.

We now write
v(y,s) = erh(ye™2,T — e™)

and calculate
5s(4, ) = 50(3:9) ~ yha(ye™, T = ™) = e~ Hhy(yeE, T = ),
vy(ya S) = hz(ye—S/Q,T - 6—8),

vyy(y, s) = e—s/2hzz(ye_s/2,T - e_s).
Using (2.4) and (2.7) we get

(2.8) v(0,8) > v2co,
and

v(y,8) 2y 1\2
(2.9) luy (y, s l<((\/—) 1)z,

To obtain more pointwise estimates for v, vy, vy, and v, we use the equa-
tion which is satisfied by v, namely
Uyy N-2
1+ ()2 v
and recall that (1.10) holds in [~¢,€] x [T — ¢, T). Finally, denote
K(e) = {(y, s) € K(A) such that |y| < ce*/? and s > —loge}.

(2.10) vy =

~ S (yyy—v) in K(4),

Proposition 2.1: There ezxists ¢; > 0 (i = 1,2,3) such that for all
(y,s5) € K(e),
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(a) \/-2—66 < v(y, S) < Cl(‘yl + 1)a
(2.11) (0)  |oyy(y, 9)| < ea(ly?” +1),

(©) oy o)} < e3(lyl* +1).

Proof: Integrating (2.9) yields that there are cg,¢,0 > 0 satisfying
0 < v(y,s) < ¢ for (y,s) such that |y| < ¢ and s > 0.

Next set
' v(y,8) =clyl (c>0)

and observe that

* (N - 2) U;y 1 * * .
- 4 _ > 3 .
v, + " 1T ('U;)z + 2(y‘Uy v*) >0 in K(A)\{O} X (—logT, o)

But
v(+24€*/25) < e hlloo < v (+246%/2,5)

if ¢ > ||h|loo/2A. Applying the maximum principle on
6 = K(A)N{]y| >¢,s > o} we get v < v* on @ provided that ¢ > ||h]jo/24
and ¢ 2 co/e. Now (2.11a) follows if ¢ is sufficiently large.

For the second derivative estimate we have

_ 1 ~s/ —s 1 ______v(y,s) 1
oy (v, $)] = S5 (L + RO (ve™/% T — e )Sm(v(O,s)) ’

with the inequality following from (1.2) and (2.7).
Hence, by (2.11)(a),

'vyy(y’ ol < m(cl(ly‘ + 1))27 < Cg('ylz'Y +1),

for some ¢g > 0.
Finally,

v(y, 8) — yvy(y, 5) — e/ 2hy(ye’/2, T — &™)

N

vs(y,8) =

_Pet,T—e™*) — (N - 2)
v(y, s) '

1
= 50y, 9) — ¥y (3, )
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We now obtain (2.11)(c) using v(y,s) > v(0,s), (1.2), (2.7) and (2.11)(a),
(b).

O

2.2 A monotonicity formula.

As we will explain in the next subsection, Proposition 2.1 yields the lo-
cal uniform compactness of v as s — oco. To show that the whole family
converges, it is sufficient (cf. [GK]) to come up with an “energy-type” func-
tional, which will play the role of a Lyaponov function as € — co. To this
end, following [H] we define

R(s) 1
Bt s) = [ o), )1+ @y, 9)D

where

p(y,5) = exp(~ 7 (6%(5,) + v?)) and R(s) = ee*/%.

Proposition 2.2:

R p(y, s)v(y,s)

_d_ (- = - 2 d ]
212 FECC) == [ IR il s+ e(s),
and
(2.13) 31_1_%10 e(s) =0.

We will prove (2.12) by an elementary computation using (2.10). The
error e(s) is due to the boundary |y| = ee*/2 we are imposing in the formula
for E. Finally, we refer the reader to [H,Section 3} for a more elegant proof
(using differential geometric arguments).

Proof: We directly calculate
2 B 5)) = A(s) + B(s) + C(s) +<s)

where
R(s) ol
A(s) =/ psv(l + vy)?dy,
—R(s)
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R(s) ol
Bis)= [ " pu(1+odidy,
—R(s)

R(s) oyl
Cls) = / pul(1 + v2)FJogydy,
—R(s)
and
e1(s) = Ae*{(pu(1 +v3)3) (24e*72, 5) ~ (po(1 +v})P)(-24¢*%, 5)}.
Since p(*ee’/?,s) < exp(—%s), (2.11) yields
(2.14) slingo e1(s) =0.

Next we will show that

(2.15) A(s) + B(s) + C(s) = — / e 24 en(s)

~R(s) (1+v2)1

with es(s) — 0 as s — oo. This will conclude that proof with e = e; + es.
To obtain (2.15) we calculate

_ w _ puw )
C(s) = fﬂv(—lT——lvsy = ‘/(m)yvs + ea(s)

w?)3

w p Yyy
=- +
f[(m’)y(l_'_uﬂ)% (1+w2)%1+w2

Jvs + ea(s)

1 1 Vg
= — [{(pv)yw + pvv, + > + E(yw - U)]}m + ea(s),
with

v,

ea(s) = ((—”-”-‘ES—Q(ers/?, s) = (

YWY,
1+ w?) 1+ w?

_ s/2
( +w)%)( 24¢%s).

where all the integrals are over the interval [—R(s), R(s)],w = vy and we
used that

1 1
py = = 5(vw +y)p, ps = —Svwp.

Now a straightforward computation gives (2.15). The fact that e; — 0 as
&€ — o0, follows again from (2.11) and the form of p.

[}
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2.3 Blow-up

In view of (2.9) and (2.11), there exists s; — co with sj3;1 — s; > 2 such
that
vi(y,s) = v(y, s + 55) = veo(y,5) as j — oo,

with the limit uniform on compact subsets of IR? and
Vjy — Vso,y in weak™ L.

By passing to a further subsequence, which we again denote by s;, we also
have that
Vjy = Voo for almost every (y,s).

If for some s,v;,4(¥, ) — veo(y, s) for almost every y, then (2.11)(b) yields
that this convergence is uniform for bounded y’s. Hence for every integer k,
there is a ng € [k, k + 1) such that

V5,9(¥, ) — Yoo,y (¥, k)

uniformly for bounded y for each ng.
Applying the dominated convergence theorem and using the exponential

decay of p we get, that, for each ny,

(2.16) Jim By (1)) = Blveo (5 7)),

On the other hand, v;(:, nx) = v(-, s; + ng). Therefore,
ng+sipr—s;

E('vj—f-l('ank)) - E(vj(‘snk)) = '—/ (e(J) 3) + 6(8 + sj))ds3

nk

where

R R(s+s;) pU;
o= [ Ll Jay.
—R(s+3;) (1 + (vj,y)2)2

Finally, in view of (2.7) and (2.11)(a),
|, 8) < 9(y,8) = c(lyl> + 1)

for some ¢ > 0. Since v; > 0, this yields

[ P )Py,

£(3,8) >
(4, 9) IS wrpe

Using the exponential decay of p, the uniform convergence of v; (2.11) and
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the fact that by construction sj+1 — s; > 2, we get, for each ny,

ng+2 ng+2 roo Poso 9
l'minf/ 2',32/ / (400 2dy
1.7""°° ng (] ) ng —-00 1+92( o0

nxtsip1—9;5
lim e(s+sj)ds = 0.

Jj—eo ng

Tky2 fOO PVoo 2
v dy = 0.
/nk /_mng(w,s) y

But, in view of (2.11)(a),

Hence

Voo = V2¢0;

therefore, for almost every y,
Voo,s(Y, 5} = O for almost every s,
which, by (2.11)(c), yields
VYoo (Y, 8) = Voo (y) for all y € R.

Passing to the limit in (2.10) we get that v, solves

Vooyy  N-2 1 _ —0
I +v§°,y o 2(yv°°,y V) =0 in R.

(2.17)

As a matter of fact, the estimates of Proposition 2.1 yield that vy is a
classical solution of (2.17) and, moreover,

(2.18) V2¢ £ Yo (y) < c1(ly| + 1) and I”oo,yy(y)l < C2(Iy|2“’ +1).
A direct calculation also shows that if

U = Voo Voo gy (1 +v5,,) 7Y,

then
(¥2),, 21+ 9 4(Vooy)? e
TH ) 15 (v tom v oo o (o)) Y~ (V-2 (24D)
2
_%y(‘lﬂ)y =1 f((\f,iy)z'

In view of (1.3), if ¥2 has an interior maximum at g, then

~1 < ¥(y) 0.
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We now claim that ¥ < 0in IR. Indeed suppose that there exists y* € IR
such that ¥(y*) > 0. Without any loss of generality we may assume that
¥, (y*) > 0, since, else we consider the point —y*. But then

¥(y) > ¥(y*) >0 in (y*, 00),

since, in view of the discussion above, ¥ cannot have a positive interior

maximum. This, however, contradicts (2.18). Hence ¥ < 0 in JR. Hence

Voo is concave and, in view of (2.18), constant. Using (2.17) we see that the
only constant solution is \/2(N — 2). Since any limit of v(y, s + s;) is equal
o +/2(N — 2), we have concluded the proof of Theorem 1.

Corollary 2.3: For any € > O there exists 6 > 0 satisfying
(2.19) tlin%h(z,t) < glz] for z € [-6,6].

Note that in view of (1.3) the above limit exists for sufficiently small jz|.

Proof: Suppose that for a given e there is a sequence z, — 0 such that
th_% h(zn,t) > €|2n|.

Recall that hy(t, z) < 0 for all z near zero and t € [0,T]. Hence for sufficiently
large n,

(2.20) h(zn,t) > €|znl, vt e [0,T].
1 2(N-2)
Sn = 210%(—m),
then
U(M,sn) =e£}h(we—%&’7’_esﬂ)
€lzn) £lzn|
2(N 2) o=sn
ey T

Since 2z, — 0, s, — oo and, by (2.20),

h’fmnfv(g—(—{VT—?l—)-z—", sn) 2 2(N —2) > 1/2(N - 2),

which contradicts Theorem 1.
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Corollary 2.4: Ast — T,h(-,t) converges, uniformly in [-24,2A4]}, to
h(-,T), which is smooth for z # 0 and differentiable at z =0 and h(-,T) > 0
for ally # 0.

Proof. In view of (1.3),
hi(z,t) <0 for |z]<eand T—-t<Le.

Hence h(z,t) converges to a limit which we call h(2,T) for |z} < e. On
the other hand, (0.6) implies that h(-,7) is nondecreasing on [0,¢) and
nonincreasing on (—¢, 0].

Suppose now that h(2z9,T) = 0 for some 2zg € (0,¢). Then h(z,T) =0
for z € [0, 2z0] and by Dini’s Theorem h(z,t) — 0 uniformly on [0, 2z0].

Set

@(Z,t) = h(z + zOvt) - h'(zvt) ’ (Zat) € O,
where
O=(0,20) x (T"—¢,T).

It is immediate that ® satisfies
(2.21) P =ad,, +bP,+ P in O,
where

a(z,t) = (1+(h:(2,1)%) 7,
C(z3t) = (h(z + Z0$t)h(zat))—la

b(z,t) = —h,.(z + 20,t)[h.(2z + 20,t) + h:(2,1)]a(z + 20, t)a(z,1).

But0 < a < 1and |b(2,t)| < |hs:(2+420,8)| < A~ (2420, t)|¥](2+20, t) (R(z+
20,t)h~1(0,))?7. Using (1.3), we conclude that, for (z,t) € O,

(a) |b(z,t)| < (T — 1)1
(2.22)
®) Je(z )| < o(T — )L

Moreover, again using (1.3), we see that, for some appropriate constant K,

(2c0(T = 1))7 < —hy < (K(T —1))"% in [—¢,e] x [T — &, 1).

Integrating we obtain
(2.23) 0<®(2,t) S KVT -1t in0
For p£ > 0 consider the auxiliary function

B(z,1) = B2
(z,1) <I>(z,t)+T_t+2(z z9)°.
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A direct calculation yield

. . - 1
d, — a<I>yy —b‘by = C@-{-p{m

Using (2.22) and (2.28), we conclude that, there is ¢, < T such that for all
20,

—a-b(z - )}

& - ady, - b, 2 0,(2,1) € (0,20) X (t0,T).
Moreover, for all sufficiently small p there is £ < T such that

i{ng )é(zo,t) < inf{é(z,t) i (2,1) € {0,220} x [£,T) U[0, 220] x {i}}.
te(i,

Hence ® has an interior minimum, which contradicts with the fact that &

is a supersolution to a linear equation.
In summary we have shown that

h(2,T) > 0 in (0,¢).
Similarly we show that
hz,T) >0, in [—¢,0).

Using (0.6), we
inf{h(z,%) : |z| > e, €{0,T)} > 0.

Finally, equation (0.4) for |z} > &, we can easily show that h(z,t) has a limit

ast—T.
a

2.4 No interior at the focusing point

We conclude this long section with a brief discussion, without any proofs,
of why the focusing point 0 cannot be in the interior of I'ry, for p > 0 and
very small. This will be a consequence of (1.3).

To this end, we consider the solution u of (0.2) with initial datum g,
such that {g = 0} = {r = ho(2)}. It follows (cf. [ES]) that, for ¢t < T,

Ty = {u(-,t) =0} = {r = h(z,1)},

where here, as usual, we denote by h the solutions of (0.4) which correspond
to the different branches of hg. Assume now that 0 € IRY belongs to the
interior of I'ry, for p > 0. This implies that there exist R(p) > 0 such
that B(0, R(p)) C I'r4p. On the other hand, (1.3) yields that we can bound
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the part of h which focuses by catenoids as close to (0,T) as we want.
Recall that catenoids are stationary solutions to (0.2). Finally, we recall
that the distance between two surfaces which move by mean curvature is a
nondecreasing function in time (cf. [ES}).

To conclude this heuristic discussion we argue as follows. If 0 € 'z,
choose € > 0 so small that (0,7 —¢) = %R(p) and bound h by the catenoid
passing through (%R(p),O). In view of the above discussion, the set
{u(-, T+p) = 0} cannot touch the catenoid which contradicts the choice of £.
This argument can be made rigorous at the expense of technical arguments.
We choose, therefore, to omit the details.

3 No interior - Motion after the focusing

Our goal here is to show that, under certain assumtions, if I'; “focuses at
(0,T), then, for t > T,T'y: (i) does not develop interior and (ii) “opens” up.

As mentioned in the Introduction, in general, I'; will develop interior,
(see for example: Somer [S], [ES]). On the other hand, [BSS] gives a fairly
general geometric condition on I'g, which yields no interior. We next state
this result of [BSS] as it applies to the case of cylindrically symmetric surfaces
moving by mean curvature.

Theorem 3.1 ([BSS]): Assume that Ty is C? surface and that there ezists
a constant C such that

(3.1) z-Dd+CAd#0 on Ty,

where d is the signed distance to T'g. Then Ty has empty interior in (0, +00).
Condition (3.1) has a geometric meaning, since the left hand side is the
generator of dilations and translations in (z,t) evaluated at ¢t = 0 on T'.
If T'g is smooth, then I'; is smooth for ¢ € [0,%1)(¢t1 > 0) and, therefore,
has empty interior in (0,?;). As remarked in [BSS], if the solution u of {0.2)
which defines ['; satisfies, for some ty € (0, 1;1),

z - Du+ Cu;

(3.2) Do

§£0 on l‘to

then I'; has empty interior in (0, c0). Indeed let d(-,t) be the signed distance
to I';. Then at #g
H'l = ug/|Du| s D'J = Du/|Du|
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Also
dy = Ad/(N - 1),

since I'; is a classical solution of the mean curvature flow and Ad is equal
to (N — 1) times the mean curvature.

Since in this paper we assume that I'g is smooth, the main goal in this
section will be to show that, under some additional assumptions on I'g, (3.2)
holds near the focusing time T, although it may not hold at ¢ = 0.

Throughout the discussion below we will need to go back and forth
to parametrizing I'y, for ¢ € (0,7T), in terms of both z and r. More pre-
cisely, we will need the existence of positive numbers z(t), r;(2)(i = 1,2,3)
with ¢ € [0,T) and smooth functions h,H : [~z(2),z(¢)] — [0,00) and
g [r1(t),r2(¢)] — [0, 00) such that:

(3.3) r1(t) = h(0,2),72(t) = H(0,%) and 2(t) = g(r3(2),1),

(3.4) Ti={r=h(z1): |z <2()}U{r=H(z1): |2 < 2(2)}

= {lz] = g(r,?) : 7 € [r1(t), r3(D)]},

hzz N "2 sz N—2 .
(35) hg = 1+ h% - "h— and Ht = 1+ sz + H m [—z(t),z(t)],
3.6) o= 2+ L2200 i 1y 0, )
(@) g(h(z,1),1) = g(H(2,1),%) = z in [~2(2), z(t)],
(37) (l‘L) h(g(T, t)’t) =7 in [Tl(t)9r2(t)]a
(1)) H(g(r,2),t) =r in [ra(t),r3(t)],
and

(r —r2())gr(r,t) <O in [r1(2), r2(t)]
(3.8) and
9r(r2(2),¢) = 0.

It is immediate that if (3.3)-(3.8) hold, then

and
Gry = "‘I"'zzh;3 = —sz-H;a-

gr=h;'=H ! gy = —hh;l = —H,H '
(3.9)
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The existence of such z(t),7:(t)(¢ = 1,2,3) and h, H and g with the
above properties follows from the next proposition.

Proposition 3.2: Assume that there ezist positive numbers z9,79;(i =
1,2,3) and smooth functions hg, Ho : {2, z9] — [0,00) and go : [ro,1,70,3} —
[0,4+00) such that (3.8), (3.4), (8.7) and (3.8) hold at T'g. Then there ezist
smooth z,7; : [0,T) — (0,+00)(i = 1,2,3) and h(-,t), H(:,1) : [-2(2),2(2)] —
(0,00),9 : [r1(2),73(t)] — [0,+00)(t € [0,T)) satisfying (3.3)-(3.8) for all
t € (0,T).

Proof: Consider the solution u of (0.2) with initial data ug satisfying

ug(x) = go(r) — 2| (v € [ro,1,70,3])s

N-1
where, for © = (21,...,2,) € RN,z =gy and 1% = Zz? Since the zero
i=1
level set T of ug is smooth, the mean curvature flow has a, local in time,
smooth solution I';. The resulting smooth I'; can be parametrized as in
(3.4) where h, H and g solve (3.5) and (3.6) with initial data hg, Hg and go
respectively. Moreover, u satisfies

(3.10) u(z,t) = g(r,t) - |2| (r € [r1(2),73(2)])-

On the other hand, (3.5) admits a smooth solution as long as the solution
stays positive. This yields that u is smooth as long as I'; does not focus
i.e. for t € (0,T). Finally (3.8) follows from analyzing the properties of the
number of zeroe’s of g, as in the Appendix.

a

Next we use (3.10) to write the expresion in (3.2) as

£-Du+Cuy rg,—g+Cy

3.11 =
S Dl N

The first important result in this section is:

Proposition 3.3: Assume that #{r € [ro1,703] : 7g0or— g0 —2Tgo: = 0} < 2.
Then there exzists tg € [0,T) and B > O such that

(8.12) rgr—g=—2Bg; <0 in (r1(to), r3(t0)) X {to}.

In particular T'; has no interior for allt > 0.
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Before we begin with some preliminaries which will lead to the proof
of Proposition 3.3, let us first comment on why (3.12) seems reasonable to
hold. Indeed that analysis in Section 2 yields that h;(0,t) — ~c0 ast — T,
which, in turn, suggests, by (3.9), that g;(r¢(t),t) — +oco as £ — T. This
would yield (3.12), provided one is able to control, away from the singularity,
the term rg, — g. Keeping this in mind, we define

K :Upjomy((r1(8),7a(t)) x {t}) = R
by
(313) K(Ta t) = Tg,-(T, t) - g(Ts t) - 2(T - t)gi(ra t)'

Using (3.6) we obtain

(3.14) K= L(K) in U ((r1(2),73(t)) x {t}),
where :
1 29r+9r N-2
['1/’(7') - 1 +g21>b1‘r (1 +g2)21/)1‘ + r wr.
The above equation is derived after observing that
_ dg* A _ T T-1
K_ aA A=l y 9 (N’t)_Ag(A’T A )'

and that g\ solves (3.6) for every A > 0.
We will also need to define the functions
I, J 2 Usepor) ((—2(), 2(t)) x {t}) — R by
I(z,t) = h{z,t) — zh (2,1} + 2(T — t)hi(z,1),
(3.15)
J(z,t) = H(z,t) — 2H,(2,t) + 2(T — t) Hi(z,1).
It follows from (3.7) and (3.9) that
I(g(r,1),t) = g7 (r, ) K(r,2) (7 € [r1(2),m2(t)))
and
J(g(r,),8) = g7 (K (r,t)  (r € (r2(t), m3(D)]).
Hence, (3.8) yields
sign(K(r,t)) = sign (I(g(r,2),?))  (r € (r1(2),72(%)))
(3.16)
sign(K (r,t)) = ~ sign (J(g(r,1),8))  (r € (r2(t),73(1))).
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Finally, the same computation used to derive (3.14) gives
(3.17) Iy = L(h,I) and Jy = L(H,J) in Usep,r) ((—2(2),2(8)) x {t}),
where

~ _ 1 _ 2fzfzz (N_ 2)
D=ttt TR

To state the next result we define n:[0,T) — Z™* by
n(t) = #{r € (n(t)+6§r3(t)—6) : K(r,t)=0}

2¢z+ ¢in Ute[O,T)(—Z(t)’z(t)) X {t}

+#{lz| < g(r1(t) +6) : I(z,t) =0}

+#{lz] < g(r3(t) = 6) : J(z,8) =0},

where 0 < § < min{rz(t) — ra(t), r2(t) —r1(#)} is arbitrary. In view of (3.16)
the above definition is independent of é.

Lemma 3.4: Assume n(0)) < oo. Then n(t) < n(0) and t +— n(t) is
nonincreasing in [0,T).

Lemma 3.4 follows by applying the lemma in the Appendix about the
number of zeroe’s of solutions to linear parabolic equations in one dimension.
Of course, special care has to be taken for the fact that, in principle, the
boundary Use(o,ry{{r1(2),m2(t)} x {t}) of the domain where K satisfies (3.14)
may generate new zeroe’s. This difficulty, however, may be overcome, in
view of (3.16), by applying the aforementioned lemma to K, I and J and the
equations they satisfy. The proof is long but rather standard, we, therefore,
omit it.

Next we will extend the statement of Lemma 3.4 up to 7. This is not
immediate, since the coefficients of £ and £ are no longer bounded at t = 7.
But Corollary 2.4 asserts that h and, therefore, by (3.7) and Proposition 3.2,
H and g are defined in a continuous way up to ¢t = T'. It follows that K, T
and J can be extended up to t =T away from their respective singularities.
Finally, Proposition 2.1 and Corollary 2.4 also yield that

I(2,T) = h(2,T) ~ zh(2,T) (z € (—2z(T),2(T)))
and
I(0,T) = 0.

Moreover I is continuous on its domain possibly except at (0,T).

The next result asserts that z — I(2,T) is negative in a neighborhood
of z=0.




CYLINDRICALLY SYMMETRIC HYPERSURFACES 887

Lemma 3.5: If n{0) < oo, then there exists e > 0 such that

I(2,T) <0 in [—¢,€]\{0}.

Proof: f I(-,T) > 0 in (21, 22) C (0,2(T)), then

8 hiz,T) 1
fadiy Gk tnd Rt R <0.
32( z ) ZZI(Z’T)"O
Hence
h
29 21
Let

2(T) ,3f I(,T) # 0 in (0, 2(T)).

Since n(0) < o0, Lemma 3.4 yields z* > 0. Hence I (-, T) is either negative
or positive in (0, 2*). If the latter holds, then

hGT) _ bz T)
z

{ inf{z € (0,2(T)) : I(2,T) = 0}

forall z € (0,2")

z*

and, since h,(0,T) =0,
h(z*,T) =0

which contradicts the positivity of h(:,T) in (0, 2(T)).

Lemma 3.6: If n(0) < co, then

(3.19) n(T)=#{z>0:1(2,T)=0 or J(2,T) =0} < n(0)
and
(3.20) n*=#{r>0:K(rT)=0}<n(0) -1

Proof: In view of (3.16) and I(0,T) = 0, (3.19) and (3.20) are equivalent.
To prove (3.20), we first claim that, for sufficiently small y > 0,

(3.21) ny(T) < 1}“%”7“)’
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where, for ¢t € [0, T1,
ny(t) = #{r € (h(v,0),13(t)) : K(r,2) = 0},
To this end, choose v > 0 sufficiently small so that
I(v,T)<0.

Then, by (3.16), K(h(7,t),t) < 0 for t near T, hence (3.21) follows from
(3.14) and an application of Lemma A. As in the proof of Lemma 3.4, again
we need to apply Lemma A to K,I and J.

We will conclude by showing

(3.22) ltlTIg“l ny(t) < ltlTI%In(t) - 1.

Since ny(t) < n(?), if
lim ny (2) = m (),
there must exist & > 0 such that
I<0in [0,a] x[T—a,T)U(0,a] x {T} and I(0,T)=0.
Also by (0.6), I{—z,t) = I{z,t). Hence
I<0 on Qar = [~a,a] x [T — &, TN{(0, T)}.

Since I solves a linear parabolic equation in the interior of Q7 and I <0
on the parabolic boundary of Qo 7,1(0,T) can not be equal to zero.

O

Lemma 3.7: If n* > 0, then n* > 2. In particular, if n(0) < 2, then
K(r,T) <0 for allr > 0.

Proof: Since J(0,T) = H(0,T) > 0, there exists & > 0 such that J(z,T) >
0 in [-Z,Z]. Combining this with Lemma 3.5 and (3.16) we get

K(r,T) <0 for r € (0,e]U [r3(T) — &,73(T)].

Hence, if K(r,T) has any zeroe’s for r > 0, there have to be at least two.
Finally, (3.20) and n(0) < 2 yield n* < 1, which in view of the previous
discussion implies that n* = 0.
O
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We are now in a position to prove Proposition 3.3.
Proof: In view of (1.3) and Lemma 3.5, there exists R; € (0, r9(T")) such
that, for all C > 0, ‘

lim sup (I(z,t)+2Chi(z,1) <0
1T |z|<g(R1,T)

and, therefore by (3.9) and the formulae before (3.16) we have

(3.23) lim sup [K(rt)—2Cg(rt)]<O0.
1T re(ra(t),Ra)

Next, choose Ry € (r2(T), 73(T")) and set

k= sup K(r,T)<O.
r€[Ry,Ry]

Hence, for any C < k sup |g:(r, )|},

TE[R11R2]
(3.24) lim sup [K(r,t) ~2Cg(r,t)] <O.
T r&{R1,Rz2)
Also
J(2,T) = H(2,T) = zH,(2,T) > 0 in [-2(T), 2(T)).
In fact
k inf J(z,T)>0
1= 7D
and
ko= sup |[Hi(2,T)| < oo
|21<g(Re,T)
Hence, if C < k; /k2,
Ii J(z,t) + 2CHy(2,1)] > 0,
e, gt 750 5]
and, consequently,
(3.25) Gm sup [K(rt)—2Cg/(r,t)] <O0.

1T re(Ry,r3(T))

Combining (3.23), (3.24) and (3.25) we obtain (3.12).

In view of the discussion at this beginning of this section, Proposition
3.3 yields
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—z - Du+ Buy

>0 r
|Du| on 1y,

with B = 2[(T — to) + C]. By (3.10) and the smoothness of g, there exists
a K > 0 and v > 0 such that

(3.26) —z - Du+ Buy + K|u| > v on RY x {to}.

The maximum principle and the properties of equation (0.2) then yield
3.27) —z- Du+2[(T — 1) + Clu + Klu| > v on IRY x [tg, 00),

in the viscosity sense. Suppose now that u is smooth. Then

d%{u(w(S),t(S))eXP[K(Sgnu(m(S),t(S)))S]} 2

where, for every (z,t) and s > 0,

z(s) = ze™*

() =T+C—(T—-t+C)e~?

Hence
(3.28) u(z(s),t{s)) > u(z,t) + vs.

Although (3.28) was derived under the assumption that u is smooth, it
follows that it holds for all s, since (3.27) holds in the viscosity sense. But
then, for £ = 0 and t = T, (3.29) yield z(s) = 0,¢(s) = T + C — Ce™ 2.
Hence by (3.28), for € > 0,

u(0,T+¢€)>0

i.e. I'r “opens up”. (Recall that (0,t) < 0 for all t € [0,T) and »(0,T) =
0.)

Finally, in order to show that I'y is smooth after the singularity, it suffices
to show that the equation

G (N =2)G,

Gt=1+G2 T

admits a smooth solution for t > 0, even if G(:,0) has a singularity like the
one of g(-,T). This can be shown by a number of approximations using a
combination of standard parabolic regularity {LSU], the gradient estimate of
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Evans-Spruck [ES], Angenent’s lemma (Lemma A of the Appendix) and the
stability properties of surfaces moving by mean curvature (cf. [S]). (Indeed
the details of this argument have been caried out in [AAG].) As a matter of
fact, such arguments can be used from the beginning to show that I'; never
develops interior. This is the approach of [AAG] for “barbell” type domains.
In this paper, however, we chose to follow the approach described above since
it gives rise to (3.27), which has a very nice geometric interpretation.
We now combine all the above to state the main result of the section.

Theorem 3.8: Suppose that the assumptions of Proposition 3.2 hold and
the n(0) < 2. Then the evolution t v I'y never develops interior. Moreover,
it “opens up” instanteneously after the focusing time and continuous moving
as a smooth surface.

We continue checking that a torus
(r=1)%2+22=R*> (0<R<1),

whose evolution ¢ — I'y by mean curvature focuses at (0, T'), satisfies n(0) <
2. This will yield Proposition 3 in the Introduction.
A simple calculation yields

1

K0 == 5m

[*2 4+ 7(R?—1-2T(N - 1))+ T(N - 1)],

where .
go(r) = [R* - (r = 1)?]7,
The above claim is then obvious.
We finally conclude this section with the:

Proof of Proposition 3: Let I';(R) be the solution of the mean curvature
flow with initial data

To(R)={c e RV :(r-1)2+22=R?} (0<R<1).

Let Texi(R) be the extinction time of T';(R). We have already shown that
either I';(R) is smooth for all £ < Ty (R) or it focuses at some time

T(R) < Text(R). If the solution focuses before the extinction time, we have
already argued in the paragraph right before Theorem 3.8 that it evolves
smoothly after ¢ > T(R) until the extinction. Now we will show that for
exactly one value of the parameter R, the extinction and the focusing times
are the same. Set

Ry =inf{R € (0,1) : T(p) < Text(p) Vp€[R,1)}.
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It is easy to see that Ry € (0,1). Now if R > Ry then we have shown that
I',(R) “focuses” at zero at ¢t = T(R) and then “opens up” and finally goes
extinct smoothly. If R < Rg we claim that I';(R) evolves smoothly to a circle
at Tex(R) without focusing. Indeed the properties of the mean curvature
flow imply that

(3.29)  d(t,R) =inf{|jz — y| : ¢ € Ty(R),y € T+(Ro)} 2 d(0, R) > O,
for all t > 0. Moreover T'4(R) = 0Q(t, R) for all R and ¢ for some closed
region (¢, R) C IRY. Since Q(0, R) is included in ©(0, Rp) we have
(3.30) Q(t,R) CQ(t,Ro) ¥t < Text(R) A Texe(Ro)-
Now choose t* = t*(R) satisfying
Q(t*, Ro) C {z € R" :|z| < d(0, R)}.

Then in view of (3.29) and (3.30), we conclude that Toy(R) < t*. Using
(3.29) and (3.30) it is also easy to show that 0 & (2, R) for all £ < Teyxi(R).
Hence T'4(R) is smooth for all t < T(R).

O

Appendix.

In this Appendix we state a result of Angenent for the convenience of
the reader. The statement of this lemma is taken from [A2]. However its
proof is in [Al].

Lemma A. Let u : [zg,71] X (0,20) — R be a continuous classical solution
of
uy = a(z,t)ugy + bz, thug + c(z, thu

with u(zg,t) # 0,u(z1,8) # 0 for allt € (0,1p).
Assume that a,b, ¢ satisfy

(i) 6§ < a(z,t) < 61 for some § > 0,

(%) a,as,az, azz,0,b4,b, and c are bounded measuradle functions of
[30»3’1] X (O’tO)'

Then the number of zeroes of u(-,t)
2(8) = #{z € (@0, z1)lulz, 2) = 0}

is finite and non-increasing in t.
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