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Abstract. We study a class of nonlinear integrodifferential equations on a subspace of all prob-
ability measures on the real line related to the optimal control of McKean—Vlasov jump-diffusions.
We develop an intrinsic notion of viscosity solutions that does not rely on the lifting to a Hilbert
space and prove a comparison theorem for these solutions. We also show that the value function is
the unique viscosity solution.
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1. Introduction. The main goal of this paper is to develop a viscosity theory
for integrodifferential equations on a subspace of all probability measures on the real
line related to the optimal control of McKean—Vlasov jump-diffusions. These control
problems are motivated by the mean field games theory developed by Lasry and Lions
[29, 30, 31] (see also the videos of the College de France lectures of Lions [33]) and
by Huang, Caines, and Malhamé [25, 26, 27]. Although the mean-field games and
McKean—Vlasov control problems are related, there are subtle differences between
these problems, and a thorough introduction is given by Carmona, Delarue, and
Lachapelle [14]. Indeed, for both problems the master equations share many common
properties as initially derived by Bensoussan, Freshe, and Yam [6, 8, 7]. We refer
to the videos of Lions [33], the lecture notes of Cardaliguet [12], and the exhaustive
book of Carmona and Delarue [13] for more information on both problems and also
for further references.

The state space of these problems is the set of probability measures, and in
most applications the Wasserstein space of probability measures with finite second
moments is used. Since the space of probability measures is not linear, one encounters
some difficulties in differentiation, and Lions [33] observed that one can naturally lift
functions defined on the Wasserstein space to functions on an appropriate £2 space,
which allows for standard differentiation and more importantly an immediate use of
Itd’s calculus. This approach is then used by Cardaliguet et al. [11] to obtain the
regularity of the solutions to the master equation of a mean-field game. This very
strong regularity result implies in particular a classical interpretation of the master
equations on the Wasserstein space. On the other hand, in the absence of such strong
regularity, one needs to develop the notion of viscosity solutions for McKean—Vlasov

*Received by the editors September 27, 2019; accepted for publication (in revised form) April 26,

2020; published electronically June 23, 2020.
https://doi.org/10.1137/19M 1290061
Funding: The first author was partly supported by the Hooke Research Fellowship from the
University of Oxford. The third author was supported by the Swiss National Science Foundation
grant SNF 181815. The first, second, and fourth authors were partly supported by the Swiss National
Science Foundation grant SNF 200020-172815. The fourth author was partly supported by the ETH
Foundation and the Swiss Finance Institute.
TMathematical Institute, University of Oxford, Oxford, UK (matteo.burzoni@maths.ox.ac.uk).
fDepartment of Mathematics, ETH, Ziirich, 8092, Switzerland (vincenzo.ignazio@math.ethz.ch).
$Department of Operations Research and Financial Engineering, Princeton University, Princeton,
NJ 08540 (areppen@princeton.edu, soner@princeton.edu).

1676

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/19M1290061
mailto:matteo.burzoni@maths.ox.ac.uk
mailto:vincenzo.ignazio@math.ethz.ch
mailto:areppen@princeton.edu
mailto:soner@princeton.edu

Downloaded 07/07/20 to 173.72.38.62. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

MCKEAN-VLASOV JUMP-DIFFUSIONS 1677

control problems. Gangbo, Nguyen, and Tudorascu [23] also observe that the tangent
bundle of the Wasserstein space is given by appropriate £2 spaces and develop a
viscosity theory for a classical mechanics problem in this space. More recently, Pham
and Wei [34, 35] initiated the study of viscosity solutions by using Lions’ lifting for
controlled diffusion processes. Bandini et al. [3, 4] further developed this theory
for the dynamic programming equations for the partially observed systems which also
have the same structure. An important advantage of this approach to viscosity theory,
in addition to the Hilbert structure of £2, is its ability to utilize the existing results
for viscosity solutions on Hilbert spaces [32, 19]. An intrinsic approach to viscosity
solutions without lifting could also have advantages, and Wu and Zhang [37] study
this approach for diffusion process using the techniques developed for path-dependent
viscosity solution [17, 18].

Our goal is to develop a viscosity theory for jump-diffusion processes. For the
standard control problems, the corresponding dynamic programming equations con-
tain nonlocal integral terms related to the infinitesimal generator of the jump-Markov
processes. Still these equations have maximum principle, and a viscosity theory is
appropriate. Starting from [36, 20, 16, 2] definitions, stability and comparison results
for nonlinear integrodifferential equations of this type have been developed. We refer
to more recent paper by Barles and Imbert [5] for more information.

The jump terms in these equations introduce several new aspects. In particular,
for the McKean—Vlasov control problems, the operator appearing in the dynamic pro-
gramming equations does not act on the Lions derivative (i.e., the derivative in the £2
space of the lifted function) but rather on the standard (sometimes called linear) deriv-
ative. Indeed, when all functions are smooth, it is immediate that the Lions derivative
is an £2 function and it is equal to the space derivative of the linear derivative (see
section 5.4 in [13]). For the diffusion problems, only the space derivatives of the linear
derivative appear in the dynamic programming equation, and therefore one can simply
replace them by the Lions derivative. For the integrodifferential equations, however,
one needs to recover the linear derivative from the Lions derivative even to state the
equations. Unfortunately the required regularity (to immediately connect these two
derivatives) is not readily available when one is working in the viscosity structure.

We choose to work directly on the space of probability measures with the linear
derivative to develop an intrinsic theory. Although this approach has several advan-
tages, the dynamic programming equations on the space of probability measures are
not as well studied as the lifted equation on the £2 spaces, and parts of the viscosity
theory have to be revisited. Indeed, we first provide appropriate definitions of viscos-
ity sub- and supersolutions for a class of integrodifferential equations in this space.
We then show that the value function is a viscosity solution in this sense. Several
properties of the dynamics are used to construct the framework that is appropriate
for this problem. In particular, we consider the equation only on the subset of the
measures that have exponential moments.

One of the main contributions of this paper is a comparison result for the viscosity
solutions. An important ingredient of our approach is a distance-like function d given
for two probability measures u, v by

d(p, V) = ch<,u‘ -V fj>25
j=1

where the countable set {f;};en is carefully constructed to have several important
invariance-type properties. In the standard doubling-variables argument, we penalize
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the two points using d. Then the subtle properties of f; allow us to estimate its linear
derivative of d by itself.

The paper is organized as follows. We first introduce a class of optimal control
problems of McKean—Vlasov type in the next section. A guiding example for this class
is a model of technological innovation [28, 1]. We discuss this problem in section 3.
The natural state space for this study is the set of measures with exponential moments,
and under mild assumptions, the corresponding dynamical system lives in this space.
In section 5 we define this space, prove its functional analytic properties, and show
its connection to the controlled dynamics. In section 6 we give the definition of a
viscosity solution and in section 7 show that the value function is a viscosity solution.
Section 8 provides the construction of the functions f; and the comparison result. We
prove several technical results in the appendix.

Notation. For a random variable X, defined on a probability space (Q,F, P),
we denote by L£(X) the distribution of X under P. We denote by P(R) the space
of probability measures on R and by ca(R) the linear space of countably additive
measures. For any pu € P(R) and for any integrable function f : R — R, we use the
standard compact notation {(u, f) : fR p(dz). If £ is smooth, f() denotes the
ith order derivative of f with f(© = f. We endow the space of probability measures
P(R) with the weak* topology o(P(R),Cy(R)), where Cy(R) is the space of continuous
and bounded functions on R. We denote by p, — p the o(P(R),Cy(R))-convergence
of p, to w, i.e., (un, f) converges to (u, f) for every f € Cp(R).

2. The control problem and the assumption. Let (Q,F, (Fs)scpo,1), P) be a
given filtered probability space supporting the following class of controlled McKean—
Vlasov stochastic differential equations (SDEs) with initial condition £(X;) = p €
P(R) and

(2.1) dXs =b(s, L(Xs),a5)ds + o (s, L(Xs), o5) dWs +dJs, s> ¢,

where J is a purely discontinuous process with controlled intensity A(s, £(X), as)
and jump size given by an independent random variable £ with distribution v € P(R).
The class of admissible controls A is the set of all measurable deterministic functions
of time with values in a prescribed measurable space A. Theorem 4.1 below proves
that under suitable assumptions, (2.1) has a unique solution for any given (¢, u, ).
We denote this solution by (X}}“’O‘)ue[tj], but to ease the notation, we also use the
notation X“ when the initial condition is clear from the context. The value function
is then given by

V(t, p) == inf

acA

T
/ L(s, £(X""9Y, ay)ds + G(L(X1))

with given functions L and G. The optimal control problem consists of finding the
value V' and a minimizer (if it exists).

We close this section by stating a set of conditions assumed to hold throughout
the paper, and they will not always be stated explicitly later on.

ASSUMPTION 2.1. There exist constants Cy, kg, > 0 such that the coefficients
by, \,L:[0,T] x P(R) x A — R satisfy the following conditons:
(H1) For any p € P(R), a € A, s € [0,T],

\b(s,,u,a)\ + |0(57H’v a)| + ‘)‘(Sﬂﬂva” < Co.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/07/20 to 173.72.38.62. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

MCKEAN-VLASOV JUMP-DIFFUSIONS 1679

(H2) There exists a finite set T C N such that for any p,p’ € P(R), a € A,
t,s € 0,77,

|b(ta Hy a‘) - b(sa /1'/7 a’)‘

+ |U(tauaa) - O'(S,//,CL” < Ko (|t - S| + Z |<M - :ulaxi>|>7

i€l

(s @) — As, s a)] < f‘&o(|t 4 +Z|<u—u',xi>|).

i€l

(H3) ~ has d-exponential moment:

/exp(5|:v|)7(dx) < 0.
R

(H4) L is of the form Li(t, p,a)+ La(a){p, Ls(+)), where Ly : [0, T]| xP(R)x A — R
is continuous in (t, ), uniformly in a, Ly : A — R with sup,c 4 L2(a) < oo,
and Lz : R — R satisfies |Ls(z)x| < Coexp(d|z|) for every x € R. The
terminal cost G is continuous.

In what follows, the constants Cy, kg, > 0 are always as in the above assumption.

Remark 2.2. The condition (H2) is a form of Lipschitz continuity with respect to
cylindrical functions of the measure arguments. This condition also allows us to show
the Lipschitz continuity of the above functions with respect to a function d. Indeed, in
the comparison below, we construct a distance-like function d(p, ') := Z;’il cil(n —
v, f;)| which, restricted to a suitable compact set, is a metric compatible with weak*
convergence. As the class {f;};en contains all monomials, the condition (H2) implies

the Lipschitz continuity with respect to d, restricted to the chosen compact set.

3. A model of technological innovation. We briefly present here an example
of a McKean—Vlasov control problem where the underlying process is a jump-diffusion.
The controlled equations represent a model of knowledge diffusion which appeared in
the macroeconomic literature in the area of search-theoretic models of technological
change, e.g. [1],! [28]. With controls o = (&, &), a social planner aims at promoting
technological innovation in the society by controlling the process

(3.1) AXE = b(L(X2), @) ds + o dW, + dJ;,

where Xy ~ po and Js is a purely discontinuous process with controlled intensity
AL(X9), &) and jump size given by a nonnegative independent random variable &
with distribution . The value exp(X &) represents the efficiency of the production of a
continuum of consumption goods (technological frontier), and the initial (logarithmic)
efficiency is represented by the distribution pg. The aim is to maximize the average
efficiency of the production of goods in order to foster the growth of the economy:

maximize! E

/0 (1 — d) exp(X%) — (as)?ds|,

where o = (@, &) is chosen from an appropriate class of deterministic processes.

1We thank Rama Cont for bringing this paper to our attention.
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The social planner can promote innovation by issuing research funds (exercising
the control @). On the other hand, she can promote exchange of ideas by setting
up meetings at a controlled Poisson rate. Meetings have the effect of inducing a
nonnegative jump in the technological frontier, according to a random variable with
distribution . The functions A and b are bounded since meetings cannot happen
too frequently and research funds have a limited impact on the technological frontier.
These functions also depends on the distribution of X*. This aspect can represent a
positive feedback effect of a productive economy provided that the dependences on the
distribution are appropriately monotone. Finally, the random Brownian component
incorporates fluctuations in the efficiency of the production due to external contingent
factors.

This model satisfies Assumption 2.1 under some appropriate regularity conditions
on the parameters and initial distribution. Indeed, it is clear that (3.1) has the same
structure as (2.1). Moreover, because controls are deterministic,

E [/0 (1 —@S)exp(Xg)ds] :/0 (1 — &,)E [exp(XS)] ds

and

B exp(X2)] = [ exp(a)(X2)(ds) = (£(XE),exp(-).
Hence, the running cost L is given by

L(t, p, (@, 4)) = (1 — &) {u, exp()) — a*.

In particular, L has the form Ls in hypothesis (H4).
We refer to [1] for further examples of problems where the controlled process is
only a diffusion without jump terms.

4. State space and dynamic programming. Since the Brownian motion has
exponential moments, Assumption 2.1, in particular (H3), implies that the solutions
of the state equation (2.1) has also exponential moments. Therefore it is natural to
study the optimal control problem in O := [0,T) x M, where M is the subset of
probability measures with J-exponential moments, i.e.,

peM o (uexp(d]- ) = [ expl@leluds) <o,

where 0 is as in (H3). Our first result is the well-posedness of the problem, and its
straightforward proof is given in Appendix A.

HEOREM 4.1. Under Assumption 2.1, the SDE (2.1) has a unique solution,
(XY yewm, for any (t,p,a) € O x A.

The described McKean—Vlasov control problem is deterministic, and therefore, it
is classical that the dynamic programming principle holds [21]

(1) V()

0
= 1].f51f4 l/ L(s, L(XE) o) ds + V (0, L(Xp"™) | V0 € [t,T).
« t

We need several definitions to formally state the corresponding dynamic program-
ming equation.
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DEFINITION 4.2. For ¢ : P(R) — R, the linear derivative of ¢ at u € P(R), when
exists, is a function Dy, : P(R) x R — R such that for every u,u’ € P(R),

o) — (i) = / / Dyip(ra+ (1 — 1)) (i — 1) (de) dr.

When ¢ : [0,T]xP(R) — R, with an abuse of notation, we denote the linear derivative
with respect to the p-variable still by Dy, : [0,T] x P(R) x R — R.

This derivative was used by Fleming and Viot [22] to study a martingale problem
in populations dynamics. Also recently Cuchiero, Larsson, and Svaluto-Ferro [15]
provided several of its properties in the context of polynomial diffusions. For a detailed
comparison of different notions of differentiability on spaces of measures we refer to
the recent paper by Gangbo and Tudorascu [24] and to the recent book by Carmona
and Delarue [13, section L.5].

Remark 4.3. Consider the linear function ¢(u) = (u, f) with some f: R — R. Tt
is immediate that D,,¢(u,x) = f(x) for any (u,xz) € P(R) x R. Moreover, suppose
that ¢ : ca(R) — R is Frechet differentiable and such that Dy : ca(R) — R can
be represented as Dplu] = (u, f) for some f : R — R. Then f = D,,¢, namely,
Delu] = {1, D).

By the chain rule, the linear derivative of o(u) = F({u, f)) with some smooth
function F is equal to Dy,(p, ) = F' ({1, f)) f(2).

For a given input function v = v(t, 1, z), the operator L;"* acting on the z-variable
is given by

ov 2

a 1 8 v
ﬁtﬁu[v}(z) = b(t,u, a)%(tmuax) + 502(157#5 a)ﬁ(tmuax)

A ) [ (0t 1) = olt pon)r(d)

Using the above definitions, classical considerations starting from (4.1) formally
lead to the following dynamic programming equation:

(4.2) =0,V (t, 1) + sup H*(t, p, D V') = 0,
acA

where
Ha(tv s U) = _L(ta H CL) - <:u7 ‘C?,H[UD'

Indeed, as in the finite-dimensional optimal control theory, if the value function
is smooth and cylindrical (i.e., if V" has the form

V(tmu) = F(t’ <Nﬂfl>7 sy <Mafn>)

for some smooth functions F' and fi,..., f,, then it is possible to derive (4.2) rig-
orously. Importantly, in this case, the classical It&’s formula can be applied to
V(u, L(XEH)) = F(u, E[fi (XL, ... E[fo(XE#)]) for any given (¢, u, a) € O x
A and w € [¢t,T]. However, this assumption on the value function is not expected
to hold and also is not needed. In section 7, we prove that the value function is the
unique viscosity solution to (4.2) even when it is neither smooth nor cylindrical.
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5. o-compactness of the state space. Recall that O :=[0,T) x M, and M
is the set of probability measures u satisfying (u,exp(d| - |)) < oo, where 0 is as in
(H3). We endow this space with the subspace topology induced by P, i.e., weak*
convergence. We use the product topology on O := [0,7] x M, and emphasize that
O is not the topological closure of O but simply includes the final time.

The space O has a suitable o-compact structure which is compatible with the
McKean—Vlasov dynamics. This representation of O is instrumental to obtain uniform
integrability of the viscosity test functions as well as some continuity properties of the
Hamiltonian. We continue by constructing this structure.

For ¢ as in (H3), set

es(x) := exp ((5 [Vaﬂ +1- 1}) , z€eR
We note that e is twice continuously differentiable and
exp(d[|z] — 1]) < es(x) < exp(d)z|) < e’es(x) Vo € R.
For N € N and (Y, d as in Assumption 2.1, let
On = {(t,n) € [0,T) x P(R) | (u, e5) < Ne*'},

where

5C
(51)  K*=K*(Cp,d):= 70(2 + Co + 6Cp) + Co</ReM|'y(dx) - 1).

The exact definition of K* is not important for the functional analytic properties of
On but is used centrally in the next lemma to prove an invariance property.
It is clear that O =[0,T) x M = UX_,;0n and O = URY_, Oy, where

Oy = {(t,p) € [0,T] x P(R) | (. e5) < Nef™*}.
We also use the following notation for a constant b > 0:
My = {p e PR) | {u,es) <0}

The following lemma shows that for each N, Oy and thus also O remain invariant
under the controlled dynamics (2.1) for any control. In particular, this means that
for any given initial law pu € Oy, we may restrict the dynamic programming equation
(4.2) to Oy.

LEMMA 5.1. Under Assumption 2.1, for any N € N, the set Oy is invariant for
the SDE (2.1), namely,

(t, ) € On = (u, L(XE"?)) € O Y(u,a) € [t,T] x A,
where (XEH) (i) 5 the solution to (2.1) with initial condition L(X;"*) = p.
Proof. Set ¢(x) := /22 +1 — 1 so that
es(x) =@ g eR.

It is clear that ¢ is twice continuously differentiable and both |p’| and ¢” > 0 are
bounded by 1.
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Fix (t,p) € Oy and a € A. For u € [t,T], set Y, = e%(Xw) | 1, == £(X,), where
X, = XY, In particular, us = p for any control «, and by Itd’s formula,

—_— +/ b(s, 1, 050 (X,) Y ds
t

b3 [ s 3600) + 8 L)Y ds

+/ o (8, s, s )0 (X)) Yy dWy + Z AY;.
t t<s<u

In view of assumption (H1), the stochastic integral in the above formula is a local
martingale. We take expectation on both sides up to a localizing sequence of stopping
times {7,},. We also use assumption (H1) to estimate that the expectation of the
second and third terms of the above sum is bounded by

Clﬂ«:[ / Yorr, ds] ,
t

where Oy := 252(2 + Cj + 3Cp) and Cj is as in assumption (H1).
We next estimate e; := E[>_,_ .1, AYs]. First observe that for any z,y € R,
lo(y + ) — @(y)| < |z|. We then estimate, by using assumption (H3),

UNTp,
¢ :E/ )\(S’Mmas)/eéw(XsAnﬁx) — e(Xenm)y(dar) ds
¢ R
UNTp,
< C'OIE/ YS/\T,L/ (e‘s‘zl — 1)7(dac) ds
¢ R
< CoF / Yonr, ds,
¢
where Cy := Co( [, €°1®ly(dz) — 1). These and Fubini’s theorem imply that
E[Yunr,] < E[Yi] + K* / E[Yinr,] ds,
t
where K* is as in (5.1). By Gronwall’s lemma and Fatou’s lemma,
E[Yu] < eK*(u—t)E[Yt] — eK*(u—t) <M7 66<p> — eK*(u—t)<'u,€6>_
As (t, 1) € On, (i, es) < NeX't. Hence,

E[Y,] < X = () e5) < BT, |

We provide the proof of the following simple result for completeness.
LEMMA 5.2. For N € N, Oy is a compact subset of [0,T] x P(R).

Proof. Fix b > 0. For R sufficiently large, we have es(z)/|z| > 1 for any |z| > R,
which implies

sup p((-RB) = swp [ p(da)
HEMy, HEM J|z|>R

es(x)
S Sup/ ,u(dx)g—,
pey Jaj>r 2] R
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and the last term converges to 0 as R — co. Hence My, is tight, and by Prokhorov’s
theorem, it is relatively compact. We next show that it is also closed. Consider
a sequence {fip}ney C My such that p, — p. Set fr(z) := es(x) A m. Since
fm € CGo(R), fim < es(x), and p, € My,

(i, frn) = lim (o, fr) <b VYm > 0.
n—oo
By the monotone convergence theorem,

</’L’ 65> <M7 fm> <b.

= lim
m—0o0
Hence, 1 € My, and consequently, M, is compact.

For every N, Oy is a subset of [0, Z/;] X M y.x++; hence, it is relatively compact.
Consider a sequence {(tn, tin)}nen C Oy such that (¢, pun) — (¢, ). Proceeding
exactly as above, we can show that

(yes) = lim  Hm (fy, frn) < NeX't,

n—oo m—roQ

Hence, (t,1) € Oy, and consequently, Oy is compact. |

We close this section by recalling a well-known result; see [9, Theorem 30.1].
Suppose pu, v € M. Then,

(5.2) p=v & (u—v,2?)=0Vj=12,...

6. Viscosity solutions and test functions. In this section, we define viscosity
sub- and supersolutions to the dynamic programming equation (4.2). As is standard
in the viscosity theory, one has to first specify the class of test functions. We continue
by this selection.

DEFINITION 6.1. A cylindrical function is a map of the form (¢, ) — F (¢, {1, f))
for some function f : R — R and F : [0,T] x R — R. This function is called
cylindrical polynomial if f is a polynomial and F is continuously differentiable.

The above class is not large enough, and we extend it to its linear span. For any
polynomial f, deg(f) denotes the degree of f.

DEFINITION 6.2. For E C O, a viscosity test function on E is a function of the
form

o(t, 1) = Z ei(t,p), (t,p) € E,

where {¢;}; is a sequence of cylindrical polynomials that are absolutely convergent at
every (t,u) and for every N € N,

[e’e] deg (Dmﬁaj) )
(6.1) lim sup (1 (D) )| = 0.
M—)ooj:M (t,n)EE ;
We let @ be the set of all viscosity test functions on E.

Lemma 6.8 below shows that for a cylindrical polynomial ¢, (u, (D)) s
uniformly bounded on (¢, y1,a) € Oy x A for every i = 0,...,deg (Dpyp). Therefore,
all cylindrical polynomials are test functions on every Oy .

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Remark 6.3. There are several other choices for test functions. In particular, we
could even restrict F' to be quadratic or extend it to be more general with some
integrability properties. They all would yield equivalent definitions, and we do not
pursue this equivalence here.

When pu; is the law of a stochastic process X; and ¢ is a cylindrical function,
o(t,ue) = F(t,{ue, f)) = F(t,E[f(X¢)]). Then, one can employ the standard Itd
formula; see Proposition 6.9 below.

DEFINITION 6.4. For E C O and (t,u) € E witht < T, the superjet of u at (t, j1)
is given by

g ult, p) = {Grp(t, 1), Dunp(t, 1)) | @ € g, (w = @) (1 1) = max(u — )}

The subjet of u at (t, u) is defined as Jy u(t, p) == —J5 " (—u)(t, ).

DEFINITION 6.5. On a subspace E C O, the (sequential) upper semicontinuous
envelope of u on E is defined by?

up(t,p) = limsup  wu(t,p),
E3(t,pu)—(t,p)

where the limsup is taken over all sequences in E converging to (t,u). The lower
semicontinuous envelope uf is defined analogously.

We use the compact notations

* . * . o] * . * N . 0,
U= UG, Uk S U, UN S Um o, U =us Y.

We note that as opposed to the finite-dimensional cases, when w is not continuous,
the dependence of u} and ulY on N is nontrivial. This emanates from the fact that
the interiors of all Oy are empty.

To simplify the notation, we write H = sup,c 4 H*.

DEFINITION 6.6. We say that a function u : Oy — R is a viscosity subsolution
of (4.2) on Oy if, for every (t,u) € Oy,
— T +H(ta,u77r,u) S 0 v(ﬂ-hﬂ-u) € J(lﬁﬁ_u}(\f(tau)

We say that a function v : Oy — R is a viscosity supersolution of (4.2) on Oy if for
every (t,u) € Oy,

—m+ H(tp,ma) >0 V(m,m) € J5,ul (¢, p).
A viscosity solution of (4.2) is a function on O that is both a subsolution and a

supersolution of (4.2) on Oy for every N € N.

We continue with several technical results. Ultimately, we want to show some
continuity properties of H.

DEFINITION 6.7. We say that g has 6-subexponential growth if |g(z)z| < Cedlel
for some C > 0 and every x € R.

Note that any polynomial has §-subexponential growth.

2As O is first countable, semicontinuity coincides with sequential semicontinuity.
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LEMMA 6.8. Let 6 > 0 be as in (H3). For any continuous g with d-subexponential
growth,

sup (ulgl) <00 and Jim sup [ lg(a)ln(do) = .
HEM, R—=00 peMy J|z|>R

Moreover, there is a constant C, depending only on the constants appearing in As-
sumption 2.1, such that for any cylindrical polynomial ¢ and N € N,

deg (D)
(6.2) sup ‘<N7£?’M[Dm(p]>’ <C sup Z ‘<N7 (Dm@)(z)> < 00.
a€A,(t,n)EOy (t,n)EON =0

Proof. Since g has §-subexponential growth,
lg(x)z| < Cexp(d|z|) < Celes(x) =: Ces(x), =z €R.

By definition of My, sup,c a4, (14, €5) < b and since g is bounded on compact sets the
estimate sup,,¢ v, (1 |g]) < oo follows. Moreover, for R > 1,

~ es(x)
sup /leR lg(2)|u(dz) < C sup /leR p(dx)

HEMy neEMy |’I"
< ¢ sup / es(z)p(de)
RHGMb |z|>R
bC
< —.
- R

Let f be a polynomial. Then,

s LI 1) = bl o a) g, 1) + 202 (2 1, @) (s )

2
A a) i [ (Fa+9) = ) ().
We rewrite the last term by Taylor expansion of the polynomial f as follows:
deg(f) ;
i ;
s [t = Fantan) = Y I [ i),
i=1 )

The above equations, together with Assumption 2.1 and the fact that all derivatives of
f have d-subexponential growth, imply (6.2). The result for a cylindrical polynomial
follows similarly. O

PROPOSITION 6.9. For every ¢ € ®o,, (t, 1) € On, and a € A,

(6.3)  @(u, pu) :so(t,u)+/tu [0vp(s, rs) + (s, LI [Dinp))] ds, € [t,T7,

where prg = L(X0M*) and (XDY) e m is the solution to (2.1) with initial distribu-
tion p. Moreover, the map (t,p) — H(t, u, D) is continuous on Oy.

Proof. Fix ¢ € ¢, (t,u) € Oy, and «a € A, and let pg be as in the statement.
In view of Lemma 5.1, us € Oy for all s € [¢,T].
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Let first o(u) = (u, f) with f polynomial, so that D,, o = f and (us, f) =
Ef(Xt#9). By stochastic calculus

(b £) = (1o ) + / (e L3 f]) ds.

Moreover, this derivative is uniformly bounded on Oy by the previous lemma. Now
consider a cylindrical polynomial (¢, ) = F(t, (i, f)). By calculus,

(1) = olt, 1) + / [0 (5 1) + (s, ey 1)) {ptes £ 11)] ds.

Since D, (s, 1) = Fi(s, (, s)) f, the above proves (6.3) for cylindrical polynomials.
For a general ¢ € ®p,,, (6.3) follows directly from above, the condition (6.1), and the
fact that p, € Oy for all s € [¢,T].

We now show continuity of H. Since all derivatives of f have §-subexponential
growth, Lemma 6.8 and the fact that ¢ is a smooth function imply (u, (D,)®) is
continuous on every Oy for any i € N. In particular the uniform continuity of (¢, u) —
(g, LS [Dp(t, p)]) follows from (H1) and (H2), and for L it is assumption (H4).
Hence, H(t,u, D) is continuous for all cylindrical polynomials. This continuity
extends directly to all functions of the type M := Z;\il F;({w, f5))-

Now consider a general test function ¢ = Z;}il F;((i, f;)), and for M € N set
M = S0 Fi((n, f5)). Since ¢ € ®o,, it satisfies (6.1). This together with (6.2)
imply that

. a,p N —
Jdim o sup Y [, £ [Dines])| = 0.
a€A,(t,n)EO0y j=M

The above uniform limit enables us to conclude that H(t, u, Dpy,¢™) converges uni-
formly to H(t, 1, D) as M tends to infinity. Hence, H (¢, u, Dy ¢p) is also continu-
ous. |

7. Value function. In this section we show that the value function V is a
viscosity solution to (4.2). We start with two technical lemmata.

LEMMA 7.1. For every N € N, (to, o) € On, there exists a viscosity test function
¢ € Do, such that ¢(t, ) > 0, with equality only in (to, po), and

((b(th /‘0)7 8t¢(t07 /~L0)7 Dm¢(t07 Ho, )) = (Ov O, 0)'

In particular, in the definition of viscosity sub- and supersolutions, without loss of
generality, we may assume that the extrema are strict.

Proof. Fix (to, o) € On, and set

_
(j+1)27

2

o(t, 1) = ¢(t, psto, o) := (t —to)* + Z (1 — po, 7).

Jj=1
By (5.2) ¢(t,u) > 0 when (t, 1) # (to, o). For any j € N, let ¢;(u) = mm -
o, x’)? and observe that

deg (Dm;)

, 1
sup ’ 1y (Dimp (®) < —Kn
w3 [ D)) < 5

for some constant K which only depend on Oy. It follows that ¢ satisfies (6.1). It
is clear that ¢ has all the claimed properties. 0
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LEMMA 7.2. For each N, V, V3, and VN are bounded on Oy .

_ Proof. Let (t, 1) € Oy. From Lemma 5.1, Oy is invariant for (2.1), and recall that
Oy is compact. Assumption (H4) and Lemma 6.8 imply that |L| + |G| is uniformly
bounded on Oy by a constant K. It follows that |V (¢, )| < (1+T)Kx on Oy. 0O

The proof of the next result is standard [10, 21].
THEOREM 7.3. Assume (4.1) holds. For any N € N, the value function V is both
a viscosity sub- and a supersolution to (4.2) on On and
Vi(T,)=VN(T,)=G on My.xwr.
Proof. Fix N € N, and note that both envelopes V5, VN are finite by Lemma
7.2.

Step 1. V3 is a viscosity subsolution fort <T. Suppose that for ¢ € ¢, and
(t7 /1’) € ON7
0= (Vi =)t p) = max (Vi — ).

Let (tn, pn) be a sequence in Oy such that (¢, tn, V(tn, ttn)) = (& p, Vi (¢, 1)). Fix
a € A, and let (XIn#%) cr, 7 denote the solution to (2.1) with constant control
a and distribution pu, at the initial time ¢,,. For ease of notation, we set pl»* :=
L(XLmotna) We use the dynamic programming (4.1) with 6,, :== ¢, +h for 0 < h <
T —t to obtain

0n 0rn
V(tn, pin) < / L(s, pg®,a) ds + V (0, p1y ) < / L(s, pg®,a) ds + @(0n, 1))
t t

n n

We pass to the limit to arrive at

t+h
Vi) = pltp) < / L(s, 1%, a) ds + @(t + b ),
t

where p? is the distribution of the solution to (2.1) with initial data p at time ¢ and
constant control a. We now use (6.3) to obtain

t+h
0 S/ [Op (s, 1) — H* (s, 15, Dimip)] ds.
t
Since this holds for every h > 0 and a € A, we conclude that

—0pp(t, 1) + sup H*(t, u, D) < 0.
acA

Step 2. VN is a wviscosity supersolution for t < T. Suppose that there exist
(t, ) € Oy and ¢ € ®p,, such that

0= (V¥ =9)(t,p) = min (V5 — ).

In view of Lemma 7.1, without loss of generality we assume that above minimum is
strict. Towards a counterposition assume that

7atg0(t, M) + H(tv s Dm@) <0.
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By the continuity of H proved in Proposition 6.9, there exists a neighbourhood B of
(t, p) such that

—0rp(t, 1) — (1, LM [Dinpl) < L(t, p,a)  Y(t,p) € By == BN Oy, Ya € A.

Let (tn, itn) be a sequence in Oy such that (t,, pn, V(te, n)) — (& p, VN (t,p)). Tt
is clear that for all large n, (t,,u,) € By. Fix an arbitrary control a € A, and let
(XLmbno) e, ) denote the solution to (2.1) with distribution p,, at the initial time
t,. For ease of notation, we set > := L(XL»#n%) Consider the deterministic times

0o o= inf(s > o (5,40%) & BN} AT
By (6.3),

en n,o
sﬂ(tn,un)=w(9mu3f)—/ {Btw(&u?’“‘)+<u2’“75?5’“s [Dpl) | ds
t

n

0’7l
Scp(HmMZf)Jr/ L(s, pg*, o) ds.
t

n

Since Oy \ By = Oy \ B is compact and V¥ — ¢ has a strict minimum at (¢, zz), there
exists 7 > 0, independent of a such that ¢ < VN —n <V —non Oy \ B. Hence, the
above inequality implies that

07!,
(tn, fin) <V (On, py®) +/ L(s, pg®, a) ds — 1.
t

n

Since the (¢ — V) (tn, ) — 0, for n large enough,

0 n
Vitwimn) < [ Lls.p®a)ds 4 VO™~ 1.
t

As the above inequality holds with 1 > 0 independent of a € A, it is in contradiction
with (4.1). Hence, V,V is a viscosity supersolution to (4.2).

Step 3. V3 = G on My.x=r. Consider a sequence Oy 3 (tn, pn) — (T, 1)
such that V3 (T,p) = limy— oo V(tn, tn). By assumption (H4), the uniform con-
tinuity of L; implies ftT Ly(s,p%* as) — 0. Also, by Lemma 6.8, the integral
ftf Lo(ag){pu, L) < g(T — t,) converges to zero. We next show that p® — p.
By the compactness of Oy, there exists i € My such that p7’™ — i (up to a sub-

sequence). 1to’s formula and Lemma 6.8 imply that |(u;® — pn,27)| — 0 for every

j € N. This implies that i = u. Hence, for an arbitrary o € A, we have,

T
vmzm—ggVWMMSHm[/z@wwﬁ@+mﬁﬁ — G(u).
tn

n—oo

As V3 (T, n) > V(T,u) = G(u), we conclude that V3 (T, u) = G(u).

Step 4. VN = G on My x+r. Again consider Oy 3 (tn, pun) — (T, p) satis-
fying VN(T, p) = limy, o0 V(tn, ttn). As in the previous step ftf L(s,pd™, as) = 0
uniformly in @ and G(pu®) — G(p) as n — oco. For any n € N, choose o™ € A so
that V (¢, pn) > ftf L(s, p™"  a™) + G(u™") — 1/n. This implies that

VN(T, ) = lim V(tn, pn) > lim
n—oo

n—oo

T
L/me“ﬂ®+ﬂ%“ﬂ=GW~D
tn
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8. A comparison result. The following is the main comparison result.

THEOREM 8.1 (comparison). Let u be a u.s.c. subsolution to (4.2) on Oy and
v an Ls.c. supersolution to (4.2) on O, satisfying u(T, ) < v(T, p) for any (T, p) €
On. Then u < v on Oy.

The following corollary is the unique characterization of the value function. Re-
call, for any function u, we use the notation u* to denote the upper semicontinuous
envelope of u restricted to O and wu, is the lower semicontinuous envelope of u re-
stricted to O.

COROLLARY 8.2. The value function V' is the unique viscosity solution to (4.2)
on O satisfying V*(T, ) = Vi(T,pn) = G for (T, ) € O. Moreover, V restricted to
O is continuous, i.e., V* =V,.

Proof. We apply the above comparison result to Vy, VN and use Theorem 7.3
to conclude that the subsolution V7 is less than the supersolution V.N. Since the
opposite inequality is immediate from their definitions, V3 = VN =: V. In view of
Lemma B.1 proved in the appendix, this implies that V* =V, = V.

Let v be a viscosity solution to (4.2) and v*(T, 1) = v, (T, u) = G for (T, u) € O.
Since v, < v < % < v*, we also have vi (T, ) = v (T, ) = G for (T, u) € Oy.
Then, the comparison result implies that v}y < VN = Vy = V3 <ol <v%. Hence,
v% = vl = V. This proves the uniqueness. 0

The remainder of this section is devoted to the proof of Theorem 8.1. We begin

by constructing a specific class of polynomials that is central to the comparison proof.
Recall that, for any polynomial f, deg(f) is the degree of f.

DEFINITION 8.3. We say that a set of polynomials x has the (x)-property if it
satisfies
1. for any g € x, g € x for alli=0,...,deg(g);
2. for any g € x, Z?igl(g) mig® € x with m; = + Ja yiv(dy).
Let 3 be the collection of all sets of polynomials that have the (x)-property.

Set

x(H= (1 x

XEX, feEx

One can directly show that x(f) has the (x)-property, and hence it is the smallest set
of polynomials with the (x)-property that includes f. It is also clear that for every

g9 € x(f), x(9) € x(f)-
Example 8.4. The following are a few examples of the above sets.

X(.f) = {05 1,m1,x},
X(xQ) ={0,2,2my, 2m%, 2x,2mix + 2mo, xg},
X(JJS) = {0,6,6mq,6m?, Gm?, 62, 6myz + 6my, 6miz + 12mima, 322,

3myx? 4 6maox + 6ms, 3},

LEMMA 8.5. For any polynomial f, x(f) is finite.

Proof. We show this by induction on the degree of the polynomial. Indeed if
deg(f) = 0, x(f) = {f,0} and hence is finite. Towards an induction proof, assume
that we have shown that x(h) is finite for every polynomial h with deg h < n for some

integer n > 0. Let f be a polynomial with deg(f) =n+ 1. Set g := Ziigl(f) m; f().
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Then, deg(§) = n, and consequently by our assumption x(g) is finite. Moreover,

deg(f) .
x(H) ={rux@u U x(r?).
i=1
As deg(f®) < n for every i > 1, x(f)) are finite by the induction hypothesis, and
therefore, x(f) is also finite. |
Set © := U2, x(«7). Then, © contains all monomials {7},

and x(f) C© for every f € ©. Let {f;}32; be an enumeration of ©.
The definition of M} and Lemma 6.8 imply that

5i(b) :==1+ seup (, fi)?<oco Vji=1,2,....
m

it is countable,

As x(f) C © for every f € ©, there exists a finite index set I; satisfying

fj):{fiHEIj}, j=1,2,...
Fix b > 0, and set

(8.1) ci(b) = | Y 2

kel

Since f; € x(f;), j € I;, and therefore, ¢;(b) < 277. Hence, Z 1 ¢i(b) <1. Also, for
each i € I}, f; € X(fj) and consequently, x(fi) C x(f;)- ThlS implies that I; C I;.
Moreover, s;(b) > 1. Hence, the definition (8.1) implies that

(82) Cj(b) < Ci(b) Vi € Ij.
Finally, observe that, by the definitions of s;(b) and ¢;(b),

(8.3) ch (i, )2 <1 Yue M,

Proof of Theorem 8.1. Fix N € N.
To simplify the notation we write ¢; for ¢;(NeX 7). In particular, for any (¢, u) €

Opy pt € Myerst C Myexcr, and therefore, by (8.2)

sup ZC] (1, fj

(t 7#)601\1 j=1
Towards a counterposition, suppose that Supg, (u—wv) > 0. Since u — v is u.s.c.

and Oy is weak* compact, the maximum

¢:= max ((u—v)(t,p) —2n(T 1))
(t,n)EON

is achieved and ¢ > 0 for all sufficiently small 1 € (0, 7o].
Step 1. Doubling of variables. Recall © = {f;}32, and the constants {c;} in

(8.1) with b= NeX™T. Forn € N, e > 0, 7 € (0, 1] set
1 o0
¢5(t,/.l/7871/) = u(t,,u) - ’U(S,I/) - g ZC]O’L -V, f]>2 - ﬁn,&(tﬂs)a
j=1

Bnet,s)=n(T —t+T—s)+ é(t —5)2.
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By our assumptions, ¢. admits a maximizer (¢, u}, s¥, v}) satisfying

(8.4) Ge(tZ, p2, s, v7) = max ¢ > £ > 0.
N
Since Oy is compact and u is w.s.c., M = maxg U € R. As v is L.s.c., similarly
m = mingN v € R. In view of (8.4),

o0
Y oeur v )+ (=8| <M —m—{=C <o

As Oy is compact, there exist subsequences {(tf , puZ), (s%,,vZ ) }ien such that pf
and v7, converge to u* and v, respectively, and ¢ and s, both converge to t*.

Step 2. v* = p*. Since (, converges to zero, (u} — v}, f;) converges to zero for
each j. As © = {f;}32, contains all the monomials, lime_o(u — vZ,27) = 0 for any
j € N. In view of Lemma 6.8, the map u > (i, 27) is continuous on Oy. Hence,

(p* —v*,2d) = lim(p? — u:i,mj> =0, j=12,...
1
By (5.2), we conclude that v* = p*.

Step 3. t* < T. Towards a counterposition, assume that t* = T. Since by

hypothesis (v — v)(T,-) <0, v is Ls.c., and u is u.s.c.,

0> (u—v)(T,p") > limsupu(te,, ul,) — v(se,, VZ,)

> limsup ¢, (t7 stovi) >0 >0.

517/1'517 €i) 5

Step 4. We claim that limsup,_, E—Y Indeed,

=4

0> ge(t™, ", ", p")
—u(t, 1) — ot i) — 2(T — 1)
> lim sSup (U(t:zvﬂzl) - ’U(SZN V;) - 77(T - t; +T - S;))

i—00

>£+hmsup— ZCJ pe, — gl7fj> (51_3;)2

i—00 7,

Ces

i—00 61

Hence we conclude that

(8.5) lim sup Ces _ 0.

isoo &
Step 5. Initial estimate. Let {u*}, {v*} as in Step 1, and set
9 &
)= 2 Z;Cjwz —vZ fi) i)
i=

Note that
ﬂ—:() = Dmgpl(:u‘:v ) = 7Dm¢2(7/:7 ’)7
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where @1 (1) := £ 3372 ¢j{u — vZ, f5)?, respectively, ga(p) i= £ 3702 ¢ (uz — . f3)%.
One can directly verify that ¢; and @9 are test functions on Oy, i.e., p1, 92 € ¢5N.
We thus have

(atﬁnﬁ(t:’ SZ)’ F:) € J1’+U(fﬁ, /‘:)a (_aSﬁU,E(t; SZ)’ W:) € JL_U(SZ’ V:)
Then, by the viscosity properties of u and v,
— OB (s, s7) + H(t:, pZ,m2) <0, 0sfBye(tl,s7) + H(sZ, vz, ml) > 0.
We combine and use the definition of 3, . to arrive at

0<2n<H(si,viml)— H({tZ pl,mr)

er Ve
=sup H(s,vl,nl) —sup H* (¢, ul, k)
acA a€A
< sup(H*(s:,vi,nl)— H(t:,pl,nl)) = supI®.
acA acA

Moreover,

I = L(t5 b a) — L(sE, vEa) + (ut, L [m2]) — (v, £30 [m2])

erven € ey ~st €
= L(t, pf,a) — L(sl, v2 ) + (uZ — vi, L3P [ml]) + (vl L3 [rl] = £37 [2)).
1y I Ig

By assumption (H4) and Lemma 6.8, lim._,¢ sup,c 4 I{ — 0.
Step 6. Estimate of Is. We rewrite the second term as

2 - * * * * T
I := sup I3 < sup 7ZCJ|<M5 - Ve7fj><:u5 - 1/57‘6?;”5 [f]]>| < Ig +13 +I;?
acA a€A5j=1

related to the three terms appearing in the generator £ :, which appear explicitly

below.

By construction, for every j € N, there exists an index ki(j) such that fJ’ =
fry- Also, as fi = fi, ) € X(f;), X(fr.()) € x(fj), and consequently, Iy, ;) C I;.
Therefore, the definition (8.1) yields that ¢; < ¢z, ;). We now directly estimate using
these and (H1) to obtain

2 (oo}
1= sup =3 g2 — 2. ) = v W02 ) )
a j:1

2 * * * *
<OZY esl(ul — v fi)ut = V2 )
j=1
2 - * * - * *
SCE CJ<:U’E VE?fj>2+ch‘1(j)<lu’6 Veﬂfkl(j)>2
j=1 j=1

which converges to 0 by (8.5).
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We estimate I§ similarly. Indeed, for every j € N, there exists an index k2(j)
such that f7' = fi,(;) and ¢; < cg,(j). Then,

2 - * * * * * *
I3 = SEEEZCJKME - Vs’fj><:u5 - Veﬁa(tsvueaa)f]/’/H
a =

2 - * * * *
< CEZCjK/JE _Vavfj><ue _Vs7fj/'/>|
=1

2 - * * - * *
SCE ch<us7Vs»fj>2+zck2(j)<:u67Vs’fk'2(j)>2 )
j=1

=1

which also converges to 0 by (8.5).
We analyze I next. By the Taylor expansion of f;,

g;(x) = / (@ +9) — £ (@) (dy)

deg(f;) f(l)(:c) deg(f;) 0
_ J i _ i
=3 2y [ = 3w

Again, by the construction of {f;}, for all j € N, there exists kx(j) such that g; =
fk;(j) and Cj < O'NOE Hence,

2 = * * * * * *
Iﬁ‘ = SHP*ZCJ‘KME - Vavfj></jda - Vs7/\(tawuava)gj>|
aEA&?j:1
9.
< O3 el — v L)t — v )
j=1

2 = * * = * *
ch ch<lu’s_stfj>2+zck,\(j)<ﬂs_Vsaka(j)>2
=1 =1

As this quantity also vanishes as ¢ — 0, we conclude that Iy — 0 as € goes to zero.
Step 7. Estimating Is. As in the previous step, we write

S

I = sup{uz, LEMe ] — L3 [m2]) < I3+ IS + 13
a€

related to the three terms appearing in the generator. Since the estimates of each
term are very similar to each other, we provide the details of only the first one.
By (H2), there exists Cy such that

(b(tz, p a) = b(st, w2 a))? < Cy(t — s2)? + Cv Y _ el — 2, fi)
j=1
It follows that

2 = * * * * * * *
181 < sup = > e (0 = 2, i) (2, (0022, 12, 0) = Bls o @) )
a j=1
2 - * * 2
< gzcj<u€_ye7fj>
j=1
L 26
3

((t: — D2+ eilpr — 2, fj>2) > e £)7.
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Note that by (8.3),

e}

j=1
Hence,

401 * * - *
|13|<T (tz 2+ZC] pi—vi, fi)?
J=1

In view of (8.5), we conclude that Ié’ goes to zero as € — 0. Repeating the same
argument for I and I3, we conclude that I3 also converges to zero.
Step 8. Conclusion . In Step 5 we have shown that

O<2n<supl®=1 + I, + Is.
acA
In the preceding steps we have shown that each of the three terms converges to zero
as € tends to zero. Clearly this contradicts with the fact that n > 0. O

Appendix A. Solutions of controlled McKean—Vlasov SDEs. For com-
pleteness, we provide here an existence result for the McKean—Vlasov SDE (2.1).

Using the functions and coefficients of section 8, we fix b > 0 and start by proving
functional analytic properties of M. Set

M’Vb ZC] _V7fj>‘7 MvVEMb-

LEMMA A.1. A sequence {jin }nen in My converges weakly to p € My, if and only
if imy, o 00 d(pin, p1;b) = 0.
Proof. As © contains all monomials, in view of (5.2), d(u,v;b) = 0 if and only if

1 = v, and one can then directly verify that d is a metric on M;,. Moreover, since

Z;il cj(b) <1, by (8.3),d <1 on M,. Suppose p, — p as n — oo. By dominated

convergence,

n~>oo

o0
hm d(pn, ;b Zc] ) lim | — i, fi)| =0,
j=1

where the last equality follows from Lemma 6.8. Now suppose d(f,, u;b) — 0 as
n — oo. Since My is compact, the sequence {y,} has limit points, and since d is a
metric, we conclude that it can only have one limit point u. 0

We next fix ¢t € [0,T] and consider the space

={fi = (s)seper) | s € My Vs € [t,T]}

and the function
dT(/J,7 v; b) = sup d(lff& Vs; b)

t<s<T
It is straightforward to see that dr is a metric on X, (b).
LEMMA A.2. (X(b),dr) is a complete metric space.

Proof. Let {i"}nen be a Cauchy sequence. In particular {u?},ecn is a Cauchy
sequence in (My, d) for any s € [t,T], and by Lemma A.1, there exists pus € My such
that py — ps as n — oo. We claim that fi := (us)sefr, 7y is the limit of {i"}nen.
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Indeed, for € > 0, there is @ such that d(u?,pu7*;b) < e for every n,m > @ and
s € [t, T]. By letting m tend to infinity and by using the previous lemma, we conclude
that d(p?, pus;b) < e for any s € [t,T]. The result follows after taking the supremum
over s € [t,T). 0

This structure allows us to study the McKean—Vlasov equation (2.1). For similar
results we refer to the book of Carmona and Delarue [13] and the references therein.

THEOREM A.3. Under Assumption 2.1, for any (t,u) € O and control a € A,
(2.1) with initial data X¢ ~ p has a unique solution.

Proof. Fix (t, ) € O and control o € A. There is N € N such that g € My k.
Let X := X, (NeX (T and ¢; 1= ¢;((Ne& (T71),
For any fi = (jts)sep,m) € X, set

Xbio = / b(r, -, o )dr —|—/ o(r, i, o) dW,. + Z AJ,
t ¢ torss
with distribution p at time ¢ and
C:X =X, i () = (LX) sepm)-
Recall that the set Oy in Lemma 5.1 is invariant for (2.1). Therefore, ®(ii) € X.
Moreover, the law of any solution to (2 1) is a fixed point of ®.

To simplify the notation for i, i’ € X, let v = ®(1), v’ = ®(i’). Consider now
f; € ©. We now apply Ito’s formula to arrive at

fj(X;7ﬂ7a) = Xf,ﬁ,a _|_/ b(’l’, ‘LLT,OLT)fJ/-(Xﬁ’ﬂ’a)dT
t
1 /° ~
+ 5/ o (1, pirs o) f (X2 dr
t

—I—/f( o (7, pr, ) fH(X ) AW, + Z fi(AJ).

t<r<s

From assumption (H1), the stochastic integral in the above formula is a local martin-
gale. Denote by {7, }nen a localizing sequence, and take expectation on both sides.
Recalling that « is deterministic, we obtain

B XA = X [ bl B X
t

1 [° _
+ 5/ 02(7,’ /Lmar)E[fJ/'/(Xﬁu’ )1t<r<'rn d?" + ]E Z f] AJ
t

t<r<sATh

By dominated convergence, the equality passes to the limit as n — oco. For ease of
notation, denote Ab(r) := b(r, i, ) — b(r, ul., ) and similarly Ac?(r) and AX(r).
From (vg, f;) = E[f;(X"*)], we deduce

=it = [ Ao far+ [ 60— )
+;/ Ac?(r) (v, fydr + ! / o?(r, piy, ) (v — V', f)dr

/ A)\ l/ gj d'f""/ A T /~‘Lr7a7" Vlvgj>drv
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where g; = Z?igi(fj) ml—f;i) with m; := %fR y'y(dy). Recall now that the collection
of coefficients {c;},cn satisfies (8.2), so that

Cj S kj = mln{le N Cj27ng},

where cj,, cj,, and c;, are the coefficients of f}, f/, and g;, respectively. We can
therefore multiply by k; both sides of the above equality to get, using also assumption

(H1) and (H2),
cil(vs = V5, Fil < kjl(vs — vi, £5)]

/t At 1) (50100 £+ a0 £ + o, (0 3)])

Q

<

S

+/ Cj1|<l/—1/,f]’->|+Cj2|<l/—l/,f]’-'>|d7“+/ el v =/ g)dr
t t

for some constant C' which depends only on the coefficients of (2.1). By summing up
over j € N and recalling (8.3), we obtain

dtvrt) <30 ( [ durit) + [ )

Using Gronwall’s lemma, we obtain
(), ) < [ d (i)
t

for any t < s < T. Denoting now C(s) := €37 and ®* the composition of k times
the map ®, it can be verified, by induction, that

C(T)kT*

dr(®H(7), ®* (1) < —=5

dr(fi, fi').
For k large enough ®F is a contraction on X', which is a complete metric space in view
of Lemma A.2. Thus, the map ® admits a unique fixed point. ]

Appendix B. Semicontinuous envelopes. In this section, we show that the
semicontinuous envelopes defined on Oy converge to the envelopes defined on O.

LEMMA B.1. Let (E,7) be a topological space and (En,Tn)Nen a sequence of
topological spaces with (En)nen increasing to E, i.e., UnenEN = E and En C Ent1
for any N. Let Ty the subspace topology induced by T. Denote by u* : E — RU {oo}
the upper semicontinuous envelope on (E,7) and by uy : En — R U {oo} the upper
semicontinuous envelope on (En,Tn). Then, Impy_ o0 uly = u*. Similarly, if uiv 18
the lower semicontinuous envelope on (En,Tn), then imy_ o0 u*N = Uy

Proof. Consider the following representations of the semicontinuous envelopes.

Let U(u) be the collection of T-neighborhoods of . Then, since Ey is endowed with
the subspace topology, for any N € N,

u(p) = Wierbf(ﬂ) SII/leu for p € E,
u = inf sup u for u € Ey.
v(p) = il o peEy
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Clearly vy < uj,,; < u*. Suppose first u*(u) < oco. For W € U(u), choose a
sequence i, such that supy v < u(py,)+1/n. Let M : N — N be a function such that
Un € Epen). Without loss of generality, we may choose M to be strictly increasing.
Thus,

sup sup u = sup u.

n WﬁEM(n) w
Since above holds for every W € U(u), Imy_oo uiy (1) = w* (). If u*(p) = oo, we
repeat the same argument with a sequence p,, such that u(u,) > n. O
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