
c) I(Bul = I(BulAlPLA) +R(BulAPICA)

= (0
.

2) (0
.05) + 10

.3) 10 . 95) = 0
.295

#AlBal=BARA
d) P (Byl = P(Bn/A)&(A)+ P(Bn(API(A))

=> (0
.1) (0 .

05) + 10
.6) (0

.95) = 0
.
575

Bu)=BtI

Problem3 .

2.
. We are given P(Af) =I (Am) =P(As) = 1/3

.

a(BIA) = 0
,IBIAm)= G-p)=tAs)= 1 -

-

b) IED= I (BlAn) (Aa)+ IP (BIAm) IP (Am) +It (BIAs).CAs)

= o + 7.5 + 1.=+
aAlis)=PA=
#Amlis)7BAMAM=
As(B) = 1- P(Ay(B) - I (Auld)=t
We could also use the Bayes' rule to compute it :

BCAsIB) =PIBAA



d) .
In this case

#(BIA2) = P(BIAm) = (BlAs)=

Then
,
P(B) = P(BIAs(P(An) +P (B1Am)P(Am)+E (BlAs) FCA)

=.+ . 5 + 2 5 = 2
.

#(B)=BARA)
Islis)=As
Am(B)= 13.

Posterior =Prior=No learning? and this is expected .

e) P(B)Am)= P(BlAm) =E(BIAs) = (1-p)= 0
.
75

.

Then
,
P(B) = 0

.
75 and again

P(Au(B) = R(Am/B) = I(An(B)=

f) P(B)An)= 0 ,
P(BIAm) = 5 ,

P(BlAs)= 1
.

#(B)= R(BIAa) P(Aa) + #(BlAm) I(Am) +P(BlAs) E(As)

= o + 7 . y + 1 . 5=

=0/=
TAsIB)=



Problem-3.

3 Let Y be the number of heads. Then
,
we

are given that I(Y=y /P=p) = (1g% p5G-p300% for

y=0
,
1
, ..,

100.

a) The prior is given as fp(p= 2p for pelo. 1) .
Then,

-py(ly=YyIPED
=> C po(1-y1

100-2
. zp

where C = (10)/(=y) .

Then
,
with y=52,

fpy(p152) = 22 p53(-p48 Peco.

This is beta distribution with parameter a=54 and

b= 49 . If we want we can calculate G from this

observation but is not necessary.
Indeed

2c=the
b) Bayesian estimate is

[P/=527 = Spfply152) de
= mean of Beta(a= 54

,
b=49)

=F



Problem 3
.4 .

We could use induction asin the solutions of Homework 2.

Here we use a direct approach
Set Y = (Y1

, ..,Yn) , y= (y1 ... Yn) .
Since Y7

, ..,Yn are independent

P(Y=y(P=p)= P(Yi=yi)p=p)
i= 1

=gi
i=1

= P
zgi (pl-zyi -

.. Jut50,13

(Note that pbil-p(bi is equal to p if yet and is

equal + 4-p) if y:=0) . By Bayes' formula,

Eppply=y be a

= (pEdip-pn-) (p17G-pb-1)
-

b-1
= e pa-1 (1-p)

I
n

where a= a+Zyi
,
and B = b+n-E=,Yi.This shows

that PIY is Beta with parameters ,
5

.

Problem 3.
.
5.

. Let Y be the number of defective items

among eight chosen ones. P(y=210) = 1811-0182



for=0
,
1
..,
8.Here Y=3.

9 toy(o=3)=
= G(b3(1--(4)

Therefore
,
fly=3 has Beta distribution with

a= 4 and b = 6. Then,

FFECOY=3) = mean ofBeta with a= 4
,
b=C

==
b) foly(o(y=3) = G (03G- E )(24-51)

=2e3(1-
.

So
,
Fly=3 is Beta with a=4

,
be7. · Therefore ,

its

mean is 4/11
.
That is F41

c) P(Y=3(8) = (1-85
.
(We know (= (3) but

itis anotneeded in this calculation). The maximum

likelihood estimator Once maximizes the function

OIt P(=3 10). But that is equivalent to maximize

#W(= In (P(y=-(01) = In 2 +30+5enG-0)
.

Therefore, Dmeie



=> 3-Fre = 5 Eme == 8 EMLE

=> T= )
Problem 3

.

6
.

Let Y be the number of voters
among the

chosen sampleof 1000 ,
who are in favor ofthe proposition .

We observed that Y= 710 and

P .(T==1010) = 20710(1-0290
↑

The Bayes' formula implies that for any priorfy() ,

Fo==10)=Y fo
= 2 .

0710 11 -0250 · Fold

a) fold=20. Then,

foM(oly=710) = 220711, .0290

which is beta with a=712
,
b =291.As is equalto its

mean?F=
-

6) Now fol) = 483 :

foly(Y=710)= 4207137-81290 = Beta (a=714
,
b=291)

T



c) As in the previous problem, Ence maximizes

I(f) = en (P (y=712(0)) = en (c) + =120 + 290(1-5)

and the maximizerism
Problem 3 .

7 As Y7
, ..,Yu are independent , with y= (ye , --

,yu),

fyl)y18)=
=yet

The maximum likelihood estimator Emce maximizes the

function #Fylg(ylt) or equivalently
M

((f) = en (fy10(y(t)) = ne + -1 ey
We directly compute that

↓ (A)=+z
,
(n(yr) .

As LEME) = 0
,
we have

#MLE =-(enly]

roblem 4
.
1

.

This is the solution with 111 !

In one-dimension
,
the covariance equations are:



Fr+ = oPr+ ger = Pr+1 k=0
,
7
...

↑= Per = (F-KrihlFr
a) As Po=1,2 R=P
b) Passing to the limit in the above equations ,

we obtain

the following limiting equations for* K*
and px :

* = px+7
,k

Set xi=p*. Then ,
X is thepositive solutionof

*
2
+y = 2x+1 = yx- 1 =0x=1

#
4) If Po=pY

,
then

EPot= p+1=
and=P1= =k

&

Hence
, Fr= p

* and KE= Pe= p
* for every R

=1
,
2
...

d) We know that in are independent and havemean zero
.

Also covlia)=Ertr=+1 = (3+E)/2 · Hence
,
identical .



Problem 4
.

2
.
Covariance equations are

(1) Fr+= ArPpAr +Qu = Pr+ I

(2) kx = FrH (HRHT+a)
=

= Fr[n]([r ,1]Fer[n] +1)

(3) PK = (I-KHee)Pe= (I-K1 ,
1])Fr .

a) As Po= I
,
we haveEtPotI =Ent. Then,

[1
,17 [i] =4FiT]

Then
, I (I-5(5)(1)) 21=]
EtPtI-
G

,1[i]+=lig
6)Axoxo) .

# 10+=]]](z - 21,1710) =it
=At
#Fen +Keiz = En+ [] (z2-[1 ,

13)
-

-l+]+)[i]
2) Let R= [T8] and set

FREER
,
FERKR

, FRERPpR .

Then
,

as res=I
S



C) ERFRPRR =RIP+ IJR = Fr+I,

#k= Rkx= R&[i] (11 ,13Pr[i] +17 73
=Fr[] ([1 ,1]Fp[n] +177

Also
,
[1

,
1]Fr[? ] = [7

,
1]Ent7 .

Hence
,

(t) Er=Fr[] ([1 ,13Fa[i] +171

Finally,

VR=RPR = r[(I-Kn(1 ,1](Fr]R
= RIPR-Kn[11] Fr]@
- En-Er[1,1]Fr

Since RR=I

[1 ,1]FAR = [1
,1]RRPaR = [1

,
172Er = G

,1][i8]En
= [1

,
1]E

Hence
,

1) Fr
= En-Fee[1 ,

1)Er= (I-Ea[1 ,1])En

Equations (F) , (1),) are exactly equalto G), (2),13) ·

Moreover
,
the initial condition satisfies :

=RPR= [i][b][id] = I=Po
.

Therefore
, Er=Pr ,

Ma= Ker and Tr= Per

Set



PR= JarC] E VERPR=(bRT
This proves that Ap=ber and Pr=[bri
Similarly one proves that Pp=RaP =[T
Finally,
if Kee=[M] the

[me] = K==Re=[i] =[]
So Me=ne and Ke=[We
For the state estimates

, weprove by induction .

For 1=0, 0= (5
,
5)= 10,0) .

Hence
,
8=50

.

Now,

suppose that En=Ye
.Then ,

↑Ent]==[M]])
=[][M] (ze-

Therefore Fr+=Jet ,
=Er+Mr+, (ze+-eve

d) As Xe=-T +[W
Thenew state Ye=*

R+Se solves

Tr =yet it will we wer,Wo.2)



Observation is

zk= [1
,1]R+2x = (Vr+Se)+Vx= ye+52 -

Therefore
,
this is a one-dimensional problem with a=1

,
2=1

,

q= 2
,
v=1 and yo (5+sol~W, 2) .

Covariance

equations are Po-2 and

Fr = Petz , Kerf t :Pa
e) Pr= Elyr-yn)2] = El(VR+See-ER-5r]]

= E[(r-m)2+ (Se-523+ 2 (VR-Fe)(s-5)]

Also,

Pr=[b]== (xn-+]

= El [V] [r ,So
Hence,

br= E(v-rs = E[Se-Sal]

C=E [(vr-En)(Sr-52)]
.

These imply that Pr= 2(br+(h) .


