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CONTEXT

| want to establish connections between several mean-field models with the following characteristics :

Agents or particles or players are identical and are subject to independent idiosyhncrotic noise.

We assume that the system is large and take the infinite limit.

By law of large numbers, the collective behavior of the agents are described their distribution.
Hence, the state is the set of probability measures.

Models are :
Classical dynamical systems assuming that the energy and or the entropy is given.

Mean Field Games that have similar qualitative behavior.

The related Mean Field Control.

How do we construct one from the other systematically ?
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KuraAMOTO




DYANMICAL SYSTEM

Kuramoto (1975) considered a population of N coupled phase oscillators 0% having natural frequencies

w* distributed with a given density, and whose dynamics are governed by

d

N
T Z zwk—n(th—)_(t), k=1,...,N,
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where X; is the mean location. For large « values they attract each other.

The following “energy” is related to this system :

I3 —[W [ﬂsm x —y)/2) pt(dx)pt (dy), where pp(dx) Z



VISUALIZATION

This is from the github page of Helge Dietert from Paris.

https://hdietert.github.io/static/kuramoto-animation/kuramoto.html


https://hdietert.github.io/static/kuramoto-animation/kuramoto.html

RELATED GRADIENT FLOW

We write the energy as
&= F(ul), where F(u)yi= [ [ sin®((x = y)/2) m(@xntay).

Then, the linear derivative is given by,

™

5uF () =2 [ sint((x=)/2) ) = [ (1 costx = y)) lay)

-7

We directly calculate that Lions derivative is given by,
0.F(1(€) i= Vu(B,F()() = [ sinlx ~ y) (@)

Hence, the Kuramoto equation with w* = 0 can be written as

N
d "
XE=— 55 sin _ / sin(XX — y) u(dy) = — 8, F(ul)(XL).

Jj=1



LANGEVIN EQUATION

We add Brownian motion and write the Kuramoto equation as

dX{ = — 8, F(u)(Xe)dt + od W, = — V, (0, F(ut ) (X¢))dt + od WE.

Particles are identical with independent idiosyncratic noise. By Law of Large Numbers,

N
e (dx) : =N Zéxk (dx) — pe(dx), as N — co.

where p; is the law of the ‘representative’ particle.
Then, the equation for the representative particle is the following McKean-Vlasov equation,

dX: = — OuF(pe)(Xe)dt + odW,, and  pr = Law(X).

Hence, Kuramoto equation is a Langevin flow in £



MEAN FIELD GAME
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KurAMOTO MEAN FIELD GAME

Start with a deterministic flow of probability measures g = (ft)e>0 with o = p
Find the optimal control a™* = (a;"*):>0 minimizing,
a=(adeo = Jei @) =E [ e [ L7 n) + Han)]
where dX = a;dt + od By, Law(Xo) = o, and
=2 / sin?(x — v)/2) p(dy) = 8,F(u)(x).

Find a fixed point p; = Law(X2™").

Synchronization of coupled oscillators is a game, by Yin, Mehta, Meyn, Shanbhag, IEEE (2011).

Synchronization in a Kuramoto Mean Field Game, Carmona, Cormier, Soner, CPDE (2023).



A REMARK

In finite player games, knowing Nash equilibria are characterized by the strategies.

In the mean field limit, representative agent’s action do not impact the location of the other players.
Hence, the distribution of the ‘other’ players suffice to describe the minimization problem of the
representative agent.

However, we could also focus on the feedback controls as the feedback controls determine the
distribution.

Technically, working with probability distributions has many advantages.



INCOHERENT STATE

Let U(dx) := g—; be the uniform measure on the circle. Then,
L(x, U) :/ 2sin’(%5%) U(dx) =
Then, the control problem corresponding to the stationary flow U is

minimize a = (a¢)i>0 — J(a; U) = E/ e Ptk + %(at)2] dt.
0

Cleary the optimal solution is «® = 0, and the optimal state is dX;” = 0dt + odB;. Hence,
X =Xy + 0B and as Law(Xy) = U, we have Law(X;) = U as well. Hence,

The uniform measure U is a stationary Nash equilibrium for every parameter.

The uniform distribution represents incoherence or lack of synchronization.




INCOHERENCE : SUB-CRITICAL

Critical interaction parameter is k. := B0 + o*/2.

Theorem (Sub-critical interaction : incoherence)

(Carmona, Cormier, S.)(2023) For k < ke, the uniform measure is locally stable.

Namely, there exist a positive constant p > 0 depending on 3,0, k such that for any uo satisfying
d(po — U) < p, there exists a solution p = (jut)e>0 of the Kuramoto mean field game with interaction
parameter k with o = v and u: converges in law to the uniform distribution as t tends to infinity.

Theorem (Super-critical interaction : synchronization)

(Carmona, Cormier, S.)(2023) For k > k., there are non-trivial stationary Nash equilibria.



POTENTIAL STRUCTURE
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CENTRAL PLANNER PROBLEM

In Mean Field Games, we start with a flow of probability measures gt = (1+)¢>0, and find the optimal

response a™'* by minimizing,
a=(adzo — Jplai 1)i=E [ e ILXE ) + (@] de
0
where dX = a;dt + odBs. Then, look for a fixed point u: = Law(X{").
In the Central Planner problem, the representative agent minimizes

a=(a)z0 = Jpla):= ]E/ g [L(XE, LE) + %(at)2] dt,
0

where dX = a;dt + 0dB;, and L& = Law(X).
In general, they are two different problems, and the difference is the price of anarchy.

Note that E[L(X®, £&)] = [ L(x, L&) L£&(dx) =: Lp(LE).



PoOTENTIAL CASE

In potential games, the running cost is given by L(x, ) = 6, F(u)(x) for some F(u).

The running cost of the central planner is
Lo(1) = [ 8,F()x) ).
In the Mean Field Control, we consider the problem of minimizing
o= (a)mo = Jule) ::E/OOO e P F(LE) + Hew)?] de.

In all problems, dX = a;dt + 0dB;, and L& = Law(X).



PoOTENTIAL CASE

In potential games, the running cost is given by L(x, ) = 6, F(u)(x) for some F(u).

The running cost of the central planner is
/5 F(p)(x) p(dx).
In the Mean Field Control, we consider the problem of minimizing
o= (a)mo = Jule) ::E/OOO e P F(LE) + Hew)?] de.

In all problems, dX = a;dt + 0dB;, and L& = Law(X).
In general,

0 = [ 8.F () i) # F ().

In the Kuramoto problem

L) =2 [ sin®((x = y)/ Dty )u(dx) = 27 ()

—T



PoTENTIAL MF GAMES - CENTRAL PLANNER - MF CONTROL

In all problems, dX = a;dt + 0dB;, and L& = Law(X).
Mean Field game. Given g, minimize
B[ e L0 )+ Halde Lolxn) = S.F()(),
0

and find the fixed point pu: = Law/(X{").

Central Planner Problem is to minimize

J(e)=E | T L) + a1 dt L) = [ 8.F () (@),

Mean Field Control is to minimize

Je(a) :=E /OOO e P [Le(L8) + 3(ae)] dt,  Le(p) = F(w).



CONNECTION

Theorem

Suppose that L(x, u) = 6, F(p)(x). Then, any minimizer of the Mean Field Control problem is a Nash
equilibrium of the Mean Field game problem.

Some suggest this connection as a selection mechanism when there are multiple Nash equilibria.

Although the minimizer of the Mean Field Control problem is a Nash equilibrium of the Mean Field
Game, the value functions are not equal as the running costs are different.

Stable Solutions in Potential Mean Field Game Systems, by Briani, Cardaliaguet, NoDEA (2015).

Potential Mean-Field Games and Gradient Flows, Hofer, Soner, archiv (2024).



MEAN FIELD CONTROL
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PROBLEM

The general problem is

) = inf de(w) = [ FEE) + Hao ] d,

where dX = axdt + 0dB; € X, LT = Law(X), and LF = p.

By dynamic programming, we see that the value function v solves,

Bv(p) = H(p, Suv(p)) + F(u),  neP(X),

where P(X) is the set of probability measures on the state space X’ and
o) = [ H(V2p(x), D) (),
x

H(p,A) :=inf(a - p+ %|a\2) + %trace(oaTA), = o =-—p



OPTIMAL FEEDBACK CONTROL

Since
Bv(p) = H(p, Suv(p)) + Fu), e P(X),
and
() = [ (), Dp(x)) (),
H(p,A) := ir;f(oz “p+ %|a\2) + %trace(oaTA), = o =—p,
we have

o (1)(x) = ~Va(Guv(1)(x)) = —0uv(W)(x),  x € X, u e P(X).

So the optimally controlled state equation. is

AX? = (L5 (X)) + odWe = —0,v(LD)(X7) + odW..




MEAN FIELD CONTROL AND GRADIENT FLOWS

The value function is given by,
v =E [ e + Had] dr
0

The optimally controlled state solves,

dX{ = =0uv(u)(X{) + odW,, and pu; = Law(X{).

Compare it to the original Langevin equation,

dXe = —0uF (1) (Xe) + odWs,  and  pe = Law(Xe).

In most cases, v is similar to the original energy functional F.



CONCLUDING

Mean Field Control can be used to construct Nash equilibria for the Mean Field Games.

Mean Field formalism produce models that are analogous to gradient flows.



CONCLUDING

Mean Field Control can be used to construct Nash equilibria for the Mean Field Games.

Mean Field formalism produce models that are analogous to gradient flows.

Synchronization in a Kuramoto Mean Field Game

with Rene Carmona and Quentin Cormier,

Communications in Partial Differential Equations (2023).

Potential Mean-Field games and gradient flows, with Felix Hofer, preprint (2024).



DyNAMIC PROGRAMMING EQUATION

dXt = (X(t,Xt) dt —+ O'th

The Kolmogrov equation for the distribution i is

d [ d

1 | #One(dx) = TE[p(X)] = E[a(t, X.) - Vo(X.) + jtrace(oo” D*p(X.))]
= /(a(t,x) - V(x) + %trace(oaTDzap(x))) dpe(dx).

Therefore, the Hamiltonian (with ¢ = 4, v), is given by,

H(p, p) = Oli(ntf)/(oz(t,x) -Ve(x) + %|o¢(1.“,><)|2 + %trace(JJTD24p(x))) dp(dx)

= [ [inf (a - Ve(x) + %|o¢(t,x)\2> + %trace(oaTDzap(X))] dp(dx)

a€Rd

— [ =31V + trace(ooT De(x))] du(dx).
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