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LECTURE 6 : September 21 . 2025

1) Problem Formulation

2)Dynamic Programming



I. PROBLEM FORMULATION

Stochastic dynamics is given by
*+1

= AXR +Bur + WRL R=0, . . .

where A
,
B are as before ,

and Wi
,Was ...

is a sequence of independently , identically
distributed(ivd

.

) Sequence of R
&
valued

Gaussian randomvariables with mean Zero

and (dxal covariance matrix Q .

#nfinite Horizon cost functional is

given by
Jou) :=/M+
Important restriction the control is that

they must be adapted to the information
flow . Namely , Up can use information

upto time b or equivalently was ..,we

We always need ps1 to have a

finite value function :



Vo(x) : = inf J(yu) ·

neI

Example. Consider theproblem with delt,

XR+4+Ne+ Wr+I

where Wa
,We , . .

have zero mean and

variance o? If we use a linear control

Up= -Expe ,
then

*k+
= (4-f)Xz+ We+1

=> xn= G-f)No + Yu
and n-R

YnFf) We ,t

Then
, ear(n) =varCyn)

->Clvari
= ou(f)

So nomatter how we choose thegains
constant f

, Xe will never converge to zero.



I . DYNAMIC PROGRAMMING
.

Proceeding exactly as in the deterministic case
,

we obtain the following equation for the

value function No :

vs(= xMx + inf EuN+ PEN (AxtBu+ w
,)]

We postulate that

vo= XTVx+ 2

for some positive definite matrix , symmetricmatrix
T and a constant C

. Bysubstituting this

form into the dynamic programming equation
we obtain the following result :

THEOREM 2.4.1.

Let to be theRiceati equation
with matrices (A ,

B
,
M

,
N) and discount factorp.

Then
,

=XTVX+Grace(Q

and
*()= - Ex (with the samegainsmatrix)

is the optimal feedback control.



Roof given in the notes is astraightforward
but tedious calculation. Important to note

that theformoftheoptimalcontrol

does not change !

Example. Goingback to the previous example ,
we

have d=l=1
,
A=4

,
M=N=1

,
and p=E .

Then
,
the

dynamic programming equationis,

vo = x+ min [u+EE(4xtu+w
, 1]

.

1

We know that vol =Ex + C
.

Hence

# [r(xth+w)] = E(+(4x+u+wp]

=> ESLINtuE +CXtU(Wilme
=O

= v/extu+o]
.

Then,

x+C =x + min u+V(4x+ul2} +o

By calculusx=- ,exactly as in the

deterministic case .
Hense,



C= =%/2

and= 1+(+-T

=
This is the same piccati equation as in

the deterministic. case
,


