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Problem 1
.

1

a) Since =1
,

we only use the first time for all times

after one
,
i

.

e
, ap= 7 for every b

*2
.
Hence the distribution

of t is uniform of [1 ,
37 for all R*2. Therefore,

T

J = lim ↓ErlimR
T- k=1 k= 2

=> expected value of the rewards from the first arm

= 93rdr = IE)

b) Same reasoning as in part as implies that

J = expected value of the rewards from the second arm

4
=>J Erdr =1)

2

1) As N= 1
,
we use both arms once .

LetIf be the

reward from arm one and By be the one from the second .

Then
,
%(a)= Ra for a=1

,
2

,
and a1 iff R >R2

Hence
,
R(a*=1)= (R=R2) .

As Ry
,Re are independent,

fr
,
Re(x,y) = frfrely) ,

and

fr = E for x[1,3] ,
zero otherwise

,

frely) = E for ye[2,47 ,
zero otherwise

..



Therefore,

P(R1R2)= Yaxyzdxdy
where

*
Exyz

=55X
So

Pa*1)=xdy= (3- y)dy=

Summarizing ,

Pla*=1= = ,
Pla*2)=

d)
#[J] = E[5laE1]P(aE1) + E[Tla

*
=2]

= 2 . 5 + 3=l
e) As for large k ,

themaximizer will be the second arm
,

on average we will chose the second arm (9005)% of

thetime
,
and the first arm 5%of the time. Hence,

limitingJ value = 10
.85) ECr(a=2] + 10

.
05) #[la=+]

t

= 10
.
95)3+ 10

.
05)2 = Test

See the solutions to homework1 for a full proof,

but that is not required here.



Problem 1
.
2

.
Here we give only the computations as the

reasoning is exactly as in Problem 1
. Reward distributions :

arm 1 : reward=0 or 1 with probability each :

arm 2 : reward=0 with pr . & and otherwise 1.

a) J=Creward larm=1] =Et
b) 5 = Efrewardlarm=2]=Et
C) THIS IS SOLUTION WITH NE

# (a*=2)= II(RI< R2)= (R=0 andRet==t
=> plat= 1) =% .

a) E[5]= E. + 4.=
e) We use first arm 90% and second arm 10%.

limiting5= 10.5) + 10
.1)=t

Problem 2
.
1

a) The controbility matrix is= [B : AB] and

AB= [%][i] = [a]
·

=> 3=[i]which has rank12 not controllable Xa
.

b) Set X= (Up ,SR). Then ,



VR+=EVE ,
XR=1

,
2
.

Sc = a Sp +Up ,
FR= 1

,
2

...

If we choose UF-aso ,
then Spo for all 231. But

Ve=Profor all R21 no matter which control we use.

Therefore ,
20 if one of the followings hold

either t =0 (then
any 930 ,

a and so allowed

or tot0 , but p 4 (any a and so allowed).

c) V=M +PATFA -PEATFB(N+1BTVB) BTEA .

Let[ *] .
We first calculate that

N + BTB = 1+z

Also
,

At B =]][i] =]]=[]
BTVA = (ATVB)T= [ y/2 ,

z]

and

ATWA=[I] [*/T=J
Therefore,

[Y2][]21]-EYEL



d) We have 3 equations for 3 unknowns X
,%,

z :

x= 1 + Ex-+z G)

y=y -z+z)2z (2)

z = 1 +z - 1z2 (3)
HZ

Third equation is only for z and is equivalent to

1 zz1=0 ))
We also observe that y=0 solves the second equation .

Then
,
with y

=0
,
first equation implies thatt

Problem 2
.

2
.

a) Controllability matrix is= [B ! AB] = [i] .

So

controllable if and only if a#1.

b) For X= 0
,
v/X= 0

.

So from now on assume X0
.

If a1
,
(A

,
B) is controllable

,
therefore for any

initial datax
,

there exists a control MotIR (depending on x) so that Xy= 0
.

Hence
, if at1 we have via coo

,
because we use first

No and then UREO .
This yields XREO and T100

·



Now consider the case a=1
.

Let XR= (VR ,See .

Then,

Vk+ = VR+Up 3 = (v-Sp+ 1

= (-Skyr .

Sk+1
= Sk+ur

Hence
, (V-Sle= Wislo for every

R= 0,1...

SupposeC1 Take n= 10, ...1
.

Then
, Up

=To
,Se

= So and

5(u) = [ph(Ete) = Ieklists) 100
.

Suppose &31 .

For
any control sequence U: = Mo

,My. - . )

if J(u) 200
,
then pRu2 goes to zero as R approaches

to infinity. In particular , Ver is close to zero. But as

(v-sr= (v-s)o
,
if Notso ,

then See is close to

(v-so and Ipkse=+o
.

The only case left is 931 ,
a=1 and Vo=So

.
In this

case we take Up= /VR .
This yieds VR=Se=Ero and

JCoo
.
So we conclude that

v(X)= +o for any31
,
a=1 and X= (o

,
sol with NotSo

Problem 2 .

3
.

Set 5(x
,4):

a. Then,



v() = infS(+u+It is

Set := (11
,12 . . .
)

.

As Xo=X
, we have

v(x= x* + inf < : + 5(x1, )}
(o, )

= x+ inf Su + inf 5(x ,i) }
No i
um
=v(1)

Since X1= Uox+1
, with n=No,

,

v()= x* + inf Su+w(nx+1)]

b
. Use the contol m= 10

.
0
... ) .Then Yo0 , Xe=1 for

all R31
.

This implies that

510
,4)=/+o] co

c. For X*0
,
let 1s= - 1X

.

Then
,

*10. Hence
,

v()[x + (1(x)2+ v(0)200
.

Problem 2
.4.

.

a) It is clear that JC0
,
X

,u)=X and hence v(o
,
X =X .

For nyo,



v(n
,x) = max[-Eu +El-Eu

Note that

En
Therefore,

v(n
,x=

maxd-EEXT
As

So
,

with Us=u,

v(n
,x) = maxE-Eu+[v(n-z

,x1)]

b)
.

We substitute /= X+ 1/2 on the right-hand side

of the above equation :

max3- [X+u(z0t +En-1]

= max 2- En2 + x + u(E(z0)+1) +En-23
V

= max2-u+x + n+-

= x+ En-E + max[n- Eu3
um

=12

= x+ En =v(n
, X) .



Hence
,
v()= X+1/2 solves the dynamic programming

Therefore ,
it is equal to the value function.

c)
.

The maximizer in the above calculation (max&u-Ev's
isu=1

.

Hence
,
u
*

E1 is optimal .

Problem 2
.5

a) .
Set x(t)= (y(t),y ))T ·

Then
,

xA)=[yt]a
by Since Sin(ex for xwo

,
we replace Sin ly(t)

with yet).
The other nonlinear term is y(tMH)

we replace it with zero. Hence,

x =/ + [JuH = [b]xH+[Jua

C) For>o but small
,
set XR:=X(Rh)

,Up=u(h).Then,

*R+1EXp+ hx(h)

=xx+h[i]xk + [i] UR
= AXk+BUR

where



A= [m] B=/].

d) The controllability matrix is given by
3= [B ! AB]= [b]

is full rank .
Hence

,
(A

,
B) is controllable.

Problem 2
.
6

a) Set x(t)= [yHt) , y() , y"Ats] Then,

*(=To(x(t) +T I+us

b) For small y , y300 .

Hence
,
for yet)O,

Y() = %+H+18I000

c) With och small ,
set Xe=X(Rh)

,Mr
=LR)

.
Then

,

*R+LEXR+hx'(22)

=Xp+h[8]x+Ma



Hence
, XR+ 1

= Axe+Bue where

12 BA[
0 0 1
]

d) The controllability matrix & is given by

3= [BIADB) =Thise 3
has full rank .

Hence
,
it is controllable.

Problem 3 .
1

. First note that BprBurBn =- and

they are disjoint.

a) P(BpIA)+(Bn(A) + IP(BulA) = 1.
um

= 0
.
7 (given)

= 0
. 1 (given

Hence,Bula= 1-0
.7-0.

1 =% . Similarly ,

#BulA) = 1- 1(BplAY) -IP(BulA? = 1 -0 .
1-0

.
6 =).

b)P (Bp) = I(iplA)(A) + I (BpIAY II(Al
=10.
71(0 .05) + 10

.
1) (0 .95) = 0.

73

#B)=BA-


