
ORE 418 : OPTIMAL LEARNING

LECTURE 2 : September 8 , 2025

(slightly revised afterlecture).

Examples

1) Moon Landing
2) ArmedBandits

a)Problem

b)Discussion

c)Explore-Exploit



I
. MOON LANDING :

From last Lecture

~ I lunar module with mass m(t)

h(t)height

T
, 111I(III) (((()//I/I

moon surface

Newton law : metht"--gm(t)+, where

Imoonis the gravitational constant of moon and C44

is the control .

Goal is to minimize total fuelS. Gldt and
wewant softlanding : ve = &'Cel=o where

It is the landing time.

State : x(t)= (h(t)
,
vH

,
m(t) = position, velocity ,mass

control : <C) = fuel pushed down to slow down

the lunar module

admissible controls 2 : all att so that we

haveasoft-landing ,
i

.e
,
v()=O where

Ii the landing time.



state equation (or dynamics) (simplified)

(v
wherh is a known constant.

Goal T

minimize So96 at ,
where i is defined as :

:= inf(to : alt=03
.

In this problem there is a learning as all
constants are known from physics and no randomness.

See noty for the discussion .

RemarkThis problem is naturally set in continuous
time and not discrete .

So itis not inthescope

ofthis course. But thesolution technique is verysimilar

to the ones we will develop .

Itis included because

ofits historical importancee.



#
.

MULTI-ARMED BANDITS
.

One armed bandit is generally taught ofas a
slot machine in a casino. Theyare called bandits
as people beleive that theyare rigged to take

money from players. Theimportant partisthat when

played we do not know the odds. This makesthe

problem a learning one.

We start with an example taken from the

book "Introduction to Multi-ArmedBandits" by
A slivkins

.

a) Example : News Website

A news website offers personalized newsheaders

for any user
that visits their site

.

Thegoalisto

maximize the number clicks ofthe users. To

achieve this goal the website should learn the

characteristics of aparticular user and present

headers that would be interesting to that user

whereby increasing the probability ofaclick.



This problem has

(i) learning : site does not know the interests of
a user and learnsit by observing their choices ;
(i) randomness : site can only learn statistics
and cannever be sureoftheoutcome

b) Mathematical Formulation : News Website

Suppose that site has K headersto offer.

Each one is regarded as a "slot-machine".

When the header labelled at[1 , ..,k} in

offered
, probabilityof a click is glas .

Thi

value glalCo,1] is not initially known and
has to be learned.

Suppose that a user visitsthe site T-times .

Let (91 , ..,97)be the Crandom) sequenceof

headers offered to this user , and let 1 + 50,13

be the random reward
,
1 indicating the user

read the offered news. The goal is to maximite.



al

5(x) : = EZE]
If we make the unrealistic assumption that

glas's are known to the site
,
thenthe

solutionis trivial :

=]
ifa = (a, ..,a+) ·

=(-,
at)()max J(a) = max

2= (d , -- ,at

- max gla
Ta, ,

where
= argmax g(a)

So the trivial decision is to chooseat allthe time .

Here the important structural considerationis

that prior actions do not influenceElglat]·

This is not the case when we introduce

learning into the model.

6) solution with learning :
We provide an "intuitive" approach and

formalize it later inthe course.
↑



First step is estimation.

Let(a) be the best estimate of the
unknown probability9(a) calculated bythesite
at time t using the outcomes ofthe user's
reaction upto this time.

In fact the vector (G), ...,() is the
state of theproblem. The initial estimates

((1)..(k)) is part of the description of
themodel and is assumed to be known.

BasedonBayesian updating (recalledindetail
later in the course)

,

we assume that the updates

are given as follows,

Moa) if Nt(a)=0 ,
&(a) =? ↓a Xara,

where Nual is the total number oftimes

header a is offered upto timet,he,

Ntal=Mana att.,



Note that ,by lawof large numbers,

eim Ela)=gla) if him Nal =+o
to

In words
,
thesite will eventually tearn ala) provided

that itoffers the header atothis user

infinitely manytimes.

Intictive Solution : Exploit &Explore

At time t, given the estimates (6) ..(1)
the site has two options :

exploit : choose the header at that maximizes
the probability estimatesC).

However
, if the site only exploits it maynot

bearn and will be stuck.

explore : Occasionally , the site should offer
a random header to get abetter estimate

ofthe click probability.
This suggests the following E-Greedy



algorithm :

E anmax la
: with probability 1-E,

I=
~

at
: with probability 2 ,

where it is chosen randomly from E1...,Kh.

One can show that by letting to slowly,

we can achieve the optimality as Tr.


