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2) An example

3) solution to theexample



I
.
GENERAL FORMULATION .

This is a deterministic problem with known

functions. So there is no learning nor randomness.

d

The state Ye is a d-vector.

The control utIR" is a e-vector

The admissible controls areany processes.

a)Dynamics
Given a control process No,11

, ·
and an

initial conditionXo
,
the state process solves

XR+= AXr+Bur ,
k=0

,
1
....

where A is a (d) matrix andBi (axe)

matrix both known

Note that there is no issue of solvability
or uniqueness. Indeed

X=AXo+Blo

X2= AX1+Buy = Axo +ABu+Bu

Xz=AX2+Buz = AXo+ ABUo+ABu
,
+Buz

----



b) Cost Functional : infinite horizon

Jo(Xo
,
u)= (MN

where $30 is the discount factor ,
M is a (dxd)

matrix ,
and N is a level matrix .

All are known.

and we assume that Mand M are symmetric
and positive definite. Equivalently all eignvalues
of M and N are strictly positive. In particular,
there is a constanta such that

*TMx #2
,
uTNGlu

c) Cost Functional : finite horizon n

Woul:MeNur)
where M

,
N are as before and it is another

(dxd)
,symmetric ,positive definite matrix .

I
.
AN EXAMPLE

Just to fix the ideas
,
we consider a one-dimensional



example with dee1
,

Az
,
B=M=N=1

, p=2
,Yo

Then
,
the problem is to

minimize(
subject to

*E+ 4XR+Me ,

R=O
,
1
, .

#I SOLUTION TO THE EXAMPLE

We can choose Up as a constant multipleof

Xe itself : up--f XL for some constantf

Then,
* R+=(4-fixe k=0

,
1
, --

Since Xo-1, wehave

Xe= (4 -fi k=0
,
1
,--

This implies that

5(+ - fx

=
=(((- geometricsum

= Gf2, 28in



= G+f 1

1-
2(+q

= *

Of-f2 -14

This som is finite if (4-12 .

Tominimize,

we differentiate :

If

-14-
=> - (8f - f2- 14) = ( + +2)(4-f)

= 882 --3 -147 = 4 - 7 +472 -93

= 472-137 - 4 =0

We numerically compute that
↑

*

&5.
53305

.

This is indeed the optimal control as we

prove generally in the next fecture.

general initial data.

Instead of Yot1, we now consider
,

ageneral Xo

By the same reasoning
X= (4-f(RXo .



and
J =

2(+f x
8f - f.3-14

Hence the optimal f denot depend on No.

finite horizon

Consider the problem
m

minimize In= [(x
Rz0

subject to

tRH
= 4XR+Uh

.

Since the problem is no longer time-homogenous
there is no reason for optimal gains constant

- to be independent of time.But we can solve

for this constant recursively in time.

n=1 Problem is simple :
-

minimize yothe over No .

Then
, ut= 0 and the minimum value in

vol :=int
h=2 The problem is



vz(xd : = minimum[(X+u2) +(xP +u
,2)3

No
,H1

subject to X1 = 4xotho
.

Hense
,

red =minuto
= min[+t

By calculus %--exo land wealso have used .

Hence
,
vz(d = **+ 1-2x* + (4x0-2xo)

*
= 9X*

n=3
-

Uz(d :=minimum 2x*+18 + xi+ui +x3 .
No

,Va,H2

= minim 2xo+42 + minimize [xi+mi+ (4x, +a,)2}}
No Uz

,Uz
-

= 9x? fro case ne2= 9 (4Xo+Us)2

and ut-2x,U**=0
.

= minimize &X8+12 + 5(4x0+u823
No

↑

us + S(4th)=0 E us-3.6x0

This is dynamic programming


