
ORE 418 : OPTIMAL LEARNING

LECTURE 5 : September 17 , 2025

Inverted Pendelum

1. Formulation

2
. Contrability
3. Connection to Ricatti Equations
and LQR.



I

. INVERTED PENDELUM

Wewant to keep an inverted pende-

ma himon a cart close to the vertical

line (i .e .,to bymovingthecart

horizontally. Clearly this is an
= massM
E unstable configuration .
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a)Problem formulation· State variables are

Act)-angle , 8'C-derivative of the angle
pt) = position of the cart, p'Ct= cart velocity -

So we set

x() = (o() ,8'(t) ,p() ,pADT

Control variable is the force FC applied to the cart .

Dynamics come from classical mechanics :

F() = (M +m)p"() -ML") Cstt) +mL16') SinEHt)
LE"( = g SinE(t) +p"It) Gso(t) ,

where g is thegravitational constant-%.81110m/se?

Notethat x(t)= 10
,
0
,
0
,
01T is an unstable solution.



Difficulties are several :

(i) dynamics are not linear.

(ii) itis naturally set in continuous time.

(ii) objective function is not specified (yet).
(b) Linearization Since the pendelum is goingto

operate #(t)O , we linearize the above functions

around the 8-0 by using Taylor's formula :
Cost-E1

,
Sintro . IFro

This yields the simplified equations

F(t)= (M+m) p"() - met"()
,

Cott" - gett +p"c) .

Let XED be as above andsetu
Then,
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minin
= Ac =Be

where a=mg/m ,
b = (mimg/em



Not finished yet ! We still need to discretize timee.

Choose a small time step h= At.Then,

(xtth) -xC] x() = Acxt) +B-u()

By algebra we obtain
X(t+h) = x(t) + hAcX() +hBeu(t)

= [IthAc]x(t)+ &Be nH) ↑

u um

A B
&

Hence
-

Eh0 0
-

o -

A= I+Ac = 0 I ah 0
,

B=B = hL

00 1 h O

0 0 bh 1 h
-

-
-

-

This establishes a linear equation for thestate

process in discrete time.
-

For LQ control
,
we need a quadratic cost

function or equivalently matrices MandN . But

the problem is a question of controllability :

is there a control that bring the stateto Zero?



I
. CONTROLLABILITY

.

We
say that the system inI

XR+ 1= AXk+Bug (A)

with given matrices A,B is controllable iffor

every initial pointin and a terminal point yout

there are n31 and u= (no,... un)tl such

that the solution to (x) starting atXo= Xin satisfies
Xn= Yout .

In words
, by choosing appropriate control

we can move the state from any pointin to

any other point you in finitelymany steps.

THEOREM2 .3. 1 The dynamical system (A) is controllable

if and only if the dxed controllability matrix

3 = [BiABi- ....A
+

B]

has full rankd .
Moreover

,
when the system is controllable

then the Ricati equation with
any MandN has

a

unique solution.

See the notes for a proof.



Pendelum Example
.
We have d=4 =1 ·

The,
-

Eh0 0
-

o -

A = 0 I ah 0
& B = hL

0 O I h O

0 0 bh 1 h
--

-
-

We compute that

- - L+ah -

AB=LB= echtals EB= Wh+JahE

↳
3

2h 34+ bh

- h -

bh3+h
-

36h3+ h

-
-

3
O sh 2th zhhtah

2

S = h
h ↳ ↓tah ↳+Zah

?

O Wi 2h2 32+bu3

1 I bu+ 1 3bh2+1
-

-

has full rank (has to be checked) -

#
.
Connection to LQR

THEOREM 2
.
3
.
2
. Supposethat the dynamical

system with matrices A and B is controllable·



Then
, for any positive semi-definite , symmetric

matrices MandN
,
the Ricatti equations is

solvable.

Proof .

For nX1 consider

Un(xd : = inf In (vo
,
u)

mp[xMxe +Nue]= info
And
volva= inf To o,w)

= inf 2[MN
Since thesystemis controllable

,
thereis

nett such that Xn=0 .
Hence

,

Voxo 100 and Lim Un =To(Xo) ·

no

By induction we can show that
Und= xo inYo

for some positive definite symmetric motix
in

. By convergence of Unfol ,weconclude
that matrice is also converge. Hence,



-tool= YowXo and we then slow

that to solves the Ricatti equation -

D

Inverted Pendelum Example ,

Suppose m=1, = 100 , LF1 and take

ge10. Then, ato . 1 and be 10. 1. We

arbitrarily choose h=At= 0 .1 , p= 0 .36,

M= I and N=1
.

Let to be the

solution of the Ricatti equation which

we know to exist. Then thegain matrix

F is given by
F= (N+BTB)

2
BTVA

Using the package linaly from spicy
in python and the command

solve-discrete-are( .... (

we compute T .
Hereare stands for

Algebraic Ricatti Equations .

Wecan then

compute F .
Results are in lecture notes .


