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RICATTI EQUATIONS

1)Dynamic Programming
2) Linear Ansatz

3) solution



I
.
DYNAMIC PROGRAMMING

We introduce dynamic programming inthe
LQ

setting as a general solution technique .

Itwill

be revisited later in the context ofMDPs.

We use the same notation as before and

consider the infinite horizon problem-

X+= AXe+Bae ,

5 (ou)= 25 R(XMxetweNur)
and define

vHo : = infJ(u) (=wo but disdroppedf
THEOREM (2 .

2
.1) Suppose v(o) coo . Then itisthe

unique solution to

vNd=Motinf EuTNn+ er(ABY
Moreover

,
the optimal control is given by

u(0) -> angmin [uTNu+ ev(AxotBu)3.
neRRe

-



Basic idea of the prost isthis :

J(gu)= XoTMxo+ no T Mus

+N
-
-J(x1

,
i)

where In=Cut - ) ,I.e., in shifted by one.

-mapotgiventhenotatakei
We postulate that

v() = XTEx
,

xeid

for some (dxd) , symmetric ,positive-definitematrixT,
whereXt isthe transpose . We substitute this form

into the dynamic programming equation :

xTVX = XMx + inf SuTNu+ (AxtBu (AxtBul3.
v

The minimizer u
*
satisfies

NY + BTFAX + BTFBu*=O



Hence, -I

=F.X
,

F = (NBTFB) BTVA

Substitute this back into the equation toobtain

*TX = XMx + xTT+NFx + X (A-BF)TF (A-BF)X
.

Since above holds for everyX ,we concludethat

V=M+ENF + (AT-FTBT) (A-BF)

=M + FT (N +BVB)F + AVA

- FTBVA-ATVBF
.

We substitue the formula for F into the above

equation. First observe that

FT (N+B) F= ATVB (N+BTU)FBTVA,
FTBTVA = ATVB IN+BTVBBTVA

,

ATVBF = ATVB (N+BTUBIEBTVA
.

Hence
,
T satisfies

V=M+ ATVA-ATVB(N+BTVBJEBTVA

This equation is known as the homogenous Ricatti

equation.



#I
.
SOLUTION .

We summarize the above calculations as follows :

(i) Suppose that the homogenous Ficatti equationhas

asolution T.

(ii) Then r= XTEx solves the dynamicprogramming
equation. Since this equation has a unique solution which

is equal to the value function ,I is unique.

Livi Optimal Feedback control in given by
( = - Ex

,
F= q(N+PBTVB)BIvA

.

a) One-dimensional example.

There diff
,
A=4

,
B=M=N=1

,P=2 ·Then the dynamic

programming equation is

= X+int Su*+ (4x+u)S
U

We postulate that vex= rx?. Then
,

vx= x* + infu+ (4x+u)2}

By differentiating at the minimizer u*:

2* +v(4x+=0 - =-x=:-Ex



Hence f-4rletu-1 which agrees with the

general formula .
Also

uxx2 +Ev(4-f2
-> x (1+-2 (+ +80 - 480]

=>
v= 1+8V -u

This equation also agrees with the general formula.

Moreover, it reduces to the following quadratic

equation :
82= (2+u)(Fr+1)= =

=

+15v +2

=> 15V-2=0

Its positive solution v3 .
533 agrees with the

previous calculation from the previous lecture.


