ORF 418 - Optimal Learning - Fall 2024
Instructor: Emma Hubert

Midterm — Solution
October 23, in class (8:30am — 9:50am)

Exercise 1. A three-armed bandit problem. [30pt]

We consider a multi-armed bandit problem with three arms, a € {1,2,3}. The random rewards from arm a € {1, 2, 3}
are distributed according to a Bernoulli distribution with probability of success a/4. All the rewards are assumed to
be independent.

We first explore each arm N times and obtain the rewards {T,(Ca)}kzl,.,‘N. We use the standard estimate

Z i, a€{1,2,3}.

and compute a* := argmax,¢q o33 ¢(a). We further assume that, if there are more than one maximisers, we choose
the smallest. We then exploit by using only a* and receive independent rewards (r1,7o,...). The limiting reward is
defined as

J(a*) := lim —Zrk

T—oo T

a. [6pt] Assume N =1 and (r%l) r§2) 7‘§3)) =(0,1,1). Compute a* and J(a*).

Solution. If (V. 7 +¥) = (0,1,1), then (§(1),3(2),3(3)) = (0,1, 1), meaning that both arms 2 and 3
give the highest estimated expected reward. By assumption, we choose the ‘smallest’ arm between
the two, i.e. a* = 2. We thus only use the second arm for the exploitation part. Therefore, the
rewards (ry)gen< are ii.d. and distributed according to a Bernoulli with probability of success
2/4 =1/2. By the law of large number, J(a*) corresponds to the expected value of the rewards from

the second arm, i.e.
J(a*) = E[Ber(l/Q)] =1/2.

b. [5pt] Compute J(a*) for a* =1 and a* = 3.

Solution. Let a* = 1, meaning that we will only use the first arm for the exploitation part. Therefore,
the rewards (ry)gen- are i.i.d. and distributed according to a Bernoulli with probability of success
1/4. By the law of large number, J(a*) corresponds to the expected value of the rewards from the

first arm, i.e.
J(a*) =E[Ber(1/4)] = 1/4.

Similarly, for a* = 3, we obtain
J(a*) = E[Ber(3/4)] = 3/4.

c. [10pt] Still assuming that N = 1, compute the distribution of a*.

Solution. Depending on the rewards (rgl),ri ),rf’)), we could have either ¢* = 1,2 or 3. More
precisely:

1 if 7’51) > 7'(2) and ril) > 7“53)
a* =42 |if ri ) > 7“§1) and r§2) > rg

3 if r% ) > rgl) and rgg) > 7“52).

3)



Recalling that the rewards (ril)ﬂf),rf’)) are discrete random variables taking values in {0,1}, we

need to distinguish different cases. For example, the inequality rgl) > rgz) would be true if (7“9), 7~§2)) =

(1,0) but also if (rgl (2)) (1,1) or if (rgl),r?)) (0,0). It is easier to start by computing P(a* = 3),
as the inequalities ri ) gl) and r( ) > rg ) are both true if and only if (7‘%1)77“52), (3 )) =(0,0,1). By
independance of the rewards, we thus have:

P(a* =3) =P(r; B r:(tl), ) > r( )) = P(rgl) = 0,7"52) = 0,7"53) =1)= P(Tgl) = O)P<T§2) = O)P(rf’) =1)
3 3 9

=X - X-—=——.

4 4 32

()

To compute P(a* = 2), we can notice that having ™~ > rg ) necessarily requires (rg ),r§2)) = (0,1),
3)

which implies riz) > rg ), regardless of the value of r;”’. Therefore

P(a* =2) =P(r{? > rV r? >0 =PV = 0,7 = 1) = P(r(V = 0)P(r{? = 1) =

=
X
N | =
o

Finally, we can easily compute

Therefore, the distribution of a* is given by

1  with probability 11/32
a* =<2 with probability 12/32
3 with probability 9/32.

. [10pt] We now assume N — +o0o. Deduce a* and compute the limiting reward if, instead of using only a*, we
implement an e-greedy algorithm with ¢ = 0.2 (briefly describe the algorithm).

Solution. For N — +00, by the law of large numbers, we have for all a € {1,2,3},

lim g(a) = lim —Z (@) — E[Ber(a/4)] =

N—o00 N—oco N 4
It is thus clear that, since arm 3 gives the best expected reward, a* = 3. We now implement a
e-greedy algorithm with ¢ = 0.2, meaning that at each time step k € N*, we choose

1  with probability 0.1
Ar =<2 with probability 0.1
3  with probability 0.8.

Using the results from questions a. and b., we then obtain

E[J(A)] = J(1) x 0.1 + J(2) x 0.1 + J(3) x 0.8 = ~ x
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Exercise 2. A (linear quadratic?) control problem. [25pt]

Consider the following one-dimensional control problem with state dynamics
ZTpyo — 0.bxy = buy, k € N,

for (zo,21) € R? and b € R. The cost function (to be minimised) is given by
o0
J(xo, 21,0 Z xk —I—uk
k=0

a. [5pt] Show by mathematical induction that, if b = 0, then z9, = 0.5%z0 and xax1; = 0.5Fzy, for all k € N.

Solution. We can easily check that for £ = 0, the previous formula give exactly zy and z;. Assume
now that the formula are true for some k£ € N, we want to show that there are still true for & + 1,
meaning

5k+1 5k+1x1

;vg(k_H) =0. Zo, and 5C2(k+1)+1 =0.

We can first compute, using the dynamics for b = 0 and then the induction hypothesis, that
Topyo = 0.5z = 0.5 x 0.5%zg = 0.5F 1z
Similarly,

Toprs = 0.5x9x 41 = 0.5 x 0.5%2; = 0.5z,

b. [5pt] Formulate the previous control problem as a standard linear-quadratic problem in dimension d = 2 (write
A, B, M, N and p). When is the system controllable?

Solution. To formulate the previous control problem as a standard linear-quadratic problem in
dimension d = 2, we define a new state y;, := (zy,2r11)' starting from yo := (2,21)". We can then

write:
[ Te+1) Tk L 0 1 L 0
Yet1 = (xk+2> =4 (Ik+1> + Buy, for A:= (0.5 0) and B := (b) :

Then, take N :=1 and
1 0
e (1 0)

so that the cost J(z¢,z1,u) can be rewritten as
o0

T(yo,w) =Y (yf Myx, + uj Nug).
k=0

Given the previous parameters, the controllability matrix is defined by:

.= (B AB)_(g 8)

The previous matrix has full rank 2 if and only if b # 0. Therefore, if b # 0 the system is controllable,
otherwise it is not.



c. [5pt] Define the value function v corresponding to this control problem. Is the value function finite?

Solution. The value function for this infinite horizon deterministic LQ control problem is defined
as usual by:

v(yo) = i%f J(yo,u), yo:= (xo,x1) € R2.

For b # 0, we proved in the previous question that the system is controllable. Therefore, if b # 0,
the value function is finite. It remains to study the case when b = 0. In question a., we proved that
if b = 0, we have x5, = 0.5z and 241 = 0.5%2;, for all k € N, and in particular, the system is not
controlled. Choosing u = (0,0,...), we can thus rewrite the cost as:

oo e} (o) e}
J(zo, 1,1 Z x5 + Z T + Z ug, Z (O.5ix0 + Z (0. 5%1 = (2§ + 27) Z 0.5%.
i=0 i=0 =0

Since 0 < 0.5 < 1, the sum is finite, implying that the cost, and therefore also the value function,
are finite.

d. [10pt] State the general Dynamic Programming Equation and use it to show that the value function satisfies:

v(wg, 1) = T2 + iIel]lf§ {u? +v(2)}, Y(zo,21) € R?, (2.1)

for 7 € R? to be determined (Z is allowed to depend on g, 71, u and the parameters of the model).
Solution. The general Dynamic Programming equation (Thm 2.2.1 of the Lecture notes) is:

v(y) =y My + inﬂge {u" Nu+ pv(Ay + Bu)}, for all y e R?.
ue

Using the parameters from question b., namely
0 0 1 0
e (2 ) s () e (3 0) i and g

v(wg, 1) = 23 + 12& {u? + v(z1,0.520 + bu) }, Y(zo,z1) € R2.

we get:

Therefore, 7 := (x1,0.5x0 + bu).



Exercise 3. Bayesian estimation. [25pt]

Let 6 € (0,1) be the unknown proportion of individuals infected by a virus in a given population. To estimate 6, we
test 100 individuals and denote by Y the number of infected individuals among them. We observe Y = 10.

Hint. The Beta distribution with parameters a,b > 0 is characterised by a p.d.f. (density) given by

F(a’ + b) a—1

T — )bt x

fz) =

where T is the gamma function, which satisfies in particular I'(1) = 1 and I'(x + 1) = zI'(z). Moreover, its mean is
equal to a/(a +b).

a. [10pt] Write the conditional probability P(Y = y|6) for any y € {0, ..., 100} and compute the maximum likelihood
estimator corresponding to the observation Y = 10.

Solution. Let Y = Y] + ...+ Yigo. Knowing 6 € (0,1), the r.v. Y}, are i.i.d Bernoulli with success
probability 6. Therefore, Y|0 is a Binomial r.v. with parameters (100,0). We thus have:

P(Y = y|6) = (120) 6v(1 — 6)100—,

To compute the maximum likelihood estimator corresponding to the observation Y = 10, it is more
convenient to study here the log-likelihood:

L(0) :=In (P(Y =10]9)), 6 € (0,1).
Using P(Y = y|f) written above for y = 10, we obtain:

L£(0) =1In (P(Y =10/f)) =1In ((11000) 0101 — 9)90> =1In ((11000)) +101n(6) 4+ 901n(1 — 6).

The FOC condition gives

10 90 1
——— =0 .e. 0=—.
b 1-9 o "¢ 10
Note that this estimator simply corresponds to the proportion of infected individual among the
tested individuals.

b. [10pt] We now assume that the prior distribution for 6 is a Beta distribution with parameters a > 0 and b > 0.
Show that the posterior distribution for 6 given the observation ¥ = 10 is again a Beta distribution, but with
parameters (a + 10,5 + 90).

Solution. Computing the posterior distribution for 6 given the observation Y = 10 corresponds to
computing the density of Y = 10. To do so, we can use the following Bayes formula,

fory=10(x) = P(Y =100 = x)fe(a:),

P(Y = 10)
with
fole) = st et (= 2 Mo,
P(Y =10/ = z) = (11000) a1 — )%,

and P(Y =10) = /IP(Y = 10|60 = z) fo(x)dx = 11:((2)}—(2 <11000> /0 x0T )P0 g,



‘We thus obtain
1
f9|Y:10(x) _ C—1$a+10—1(1 o x)b+90—1]1z€(071)7 with C := / xa+10—1(1 _ l’)b+90_1dx.
0

Recall that the density of a Beta distribution with parameters («, 5) should integrate to 1, meaning
that

['(a+B) /1 -1 B—1 , /1 —1 g-1_ D(@)(B)

—_— 2 (1—=x =1, i.e. 71—z =7
Tr@) Jo 077 ,

Using this for «:=a+ 10 and 5 := b + 90, we thus obtain

T'(a + 10)T(b + 90)

C:=
I'(a + b+ 100)

We thus recognize that the posterior density

['(a +10)I(b +90) L0+10-1
I'(a + b+ 100)

fory=10(7) =

(1- f)bJrgo_l]lme(o,l),

coincides with the density of a Beta distribution with parameters o :=a+ 10 and 3 := b+ 90.

. [5pt] Compute the Bayesian estimator (for a quadratic loss) and compare it to the MLE estimator. Comment.

Solution. We previously obtained that 6|Y = 10 follows a Beta distribution with parameters « :=
a4+ 10 and B := b+ 90. Therefore, the Bayesian estimator for 6§ is given by

o a a+10
a+B a+b+100

From question a., we know that the MLE estimator is § = 1/10. We thus have 0> 1/10 if and only
if 9a > b. Otherwise, if 9a < b, then 6 < 1/10. In particular, if 9a = b, then both estimators coincide.



Exercise 4. Another control problem. [20pt]

Consider the following one-dimensional (d = ¢ = 1) control problem with finite time horizon n € N* and state dynamics
Tpp1 = 2p +bug, ke{0,...,n—1},

for some b € R and zg € R fixed. We denote by ug := (ug,...,u,—1) the sequence of controls starting from step
k€ {0,...,n—1}. The reward function when starting at step k € {0,...,n} from state = € R is defined by

n—1
J(kwﬂk) =p" Fr, — Zpi_ku?7 ke{0,...,n—1}, and J(n,z) =z,
i=k

for some discount factor p € (0,1). Finally, we define the value function of this maximisation problem, when
starting from state x € R at step k € {0,...,n — 1}, by

v(k,x) :=sup J(k, z, uy).

Uk
a. [5pt] Give a sufficient and necessary condition for the system to be controllable.

Solution. Even if this control problem does not completely correspond to a linear-quadratic control
problem, the dynamic is linear so we can apply the usual result on controllability. More precisely,
in dimension one, we can easily compute that the controllability matrix C := (b) has full rank if and
only if b # 0. Therefore, the system is controllable if and only if b # 0. Note that you can also use
the definition of controllability to show that the system is controllable if and only if b # 0.

b. [5pt] Show that for all k € {0,...,n — 1},
J(l{i,$,ﬂk) = —’U/i + p‘](k +1lz+ bUk,ak+1).

Solution. Using the definition of the cost, we first separate the cost at step k from the rest:

n—1 n—1
=\ ._ n—k i—k,2 _ _ 0,2 —k i—k, 2
J(k,x,uk) =p" ", — g Py = —piug + p" "y, — E P
i=k i=k+1

To make the cost J(k +1,x+ buk,ﬂkH) appear, remark that:

n—1 n—1
oy Z pi—kl@ - p<pn—(k+1)xn _ Z pi—(k—kl)u?) = pJ(k; +1,2+ buk7a,€+1).
i=k+1 i=k+1

We therefore conclude as requested that
J(k,a:,ﬂk.) = fui + pJ(k +1,z+ buk,ﬂk+1).

This was not required to get full point at the question, but if you wanted to prove that the state
being considered at step k + 1 should be z + bui, you can prove by mathematical induction that

n—1
xn:mk+b2ui7 for ke{0,...,n—1}.
i=k

This corresponds to the final value (at step n) of the state when starting from z; at step k and
using the sequence of controls uy, := (ug,...,u,—1) Therefore, if starting at step k£ € {0,...,n—1} from
state z € R, we can write

n—1 n—1 n—1
xn:x—i—qui:x—i—b(uk—&— Z ul) :(:r—i—buk)—i—b Z Us,

i=k i=k+1 i=k+1

which corresponds to x,, when starting from x + bu; at step k+ 1 and using the sequence of controls
Upy1 7= (Uks1, - Un—1)-



c. [10pt] Deduce the dynamic programming equation satisfied by the value function v(k,z) for k € {0,...,n — 1}
and = € R. Specify v(n, z).

Solution. From the previous question, we have
J(k,x,ﬂk) = —ui + pJ(k + 1,2+ bUk7'l]k+1).
To obtain an equation for the value function, we take the supremum over u; on both sides:

v(k,az) = Sélka(k,x,ﬂk) = bélg){ — ui +pJ(k+ 1,z + buk,ﬂk+1)}.

We then split the maximisation over u; into a maximisation over u; and then uy;;. This gives:

v(k,x) =sup{ — ui+p sup J(k+ 1,2+ bug, ugs1) }-
U

Uk+1

Noticing that

sup J(k—|— 1,x+buk,ﬂk+1) = U(k-l— 1,x+buk),

Uk +1
we deduce the following equation for v:

v(k,z) =sup{ —uj + pv(k+ 1,z + bug) }.
ug

Finally, v(n,z) is the value when starting at the finite time horizon. At that time, there is no control
to be chosen, and thus v(n,z) = x.
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