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ESTINATION

o Conditional Expectation : Gaussian

1) Bayesian Estimator
2) Example
3) Maximum LikelihoodEstimator



1. Gaussian Conditional Expectations .

We assume z= (X
,
Y) -REIR9 is jointly

Gaussian and want to compute Exly is terms

of means of X ,
Y and their covariances. General

formulae are given in theLecture notes. Here

we consider a simple example.

Example: Wetake R==1
,
MX=1, My=2 and

cov =[ii] :z

This implies thatx1,y= 2 and thecorrelation

between XandY is My
=2

.
Also

,

Zit[-]
Then

,

-z(x,y)= (20 det(2))
- -

expl-EQ(,y))
where deft2)=5 and

Q(y)= (x- 1
,y-2)2[X]

=> (4(x-1)* + (y-2)- z(X-1)(y-2)]

Also
, we know that



fx(= (2π)
11 exp)-z(x-12)

,

fyly)= (8x1e exp)-5 (y-e ·

By definition

ExHy)=G
= constant exp)-EQ(y)+Fly -2))

Notethat

QWyl= ((x-12 - & (-1
*

(y-z)] +z(y-z)
?

= [(x-1) - fly-z)]
2
- F(y-2)+ z(y-2)

=(.(* +127)
*

+ cy) .

Hence
,

-xy((y) = constant (y) exp) - = (x- (2+y))4) .

Therefore, fuly is also Gaussian and

Mxly = E+=Y
var(Y)=



I BAYESIAN ESTIMATOR

Suppose we want to estimate h(X) after

an observation EYzy} , where XandY are

random variables and hC) is a given nonlinear

function. The procedure is simple :

1. Compute the posterior distribution ofX

given[Y=y 3 .
2. Usethis posterior to compute the conditional

expectation of h(X) given E=yL andset

ToSitional
expectation,

we use the Bayes formulae which requires

us to have a prior distribution for X .

We detail several separate cases :

(i) X
,
Y are continuous random variables·

Suppose we know fx() , fylyl). Then ,



fy(x(y(x)fx (x)
fxly (xly) =

&fy(x(y(x)Ex ()dXl

and S

h(x) = &hix fxly Ny) dy .

-

(v) X continuous andY discrete .

Suppose we know fx(,=y(x). Then,
PEy(x)

fxly(ly) =

[P(Yy(x)fx()dx
and -

h(x) = &hix fxly Ny) dy .

-

(ii) X is discrete andYis continuous

Suppose we knowI(XX)
, tylyle) ·

Then
,

P(X(=y) =
fy(x(y(*) P(X=X)

& Fy(x(y(x)P(x
=X)

and
aix = ze(A=x (Yzy)

·



(iv) X and Y are discrete ·

Suppose we know PCX
, P(YyIXX) .

Then
,

P(Y=y(x)(xX)
P(X=X(Y=y) =

2 RHyI*Ex')P(A=x)
and
aix = ze(A=x (Yzy)

·

#
.
EXAMPLES

(a) Gaussian Suppose XandY are jointly Gaussian with

z] , R=1
, NF2 .

Hence
,
var(X)== 7 ,

var(y)=5 = 4 and

&= correlation (* ,
Y)=

Then, = Var (X(Y=2)= (1-42) = E ,
and

EXH2] = Mx+ (20My)= 1 .

I
Hence

Exty(x2)=/)



- exp.-

(a) h=x Y= (*Xfx((z)dx= 1=E(x(y=2]
.

(b)h(x)=&

*fad
=(xY=2] = E((X-1)/Y=2] +1

= var(x(y=2)+1 = =+1= ()=2 .

b) CoinToss .

From last Lecture (Example 3.4 inthe

Lecture Notes)
,

100 coin-flip with 52 heads and

↑ is the probabilityof aHead taken as a random

variable. We assume that prioronP is uniform .

Then it is show that posterior is a Beta distribution

with a=53 and b= 49. Itis knownthat the

mean of this distribution is alatb= -3/002
.

So

*



General Bayesian Estimation .
See the Lecturenotes

.

Definition is
-

h(X) =

argin E
Ca

,
) ly]

where I is a loss function .
We treatedthe case

ela
,
h(x)) = la-h(x))*

#
.
MANIMUM LIKELIHOOD ESTINATOR (MLE)

Here thetaskis the same: find anestimate

of h(X) after observing the event ETzyl ,

Instead of a prior distribution we postulate a

parametric likelihood function ((xy) .
In all our examples,

likelihood function isthe conditional density or

probability of Y givenX. Then ,
the MLE is the

maximizer of the map xit ((x
,y) ·

example. (CinFlip) HereP theheadprobability
is likeX in above discussions andY isthe number

ofheads
.

We observe the event EYETZ]
-



The conditional expectation in

↓(a,y= P(Y= y ip) = (1) a -pl0y
Then

, by definition the estimate given EYE523 is

= argmax (10) (p)
P

SinceIn() is an increasing function,

argmax h(p ,52) =

argmax In(2(52)
P

Hence
,

F = angmax en(2) + 52((p)+482n(-p)
-m
=> L(p) , log-likelihood .

To find the maximizer wedifferentiate :

=(p= 52(p)=48

No prior fp(p) in used .


