
ORE 418 : OPTIMAL LEARNING

LECTURE 8 : September 29 , 2025

BAYES FORMULA

1) Recall from Probability Theory
2) One discrete variable

3) Gaussian Case



I
. TOOLS FROM PROBABILITY THEORY

Let X be a real-valued random variable (r. V .).

Its probability density function , pdf , fxll satisfies :

#[2(x1] = S% h(fyMdX ,

for any continuous bounded function
h

.
Formally,

fx(dXP(X- [x
,x+dx])

-

Given another riv
.

Y
,
the joint probability

distribution fx
,
y() satisfies :

# [H(,] = 5% 9 H(xy) +x
,y
(

,y)dxdy ,

Formally

fxx(x,]) dxdy =P(Xe[X,X+dx] and YeCy,yedy])

For givers XTY, the conditional pdf

of X given=y3 ,
denoted by Exly My satisfies :

ECh)ly] = (h) fyWy]dx .

As above formally ,

fx(((y)dx (X- (x
,
x+dx]/ =  y) .



Proceeding formally
fxxx ((y)dx= (X- [X

,
X+dx](Yt[y ,y+dy])

(X-[X,X+dx] and YeCy,yedy])
=>

P(Ye [y ,y+dy])
fx,(,]) dxdy

= ↓

Fy(y)dy
Hence wehave

-x(y) = EX
By symmety wehave

fx y
(x

,y) = fx(y((y) fy(y)
=> fylx(y(x) fx () ·

This can be rewritten in the formofaBayes formula:

fylx (y(x) fx(x)
fx((y) =

Fy(y)

This is the Bayes formula for continuous random
variables.



I
.
Mixed Case

.

We now consider the cases either XorY

* discrete valued. Note that the case XandY

are continuo valued is treated in SectionI .

When X and Y are both discrete valued ,
this

is infact included in the Bayes formula for partitions.

Indeed
, if take values Eyn-- -Emb and

* takes values EX, ..,XN3 ,
then

P(=ya/Xxi) E(X=Xi)
#(XX (Y=yr) = N

= P(y)=Xj) (*] I
j=9

forany it ..,
N

, j1 , ...,
M

.

See Exercise3
.
4 in

theLecture Notes ,

Example. Consider a coin and letP be theprobability
of getting Head onceitic flipped . Initially ,

we have

no knowledge about 4 and our prior distributionis

uniform . Suppose that we flip this win 100 times

and 52of them areHeads .
Withthis information



we would like to update our distribution of P.

Note that this is not estimation -that wewill

consider next lecture.

So mathematically
fp() = 1

, +[01] Cuniform Prior

Y=ofheads in 100 flips .

The conditional probabilities /T=R(P=p are

known :

EY=R(P=p) = (10) php-pleak
for k=0, ...,100 .

Wewould like to compute

fily(152) .

For
any subset

A <0
,
17 we have

P(PEANTL)=DAnd
Also

,

& =52/P=p) = (e)(152(-p:40
Since fp(p=1 we have

B(=52)= &(10) (p152y-pl*dpl = : c+2



Now formally take A= [p ,ptdp] .
Then

Eph(p152) dpE(PeAlY=52)

P(P-[p ,p+dp] ,Y=52)
,&

C52

-loo pacp
The above is the Bote distribution with parameters

a=53 and b= 45
.

Its mean is afath) : 0
.5796 ·

Now consider the case where X is acontinuous

rv
,
and Y takes values in Eys ... Yu ... 3. Then,

P(Y=YesX=x)

Fx(xlye) =
&

# (Y=yz)

and
Dye) = J(=yes / X=x) Ex (dx .

#
.
GAUSSIAN CASE .

Werecall that if ZIR" is Gaussian
,
then its

pdf is given by ,

fz (z)= (2ndet(z)mexp(-EA-Mz) "zz)) ,
ze

,



where MEIRM is the mean and the (mxm) Symmetric

positive semi-definite matrix Iz is the covariance

matrix of E. .

& d

Suppose that XER ,
YER are jointly caussian I

&

corresponding to the case E= (X
,
Y)-IRM with maked.

Butwe separate mean and the covariance matrix

into its X and Y components :

Nz= (MX ,Myl ->
-R&

2-
Ex ExI IEX Ey

where Ex is the (txh) covariance matrixof X,

E is the (dxd) covariance matix of Y ,

&Y is the Exd covariancematrix of X
,
Y and

= (Ex), :
.
e

.,

(Ex) in = #((X-E(: (X-E(u] ,
in=1

...k

(s)e
,j = E[(Y-EM)e (Y-E((j] , ejet, ...,d



Eij = E[(X-Ei (Em,] it, ..,.8
j=1
, ..,

d

THEOREM 3
.

1
.
1. The conditional densityof X givenY

i also Gaussian with conditional mean

↑y = E(X) =E] +[E (FE(Y])
or equivalently

My
= MX +Ex,(y-my) ,

and conditional covariance

E = Ex- Ex (Exit
is independent ofthe observation Yey ·
The conditional density isthen givenby

-x((y= (ex exp(E-M-Rxy)
for XIE , ye9.

Example. Consider Red=1
, Mx=1

, My
= 2

,

2 : ==[i]=] ·



Then applying the general formula X/Y=2 has the polf .

Exk(z)=
and since MyF2 and = 2

,

fylyl= exp(-b(y-z(z) , yelR .

Also,

fiNigela
and

Q(x
,y)= [4(x-13-2(x-1)(y-2)+(y-z)7]

Substitute all these into theformulato obtain
,

fx(x(2)=A

=exp)-z(x-1(z) ,
xeIR

,

Formulate from the Theorem are:

My2
= 1 + 1 . 4 (2-2) =2 ,

&xy = 1 - 1 . F - 1=
Agrees with the above calculation .


