
ORE 418 : OPTIMAL LEARNING

LECTURE 10 : October 6 , 2025

ONE DIMENSIONAL KALMAN FILTER

1) Set-up
2) Formulae

3) Variances



I ONE-DIMENSIONAL SET-UP

Please see the motivating example in theLecture

Notes. Here we start withthe one-dimensionalproblem:

(i) Xo
,
X1,z ...

EIR is a stochastic process solving
Xk+1

= axp+Wet ,
k=0

,
1
.... State

zR = hXR tree ,

10
,
1
... observation

where Ewp3 and EURY are iid sequences with

E/WR]=[rp)=0
,

E[w] = 9 ,Fr]=r
.

(ii) Goal is to compute

*r:=EXr(z1 ..,Z]

for 1=1
,
2.... By convention, wesetFEEO]

divil Auxiliarly processes

*
Rile:=EX+

/E
..,
ze] preobservation estimate .

if:= zr-hY-I innovation process

and we define twomore deterministic processes



↑

Pr= ES(e-m]

Fr= E((X&-Xeles12]

Assumptions :

(a) All constants, a
,
h

,g ,
r are known .

(No learning
!)

(b) All ransom variables EWez
,
E03 and Yo are

independentof each other and Gaussian
.

II
.

FORMULAE
.

*
Exte = E[Xe+ /z1 . . .zn]

- Elaye twen 17 ..zn]

-> a F(X(z ..zen] +E[Wert]
u

- - O

- aXR

So our first equation is

Yetle= aYE k=0
,
1
,
2
...

Case #=1
.

SinceNo are we are Gaussian and

independent
, XI is also Gaussian andindependent

ot is .
Therefore

, zihxtic and1are jointly



Gaussian
,
So we can usetheformula from

Chapter 3 to conclude that 1121 is Gaussian

with

My-[x]+ /E-EEi)

where

#
By definitions .

#[x] = aE[xo]= avo = No

Ez = hE[X +r]=ENT = h*
10 -

Then
,

z-Elz= -ho = is .

Forthe variances: i = h(X1-Yo)+ and

#-io , on are independent. Therefore,

var(is)=[i]= he ((-102]+E[w]

=>z+M
.

Also
,
since E[X1)= lo

cov(x1
,
z) = E((X,

- E[X])(E-ELE])]
= El(X-Ero) (h(x-End+51]

.

= Eh(1-no2] =e.



So wehave shown that

*= aotic
, Ker &

1 lote that i= z1 - h/10 = E1-hato is computable

after observing1 .

Then
,
we can update1 as

long as we know En .

(This we address later) .

Case=2
.
Inthe Lecturenotes

,
itis shownthat

for any random
variable 3

#131zz2] = E[31 in
,i2] .

Hence,

*= ElX2-*zliz ,
in] +Eliz,

i] .

However,21
=ENXzle=EX2/i]

.

Hence

E*211 (in
,
in] =*211

.
Also

,

#[(2-1)(is] =Esax+we-a , (in]

=-li
= aE[Xli] - ay

,
= 0

.



Since (2-fun)
, if are jointly Gaussian, this

implies that they are independent ,and

#[(X2 -*211) (i ,22]=[(X2-*eblie]

= E(X2-21] +=>2-ulz ,
in)

ForE(i]- var(iz) un

= O m

=: K2

=>Kaz

Inthelecturenotes weshow that

K2=
Hence,

*=211 + E[(x2-*zin) /vir]

= an+kziz.

Summarizing
*zakitkziz

, Kar
This formula holds for every

he 1,2.. -o !



# .
VARIANCES

.

Fat=ElR+
- Fraley]

= El(axk+we+ - a*)]
= aE[(X*-*] + Ewe]

=o Pr+ 9 .

Atedious calculation shows that

Per

Summarizing : Wehave

Po= [Ko-Yo(] = var (Xo) ·

This give

Teapotr
and iterate to computeall Par

.
Per

.

We can

then compute all gains Ka= him/rPert)·
Then starting with YOFE[XO]

,

*= aeKrie
,
inZerkale

,
Federates -


